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The James Construction

The James Construction

Let X be a pointed space. The James construction J(X) is
the free monoid generated by X subject to the single relation
* = €.

o The James filtration is the word length filtration:
In(X)={x1--xk | X € X, k < n}.
o Jp(X)=X") ~

(X1,...,X,‘_1,*,X,‘,...,Xn_1) ~ (X17'"7Xj—17*7xja"‘7xn—1)

forany 1 <i<j<n.
o Jn(X)/dp_1(X) = X/
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Properties of the James Construction

Model for loop suspensions: J(X) ~ QX X for any
path-connected CW-complex X.

Example: J(S') ~ QS?, J(S?) ~ QS°.
James-Hopf Maps: Hy: J(X) — J(X"K)

Hi (X1 X2 - - - Xp) = 11 (Xi, Ao A Xi)

1<ii<ip<--<ik<n

with right lexicographic order.
Example:

H3(X1 X2X3X4X5) = (X1 A Xo A X3)(X1 A Xo A X4)(X1 A X3 A X4)
(X2 A X3 A Xq)(X1 A X2 A X5)(X1 A X3 A\ X5)
(X2 A X3 A X5)(X1 A Xg A X5)(X2 A Xq4 N\ X5)
( )

X3 A\ Xqg N\ Xs).
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Suspension Splittings

o Natural Splitting: Y J,(X) ~ ¥ \’} XNifor1<n< oo,
where J(X) = Joo(X). .

e The inclusion XJ,_1(X) — LJn(X) admits a (natural)
retraction map.

e The quotient map Xq,: X X" — LJ,(X) admits a (natural)
cross-section.
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The set of homotopy classes [J,(X), Y]

Let
ad s XM XXy, Xne1) = (Xe e Xie s Xiy ey Xp—1)-
Then
d1*
—
Un(X), Y1 e X0 v s x )
a,

e Theorem. (Wu, Memoirs AMS 2006, Theorem 1.1.5) Let X
and Y be path-connected spaces. Suppose that X is a
co-H-space or Y is an H-space. Then

1. g [Jn(X), Y] — [X", Y] is injective.
2. g ([Jn(X), Y]) is the equalizer of
d™, d?, L d (X, Y] = (X YL
3. [J(X),Y] = Ii,r7n[J,,(X), Y] the inverse limit.



The Cohen Groups

Constructing the Cohen Groups

Let0,: Fn = F(z1,...,25) — [X",QXX] be the group such that
0n(z;) is represented by the composite

X" e X s QF X,

where mi(xy,...,Xn) = X;. There is a commutative diagram

0
Fn T, X" Q¥ X]

di '
O
Fno1 —2=1 [x"1, Q% X],

24 - Ziq4 Zi Z . Z
where d;: [ < =1 A i n
zy - Zig 1z - Zpg.
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Cohen Lemma

o Cohen Lemma: Suppose that the reduced diagonal
A: X — X A X is null homotopic. Then

9’7([[Zi1 ) Ziz]: s 7zi,]) =1

ifz,-p:z;qforsome1 <p<g<t

Proof. The element 0([[z;,, z,], - .., z]) € [X",QEX] is
represented by the composite

X" ¢ X! - XM i» Qr X
N A ~ %
A)(l‘—1 . X/\l‘—1
where ¢(x1,...,Xn) = (X;,, ..., X;), St is the iterated Samelson

product and A’ is a reduced diagonal.
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The Cohen group K, and 9,

e The group K, is defined to be the quotient of F, subject to
the relations

[[Z,'1 , Z,'2]7 A 72/1] =1
if zj, = z;, forsome 1 <p<g<t.
e The group $,, is defined to be the equalizer of the
homomorphisms d;: K, — K,_1 given by

d: - Zy o Ziv Zi Zigw ot Zn
;-
zy oz 1z o Zpg.

e The group 9 := Ii,r7n Hn the inverse limit.
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Some Properties of K, and 9,

« For the descending central series, v4(Kp) = 1forqg > n
and, for g < n, v4(Kn)/vq+1(Kn) has a basis

[[Zi1 ) Zio'(2)]7 T ’Z’o(q)]

for1 <ij <ib<---<ig<n o€Xyqactingon
{2,...,q}.

e vn(Kp) is Lie(n).

e The elements ]‘[1§,-1<m<,q§,,[[z,-1 »Ziyy)s - Zipyl € D0
represented by the composite

Jn(X) e gxnay L0919 goxnay Sa g x

where JS; is the H-map induced by S;: X9 — QX X.

e Proposition. (Wu, Memoirs AMS 2006, Proposition 1.1.9)
Any pointed map f: Y — QZ extends uniquely (up to
homotopy) to an H-map Jf: J(Y) — QZ.



The Cohen Groups

Some elements in

Let X = XY for some Y.
o JX) —> QEX > 21Zp- -+ - .
o Un(X) = J(X)QEX «—— 2125 - - Zp.
e Let[q]: X — X is the map of degree g. Then

JUD o) — 225 -+ Z1.

e Letk: J(X) ~ QXX — J(X) ~ QX be the kth power map
for k € Z. Then

Kl < (z122- - zn)".
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Example
The commutator [a, b] = a~'b~'ab. Thus ab = bala, b].

7272 = 212122
= Z1222Z4 [Z1 R 22]22
= Z122122[21, 22][[21, Z2], Z2]
= (z122)%[z1, 2]

in Ky with 2222, (2122)?, (21, 20] € H2.
e Topological meaning: Let « be the composite

JX) 2w ux A X) 22 axx.

Then
[22]| )] = [2]o)] - [l 0]
in [J2(X), QX X] provided that A ~ %: X — X A X.
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Degree of maps between manifolds

Let M™ and N™ be oriented m-manifolds. Let f: M — N be any
map. Then

is given by the multiple of an integer called degree of f,
denoted by deg(f).
Let

DS(M) ={a € Z | a = deg(f) for some f: M — M}.
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The Stiefel Manifold Vo, 12

We consider the Stiefel manifold:

Vonr12 = {(x,y) e REHT X RE™T | Ix|| = [ly| =1, (x,y) = 0}
= 7(8%).

e Theorem. (Wu, Memoirs AMS 2003, Theorem 2.19) Let
n>1. Then
DS(Vapy12) = {4k, 4k +1 | k € L},

DS( V4n+372) = {8k, 8k+5 ’ k e Z}.



Degree of Self-maps of Stiefel Manifolds

Proof of the Theorem

o Vopi12 \ point ~ P27(2) = ¥2"-2RP2, the mod 2 Moore
space.

o Vopi12 = P?2"(2)U,,, €*"~ for a map
Aon: 4172 P2n(2).

e Cohen-Wu, 1995; Mahowald knew earlier: the order of
[A4n] is 4 and the order of [A4n.2] is of 8 in the homotopy
groups for n > 1.

o Letf: Voppq10 — Vony10beamap. Then

g4n—2 A2n

P2M(2) ——— Vapi1o

deg(f) g =flpmpy |f

A
g2 TN, pA(2) c s Vo,
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Proof of the Theorem

¢ Well-known, for instance, Wu, Memoirs, 2003, Prop.
2.6. [P?"(2), P?"(2)] = Z/4Z.

o Trivial Cases: [g] = 0 = deg(f) =0 mod 4 or 8 and
[9] =1 = deg(f) =1 mod 4 or 8.

e Case: g ~ [2]: P?"(2) — P?"(2). Then g is homotopic to
the composite

P2n(2) 4,0» 82n 4”» SZn—1 ., P2n—1 (2)

(Well-known, for instance, Wu, Memoirs, 2003, Prop. 2.5.)

* Since the map p: P?"(2) — S factors through Vap1 2,
go o~ xand so deg(f) =0 mod 4 or 8 in this case.
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Proof of Theorem, last case g ~ [—1].
Let )\, S*'=3 — QP2"(2) be the adjoint map of Aop.

o A, lifts to Jo(P?"~1(2)) because the inclusion
Jo(P?1=1(2)) — J(P2"~1(2)) ~ QP?"(2) induces an
isomorphism on homology up to dimension
3(2n—1)—1=6n—4 > 4n— 3. Thus there is a homotopy
commutative diagram

S4n73
N
>\2n e

J(P?"71(2)) — QP?"(2).

o [2] 0 Xop = % = (Q2]|y(p20-1(2)))+([A2n]) = O for
(Q2]| y(p2n-1(2)) )« - Tan—a(J2(P?"1(2))) —
man-3(QP?"(2)).
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Proof of Theorem, last case g ~ [—1].

Let a: J(X) 2+ J(X A X) 22 axx.

= (Q2]|yy(per-1(2))+(P2n]) = (2lux))+(P2nl) + (@luyx))+([R2n])
= 2[)‘ n] +O‘*([>‘ n])

o ax([Mo,]) = —2[\5,)-
o Q[ ez 'z =z 27z 2V = (z122) V21, 2]
in K> because v3 = 0.

Thus

(29)-([M2n]) = (= 1)x([Nan))+e([A2n]) = —[Monl—2[Azn] = —3[Agp]-
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