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. Introduction to liquid crystals. The de
Gennes and Oseen-Frank energies.

. Relations between the theories.
Orientability of the director field.

. The Onsager/Maler-Saupe theory and
eigenvalue constraints.



Liquid crystals

A multi-billion
dollar industry.

An intermediate
state of matter
between liquids
and solids.

Liquid crystals flow like liquids, but the
constituent molecules retain orientational order.



Overview

We consider various theories of static configurations of nematic

liquid crystals (de Gennes, Oseen-Frank, Onsager / Maier-
Saupe), and relations between them.

Liquid crystals can be of different types. Nematics are the
simplest (others are cholesterics, smectics ...) and consist
of rod-like molecules (length 2-3 nm) which are ordered
so that they have a locally preferred orientation.

The mathematics of liquid crystals involves modelling,
variational methods, PDE, algebra, topology, probability ...
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http://www.laynetworks.com/Molecular-Orientation-in-Liquid-Crystal-Phases.htm



Electron micrograph
of nematic phase

http://www.netwalk.com/~laserlab/Iclinks.html



Review of Q-tensor theory
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Molecular orientations
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Energetics
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Bulk and elastic energies
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The constrained theory



Oseen-Frank energy

Formally calculating ¢ intermsofn, n

we obtain the Oseen-Frank energy
functional



Function Spaces
(part of the mathematical model)

Unconstrained theory.
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Constrained theory.



Schlieren texture of a nematic film with surface point defects (boojums).
Oleg Lavrentovich (Kent State)



Possible defects in constrained theory

Hedgehog



Disclinations
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Index one half singularities
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Existence of minimizers in the
constrained theory



The equilibrium equations (JB/Majumdar)



Can we orient the director? (JB/Zarnescu)



Relating the Q and n descriptions






A smooth nonorientable director field
In a non simply connected region.



The index one half singularities are non-orientable
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(See also a recent topologically more general lifting result
of Bethuel and Chiron for maps u:W N.)

Thus In a simply-connected region the uniaxial de
Gennes and Oseen-Frank theories are equivalent.

Another consequence is that it is
Impossible to modify this Q-tensor
field in a core around the singular
line so that it has finite Landau-de
Gennes energy.



Ingredients of Proof of Theorem 2

Lifting possible if Q Is smooth and W simply-
connected

Pakzad-Riviere theorem (2003) implies that if W
Is smooth, then there Is a sequence of smooth
QU converging weakly to Q in W12

We can approximate a simply-connected

domain with boundary of class C by ones that
are simply-connected with smooth boundary

The Proposition implies that orientability is
preserved under weak convergence



2D examples and results
for non simply-connected regions



Tangent boundary conditions
on outer boundary. No (free)

boundary conditions on inner
circles.






For M large enough
the minimum energy
configuration Is
unoriented, even
though there is a
minimizer among
oriented maps.

If the boundary
conditions
correspond to the
Q-field shown, then
there is no
orientable Q that
satisfies them.



The Onsager model
(Joint work with Apala Majumdar)
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The Euler-Lagrange equation for J
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Consequences









Existence for full Q-tensor theory
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The end



