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A one-dimensional example

Full problem,




Exact boundary condition.

Laplace transform,

KUj_H — (82 + QK)UJ' + Uj_l = 0, Uy given.

Solution of Uy,

Inverse Laplace transform,

/ a(s)ui(t — s)ds,at) =
0

mii; = —/0 0(s)u1(t — s)ds + @' (ug — uy).




Analysis of the boundary condition

Most existing boundary conditions can be written as (Li 2008),

uo(t) = Z/o O a;(s)u;(t — s)ds.

Jj21
Dispersion relation,

w? = %(2 —2cos(k)), ke (—m,m).

Incidence wave and reflection,

U = elUk—wt) 4 Reil—ik=wt) L < (7,0).




Reflection coefficients




A model for the heat bath

A toy model

T v,

0 ~U'(z) + q — z,
q p;

W T —q.

e (¢,p): heat bath variables,
e (x,v): retained variables.

e initial distribution,

1 1,2, 1 2
(C](O),p(())) ~ 56_6(519 +3(g—x) )




Modeling the heat bath
The solution of the heat bath variables,

(q(0) — x(0)) cost + p(0) sint — /0 cos(t — s)v(s)ds.

The equation for the retained variables,

i =-U'( )—/O cos(t — s)v(s)ds + F'(t).

The random noise,

F(t) = (q(0) — x(0)) cost + p(0) sint.

The time correlation,

(F(t1)F(ts)) = kT cos(t — ta).




Equilibrium distribution

The generalized Langevin equation

i =-U'(z) - /0 cos(t — s)v(s)ds + F(t).

We expect that,

1 1.2
o — o—BU+szv ).
P~ 7°

In addition, we assume that, (F'(t)v(0)) = 0.

Define the correlation functions,

¢(t) = {v(t)v(0))




The fluctuation-dissipation theorem

Multiply the equation by v(0), V' (x(0)) and F'(0), and compute the

correlation functions.

Two useful formulae,

At equilibrium, ¢(0) = kgT.




More general derivation
Applying a projection operator,

%w(t) = e"“Lp(0) = e"“PLP(0) + “ QLp(0).

Dyson’s formula,

¢
ell — otQL —|—/ et=5)LPresQL g
0

The generalized Langevin equation

t
P Lp(0) + / e =IL K (s)ds + F(t).
0

e'CFQLp(0), K(t) =PLF(t).




Projection operator

Mori’s projection operator,

Conditional average

/f(:v,’v,q,p)e_ﬁ(%p2+%<q_x)2)dqdp

/ e—BEP+E =) go

Pf=

Dynamical variables ¢ = (z,v). Lr = v, Lv = =U'(x) + q — x.
The first term: e**PLv(0) = —U'(z(t)).




Random noise and memory term

The random noise F(t) = et~ Q.Lv(0).

Assume that, F(t) = ¢(t)(z(0) — ¢(0)) + s(t)p(0).
The memory term K(t) = —c(t)v(0).

Therefore:

/O t e ILK (s)ds = — /O t c(s)v(t — s)ds.




Application to the one-dimensional chain model

The generalized Langevin equation

_/o 0(s)in(t — s)ds + @' (uz —u1) + F(t)

= ¢(ujp1 —uy) — ¢ (uj —uj1),j > 1.
The time correlation,

(F(H)F(0)) = kpTO(t).




