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Mapping class groups

M = compact, connected surface

D(M) = group of diffeos f : M →M

D0(M) = diffeos isotopic to 1M

Definition

(Extended) mapping class group

Γ(M) := π0 D(M) =
D(M)
D0(M)

For M orientable, usually consider Γ+(M) := π0D+(M)

Variations: MCG with marked points x0 = {x1, . . . , xk}
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Dk(M) = diffeos leaving x0 = {x1, . . . , xk} fixed

MCG with k marked points:

Γk(M) = π0 Dk(M) =
Dk(M)

[Dk(M)]0

Reduced MCG with k marked points:

Γ̃k(M) = π0 [Dk(M) ∩ D0(M)]

=
Dk(M) ∩ D0(M)

[Dk(M)]0
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Theorem

For every closed surface M there is a S.E.S.

1→ Γ̃k(M)→ Γk(M)→ Γ(M)→ 1

Proof:

Dk ∩ D0

[Dk]0
→ Dk

[Dk]0
→ Dk

Dk ∩ D0

∼=
D
D0

Example

Case M = S2

1→ Γ̃k(S2)→ Γk(S2)→ Z/2→ 1
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Example

Ng = RP 2# . . .#RP 2 (g – summands)

Case g = 1

1→ Γ̃k(RP 2)
∼=−−→ Γk(RP 2)→ {1} → 1

Case g = 2

1→ Γ̃k(K)→ Γk(K)→ Z/2⊕ Z/2→ 1

Case g = 3

1→ Γ̃k(N3)→ Γk(N3)→ SL(2,Z)→ 1
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Configuration spaces

Definition

M = surface (manifold, top. space)

Fk(M) = {(m1, . . . ,mk) ∈Mk | mi 6= mj , if i 6= j}

Notice that:

D(M) acts transitively on Fk(M)/Σk

Dk(S) = stabilizer of x0 = {x1, . . . , xk}

Fk(M)/Σk ≈ D(M)/Dk(M)
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Lemma

If G acts transitively on X, and x0 ∈ X, there is an equivalence

EG×
G
X ' BGx0

Therefore:

ED(M) ×
D(M)

Fk(M)/Σk ' BDk(M)

π1

(
ED(M) ×

D(M)
Fk(M)/Σk

)
∼= π0 Dk(M)

∼= Γk(M)
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Theorem (Smale)

The inclusion SO(3) in D+(S2) is a homotopy equivalence

Therefore:

ED+(S2) ×
D+(S2)

Fk(S)/Σk ' ESO(3) ×
SO(3)

Fk(S2)/Σk

Theorem (F. Cohen)

The previous space is a K(π, 1)
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Corollary

ESO(3) ×
SO(3)

Fk(S2)/Σk is a K(Γk+(S2), 1)

H∗ Γk+(S2) ∼= H∗
(
ESO(3) ×

SO(3)
Fk(S2)/Σk

)

Computed by C.F. Bödigheimer, F. Cohen, D. Peim
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Case M non-orientable

Theorem (Earle–Ells, Gramain)

There are homotopy equivalences

D0(RP 2) ' SO(3)

D0(K) ' SO(2)

D0(Ng) ' ∗ for g ≥ 3

Thus:

ED0(RP 2) ×
D0(RP 2)

Fk(RP 2)/Σk ' ESO(3) ×
SO(3)

Fk(RP 2)/Σk
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ED0(K) ×
D0(K)

Fk(K)/Σk ' ESO(2) ×
SO(2)

Fk(K)/Σk

ED0(Ng) ×
D0(Ng)

Fk(Ng)/Σk ' Fk(Ng)/Σk

for g ≥ 3. Moreover:

Theorem

ESO(3) ×
SO(3)

Fk(RP 2)/Σk is a K( Γ̃k(RP 2) , 1)

ESO(2) ×
SO(2)

Fk(K)/Σk is a K( Γ̃k(K) , 1)
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An application:

Lemma

Asumme SO(3) acts on X and let S3 act on X via the double
cover S3 → SO(3). If ESO(3) ×

SO(3)
X is a K(π, 1) then

ES3 ×
S3
X is a K(π′, 1), with π′ = π1(X).

Corollary

ES3 ×
S3
Fk(RP 2)/Σk ' K(Bk(RP 2) , 1)
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1→ Z/2→ π1

(
ES3 ×

S3
X

)
→ π1

(
ESO(3) ×

SO(3)
X

)
→ 1

1 −→ Z/2 −→ Bk(RP 2) −→ Γ̃k(RP 2) −→ 1

=⇒ Γ̃k(RP 2) ∼= Bk(RP 2)/center
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Analyzing the fibrations

Fk(RP 2)/Σk → ESO(3) ×
SO(3)

Fk(RP 2)/Σk → BSO(3)

Fk(K)/Σk → ESO(2) ×
SO(2)

Fk(K)/Σk → BSO(2)

have isomorphisms:

H∗
(

Γ̃k(RP 2) ; F2

)
∼= F2[w2, w3] ⊗ H∗(Fk(RP 2)/Σk ; F2)

H∗
(

Γ̃k(K) ; F2

)
∼= F2[w2] ⊗ H∗(Fk(K)/Σk ; F2)
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Labelled configuration space

Definition

C(M ;X) :=

( ∞∐
k=0

Fk(M) ×
Σk

Xk

)
/ ≈

where:

[m1, . . . ,mk;x1, . . . , xk] ≈ [m1, . . . ,mk−1;x1, . . . , xk−1]

if xk = ∗.

Theorem (May’72)

There is an equivalence C(Rn, X) ' ΩnΣnX

Filtration:

∗ = C0(M ;X) ⊂ · · · ⊂ Ck(M ;X) ⊂ · · · ⊂ C(M ;X)
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Define: Dk(M ;X) := Ck(M ;X) / Ck−1(M ;X)

Properties (Snaith, Bödigheimer, Cohen, Taylor)

C(M ;X) '
s

∞∨
k=1

Dk(M ;X)

Dk(M ;Sn) ' Σkn Fk(M)/Σk ∨ Skn

H∗(C(M ;Sn); F) ∼=
m⊗
q=0

H∗(Ωm−qSm+n; F)⊗βq



Mapping class groups Configuration spaces Non-orientable case Labelled configurations

Define: Dk(M ;X) := Ck(M ;X) / Ck−1(M ;X)

Properties (Snaith, Bödigheimer, Cohen, Taylor)

C(M ;X) '
s

∞∨
k=1

Dk(M ;X)

Dk(M ;Sn) ' Σkn Fk(M)/Σk ∨ Skn

H∗(C(M ;Sn); F) ∼=
m⊗
q=0

H∗(Ωm−qSm+n; F)⊗βq



Mapping class groups Configuration spaces Non-orientable case Labelled configurations

Define: Dk(M ;X) := Ck(M ;X) / Ck−1(M ;X)
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Case M = Ng

Hq(Ng; F2) =


F2 q = 0
(F2)g q = 1
F2 q = 2

H∗(C(Ng;Sn) ; F2) ∼= H∗(Sn+2)⊗H∗(ΩSn+2)⊗g ⊗H∗(Ω2Sn+2)

∼= E[an+2]⊗ F2[x1, . . . , xg]⊗ F2[y(n+1)2i−1]

|xi| = n+ 1
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Case M = Ng

Hq(Ng; F2) =


F2 q = 0
(F2)g q = 1
F2 q = 2

H∗(C(Ng;Sn) ; F2) ∼= H∗(Sn+2)⊗H∗(ΩSn+2)⊗g ⊗H∗(Ω2Sn+2)

∼= E[an+2]⊗ F2[x1, . . . , xg]⊗ F2[y(n+1)2i−1]

|xi| = n+ 1
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