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Introduction

@ H, Sub-Hopf Algebra of the Steenrod Algebra and the Singer
Transfer, Geometry and Topology Monograph, 2008.

@ Phan H. Chon and H, Lambda algebra and the Singer transfer,
preprint.
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Introduction

@ The mod 2 homology of the infinite real projective space:
Ho (R P>) = {a® o) 500 1 =r(a)

o Product: a(™ . a(n) = (Mt") g(m+n),
e Coproduct: A(al™) = ditj=m al) @ ab),
o Action of the Steenrod algebra @7: a(™Sgk = (m;k) amk.
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Introduction

@ The mod 2 homology of the infinite real projective space:
Ho (R P>) = {a® o) 500 1 =r(a)

Product: a(m . a(n) = (Mt") g(m+n),
Coproduct: A(alm) = ditj=m al) ® al),
Action of the Steenrod algebra o7: a(™ Sgk = (m;k) amk.

H*(B(Z /2)5) = r(alv ) 35)-
is a commutative and cocomutative Hopf algebra.

e additive basis aX = agkl) . aﬁks) where K = (ki,...,ks) is a s-tuple
of non-negative integers.
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Product of infinite real projective spaces

@ From James's theorem:

H.(QXR P®) = ®sH.(B(Z /2)°) = (a1, a2, . . .).

Examples:
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Product of infinite real projective spaces

@ From James's theorem:

H.(QXR P®) = ®sH.(B(Z /2)°) = (a1, a2, . . .).

o Let G(s) = GL(s;F2) the general linear group on the vector space

generated by aj,...,as. There is natural action of G(s) on
s =T(a1,...,as); commutes with the .o/-action.
Examples:

Lé Minh Ha (Vietnam National University) A curious subquotient of divided power algebt



Product of infinite real projective spaces
@ From James's theorem:

H.(QXR P®) = ®sH.(B(Z /2)°) = (a1, a2, . . .).

o Let G(s) = GL(s; IE‘2) the general linear group on the vector space
generated by ay, .. . There is natural action of G(s) on
s ="T(a,.. as) commutes with the &7-action.

o Let P[5 be the subring of elements of I's which are annihilated by
all positively graded Steenrod operations.

Examples:
o PyH,(BZ/2)={a®, aM) 4B -1 1

o P, H.(B(Z /2)?) contains the products 3(2 2 gztz*l)
such as

and others,

252 4 A2,
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The subring of .o/-annihilated elements

o P yH,(QLRP®) = @,P,T.

Examples:
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The subring of .o/-annihilated elements

o P yH,(QLRP®) = @,P,T.
@ Since G(s)-action and Steenrod action are commutes, there is
induced action of G(s) on P.

Examples:
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The subring of .o/-annihilated elements

o P yH,(QLRP®) = @,P,T.
@ Since G(s)-action and Steenrod action are commutes, there is
induced action of G(s) on P ls.

o Let P[5 be the subring of elements of I'g which are annihilated by
all positively graded Steenrod operations.

Examples:
o P yH.(BZ/2) = {a® a1 @) =D 1

o P.,H.(B(Z /2)?) contains the products ag2f1_1)ag2t2_1) and others,
such as

agl)ag ) + ag )3(1).
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G(s)-coinvariant

e For each s, PyH.(B(Z /2)?) is also a G(s)-module. So can take
(PTs)G(s)-
@ There is induced product

(PoTs)G(s) ® (PaTe)(t) = (Parlstt)G(str)
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G(s)-coinvariant

e For each s, PyH.(B(Z /2)?) is also a G(s)-module. So can take
(PTs)G(s)-
@ There is induced product

(PoTs)G(s) ® (PaTe)(t) = (Parlstt)G(str)

o let ¥, = Ps ('D;z%rs)G(s)'

Lé Minh Ha (Vietnam National University) A curious subquotient of divided power algebt



G(s)-coinvariant

e For each s, PyH.(B(Z /2)?) is also a G(s)-module. So can take
(PTs)G(s)-
@ There is induced product

(PoTs)G(s) ® (PaTe)(t) = (Parlstt)G(str)

o Let¥, = P (PMFS)G(S)-

Problem
Determine the structure of the graded algebra ¢, . J
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Examples

o (PyT1)gay ={a®,al), . G NS
o (PuT2)ce —{ (251,22 D10 < kg < ko).

Lé Minh Ha (Vietnam National University) A curious subquotient of divided power algebt



Examples

o (Puyl1)oqy = {a®,aM, ... a1 1.

o (PuT2)gp) = {a" Mal* !
@ Note that

|0<k1 <k2}

agl)ag) + a§2)a§1) = (a1 + az)(3) + a§3) + ag3) ~ ag3).
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Examples

o (Puyl1)oqy = {a®,aM, ... a1 1.

° (P{%r2) ( _{ 2k1 1) 2k2 ].
@ Note that

|0<k1 <k2}

agl)a§2) + a§2)a§1) = (a1 + az)(3) + a§3) + ag3) ~ ag3).

. 2k1—1) _(2k2—1
@ There are relations among ag )ag ). For example,

[0,1] = a1 agl) = (a1 + )M + agl) ~0

(2k-1) (2k+1 1)

@ More generally, a; ~ 0.
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Rank 3

o (PyI3)g(3) contains agzkl71)ag2k271)ag’2k371).
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Rank 3

o (PyI3)g(3) contains agzkl71)a£2k271)ag’2k371).

@ And an "exotic” element:

c=[1,1,6] +[1,2,5] + [1,4,3] + [2,3,3]
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Rank 3

o (PyI3)g(3) contains agzkl71)a£2k271)ag’2k371).

@ And an "exotic” element:

c=[1,1,6] +[1,2,5] + [1,4,3] + [2,3,3]

@ In fact, a whole family of exotic elements, starting from .
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Rank 3

(PT3)g(3) contains agzkl*1)a£2k271)agzk3,1)'

@ And an "exotic” element:

c=[1,1,6] +[1,2,5] + [1,4,3] + [2,3,3]

@ In fact, a whole family of exotic elements, starting from .

(21-1) (221 (24—

. 1
@ There are relations among a; ). For example

0 3 1) (1
ROROROPUNONCRO)
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Rank 4: P I,

There are exotic elements such as:

do = x + (2,3)x + (1,3)x + (3155 + 5513 + 5135 + 5315 + 5333),

where x is

(2255+2165+1256+1166+4253+4163+43263+2435+1436+2336+4433).
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Why do we care about ¥ 47

For each s > 0, there exists a diagram:

Pgirs,* : HS’S+*(°Q{)

e
o
. Rt

(PMFS,*)G( )

o (Singer, Mitchell) t7 = @4tZ and ¢ are algebra homomorphisms.
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Why do we care about ¥ 47

For each s > 0, there exists a diagram:

Pp/rs,* : HS’S+*(°Q{)

e
o
. Rt

(PMFS,*)G( )

o (Singer, Mitchell) t7 = @4tZ and ¢ are algebra homomorphisms.

@ Singer’s conjecture: cp” is @ monomorphism.
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Facts about

o (Singer, Kameko-Boardman) ¢ is an isomorphism for s < 3.

@ One case left for s = 4.

o 7 detects the Adams subalgebra of H**(.</) generated by
h; € H1’2l(£7).

@ Also detects a few other exotic elements such as dy, ey, but does not
detect go.

Lé Minh Ha (Vietnam National University) A curious subquotient of divided power algebt



The multiplicative structure of ¥,

Theorem (Anick)
Pl is a tensor algebra. J

Unfortunately, Anick’s theorem is non-constructive.

There is also explicit calculation of P, H,(QX R P?) by Anick and
Peterson.
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Quillen stratification for ¢ .,

o Consider instead ¥g = ©s(Pgls)g(s) where B is a sub-Hopf algebra
of .

@ There exists similar transfer maps and diagram where 7 is replaced
by B.

@ Consider the natural algebra homomorphism
g{gf — lim gE,

where E runs over the elementary sub-Hopf algebras of o7
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Elementary sub-Hopf algebras of .o/

@ An elementary sub-Hopf algebra E of & is a bicommutative Hopf
algebra such that e? = 0 for all e in the augmentation ideal /E.

@ As an algebra, E is isomorphic to the exterior algebra on the P; (dual
to £2°) that it contains.

o H*(E) = Fy[hss|P; € E], where hys is represented by [¢2°] in the
cobar complex for E, so |h| = (1,2°(2F — 1)).

@ The maximal elementary sub-Hopf algebras of o7 are of the form
E(m)e = o /(€1 Emo1, €2, €201 €20 ),

e Thus E(m) is generated by the operations P{ where s < m < t.
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A normal sub-Hopf algebras of .o/

Let D be the following sub-Hopf algebra of .o/

D, = ok [(€2,68, ... €% . .).

D contains all E(m).
D is normal in &7. (i.e. Do/ = o/ -D.)
Thus we can define o7 //D = o7 @p F».

There is a sequence of normal sub-Hopf algebras

Dc---cD(m)jcD(m—-1)cC---C D(0) =«

where D(m), = a4 [(£2,€5,...,€27).
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A commutative diagram

(PrTs)G(sy — (Ppl's)g(s) —— limg(Pels) (s
w;‘”l w?l lwf
HS+5(af ) —— HS5+%(D) ——> limg HoS+*(E)

The bottom row is an F-isomorphism by Palmieri's theorem (after taking
g/-invariant).
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An F-isomorphism conjecture

There is an induced action of </ //D on Pplp. and (Ppls)g(s)-

Conjecture

The following induced homomorphisms of algebras:
Gy — (9p)7//P,
and

gD — |im gE
Ecs

are F-isomorphism.
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An application

@ We construct an invariant-theoretic chain level representation of ts
and @, in the lambda algebra.

e Computed Y ().

@ As an application, showed that dy € H*?*(.«7) is in the image of the
transfer (and a few others).
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