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01. Equations of Motion

Hamilton's Equations,

8
<

:
_r i = v i

mi _v i = �r r i V
1 6 i 6 N:

� N : number of particles,

� r i (t): the position of atom i at time t,

� v i (t): the velocity of atom i at time t,

� V (r 1; r 2; � � � ; r N ): the interatomic potential.
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Example 1
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Example 2
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Example 3

4



Application of Molecular Dynamics Simulations

Molecular dynamics provides access to atomic con�gurations and
molecular structure. Applications includes,

� elastic properties and defect dynamics in solids

� �uid properties

� biological systems
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02. Examples of atomic potential

1. Lennard-Jones potential

V =
1
2

X

i 6= j

'
�
r ij

�
; r ij = r i � r j

and,

' (r ) = 4 �
h� �

r

� 12
�

� �
r

� 6
i
:

The force on atom i ,

f i = �
X

j 6= i

' 0� r ij
� r ij

r ij
:

1. strong repulsion at small distance

2. long range attraction

3. ' 0(r ) = 0 ) r = 6
p

2 �:
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Lennard-Jones potential
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Examples of atomic potential (contd.)

2. Embedded Atom potential

V =
1
2

X

i 6= j

'
�
r ij

�
+ E(� i );

where,
� i =

X

j 6= i

�
�
r ij

�
:

1. ' : pairwise interaction,

2. � : local electron density.

f i = �
X

j 6= i

h
� 0(r ij ) +

�
E 0(� i ) + E 0(� j )

�
� 0(r ij )

i r ij

r ij
:

Notice that,
f i =

X

j 6= i

f ij ; f ij = � f ji :
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03. Hamiltonian Dynamics

De�ne q i = r i ; p i = mi v i , and the total energy,

H =
X

i

p2
i

2mi
+ V (q1; q2; � � � ; qN ):

Hamilton's equations,
8
<

:
_q i = p i =mi = @H

@p i

_p i = �r q i V = � @H
@q i

1 6 i 6 N:

Change of total energy in time,

d
dt

H =
@H
@q i

_q i +
@H
@p i

_p i =
@H
@q i

@H
@p i

�
@H
@p i

@H
@q i

= 0 :

Total energy is conserved!
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Numerical Di�culties

1. The system is chaotic

2. It is di�cult to compute each trajectory
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04. Statistical Equilibrium

Phase space:q = ( q1; q2; � � � ; qN ); p = ( p1; p2; � � � ; pN ):

Initial probability density, � (q; p; 0); at time t, � (q; p; t)

If after long time evolution, the system settles down to certain
equilibria, given by probability density

� (q; p):

Liouville equation:

� t +
X

i

h
p i =mi � r q i � r q i V � r p i

i
� = 0 :
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Computing macroscopic quantities

1. For each macroscale quantityA, there is a microscopic
expression,A(q; p):

2. Ensemble average:

A =
Z

A(q; p)� (q; p)dqdp:

3. Time Average:

A = lim
T ! + 1

1
T

Z T

0
A(q(t); p(t))dt:
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05 Micro-canonical ensemble

Consider a system with volumeV , number of particles N , and
energyE.

1. 
 : number of energy states

2. Prob(E = E i ) = 1

 : all the states are equally accessible

3. Entropy: S = kB ln 


4. Second law of thermodynamics:dE = T dS � pdV: so
1=T = @S

@E:
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Micro-canonical ensemble for MD I

1. Z =
Z

� (H (q; p) � E )dqdp:

2. S = kB ln Z:

3. � (q; p) =
1
Z

� (H (q; p) � E ).

4. � = 1
kB T =

Z
� (q; p)r �

r H
jr H j2

dqdp:
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Micro-canonical ensemble for MD II

1. Z =
Z

h(E � H (q; p))dqdp:

2. S = kB ln Z:

3. kB T = hp�
i

@H
@p�i

i = hq�
j

@H
@q�j

i :

4. In practice: kB T = 1
N h

P
i mi v 2

i i :

15



06 Main steps of the computer simulations

1. prepare the system

2. solve the equations of motion

3. sample physical quantities

4. compute the mean by time averaging
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07 Non-dimensionalization

Equation of motion: m•x = � V 0(x):

1. x ! Lx : L = 10 � 10m

2. m ! Mm : M = a:m:u:

3. V ! EV : E = eV

4. t ! T t. T = L
p

M=E:

If we chooseE = kB K , then hmv2i = kB T, the unit for
temperature is automatically Kelvin.
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08 Time integration: Verlet's method

� Leap-frog scheme:

qn +1
i � 2qn

i + qn � 1
i

� t2 = f n
i =mi :

� Method on staggered grid

vn +1 =2
i = vn � 1=2

i + f n
i =mi :

qn +1
i = qn

i + vn +1 =2
i � t

� Taylor expansion + trapezoidal rule

qn +1
i = qn

i + vn
i � t + f n

i =mi � t2=2;

vn +1
i = vn

i + ( f n
i + f n +1

i )� t=2:
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Verlet's method

1. discretize time by f t0; t1; � � � ; tn ; tn +1 g, tn = n� t;

2. � t: time step, � t � 2=! , for •x = � ! 2x,

3. qn
i : approximation of qi (t) at tn ,

4. the method is time reversible.
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