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Mapping class groups
Motivation
I'(M;,) = mo Diff(M},)

o Classification of surface bundles (characteristic classes)

e N. Wahl: Homology stability of I'(M,,,,), non-oriented version
of the Mumford conjecture

@ E. Hanbury: Homology stability F(M;n)

e O. Randall-Williams: Homology of stable non-orientable MCG
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Mapping class groups
Mapping class groups

M = compact, connected surface
D(M) = group of diffeos f: M — M
Do(M) = diffeos isotopic to 1y

For M orientable, usually consider ' (M) := w9 DT (M)

Variations: MCG with marked points  x¢ = {z1,...,2%}
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Mapping class groups

DF(M) = diffeos leaving x¢ = {z1,..., 25} fixed

e MCG with k& marked points:

@ Reduced MCG with k& marked points:

T"(M) = m [D*(M) N Do(M)]

D*(M) N Dy(M)
[Dk(M)]o
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Proof:

DN Dy Dk Dk
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[Dk]o [Dk]o Dk N Do
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Ny =RP?*# ... #RP? (g — summands)

Caseg=1
1 — TFRP?) = THRP?) — {1} — 1
Case g =2

1 -THK) - THK) - Z/207Z/2 —1

Case g =3

1 — IF(N3) — TF(N3) — SL(2,Z) — 1
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Definition

M = surface (manifold, top. space)

Fp(M) = {(ma,...,my) € M* | m; #m;, ifi # j}

Notice that:
@ D(M) acts transitively on Fj(M)/%g

o D¥(S) = stabilizer of xg = {x1,..., 71}

o Fy(M)/Zy ~ D(M)/D*(M)
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If G acts transitively on X, and ¢ € X, there is an equivalence

EGx X =~ BGu

Therefore:

ED(M) sz(w) F.(M)/%; =~ BDMM)

- (ED(M) . Fk<M>/zk) = D)
D(M)

1
—
g
=
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Theorem (Smale)

Therefore:

EDY(S8%) x Fu(S)/%x =~ ESOB) x Fu(5%)/%
D+(S2) SO(3)

Theorem (F. Cohen)
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Corollary

Computed by C.F. Bodigheimer, F. Cohen, D. Peim
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Case M non-orientable

Theorem (Earle—Ells, Gramain)

Thus:

EDy(RP?) x F,(RP*)/L, ~ ESO(3) x F,(RP?)/%,
Do(RP2) SO(3)
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Do(K) SO(2)

o ED()(Ng) X Fk(Ng)/Ek ~ Fk(Ng)/Zk

O(Ng)

for g > 3. Moreover:
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Non-orientable case

1—-7Z/2—-m <E53 X X) — (ESO(?)) X X> —1
53 S0(3)

1 — Z/2 — By(RP?) — T*(RP?) — 1

—  T®RP?) = By(RP?)/center
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Analyzing the fibrations

F,(RP?)/%, — ESO(3) x )Fk(RPQ)/Zk — BSO(3)
50(3

F(K)/S5 — BSOQ) x  F(K)/Sx —~ BSO()

have isomorphisms:
o (f‘k(RP2) : Fg) > Fows,wy] @ H*(Fy(RP?)/Sy ; Fa)

H* (fk(K) , Fg) > Folws] ®@ H*(Fu(K)/Sk ; Fa)
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C(M;X) := (]O_o[ Fk(M)Ex Xk) / ~

where:

M1,y Mg @1, T & [M, e, Mg 1521, -+, Tho—1]

if T = *.
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Labelled configuration space

C(M:X) := Fp(M) x X* /z
( ) <k];[0 o ( )EXk )

where:

M1,y Mg @1, T & [M, e, Mg 1521, -+, Tho—1]

if T = *.

Theorem (May'72)
There is an equivalence CR" X) ~ Q"¥"X

Filtration:

x=Co(M;X)C---CCp(M;X)C---CC(M; X)
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Labelled configurations

Define:  Dp(M;X) := Cp(M;X) / Cr—1(M; X)
Properties (Snaith, Bédigheimer, Cohen, Taylor)
o C(M;X) ~ \/ Dy(M;X)
* k=1
o Di(M;S™) ~ ¥k F(M)/S, v SF

o H(C(M;S");F) = (X H.(Q" 95™ " F)=
q=0
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Case M = N,

Fy q=
Hq(Ng?FZ) =q(F2)9 g=1
Fo q=

H,(C(Ng; S") ; F2) = H.(S""?) @ Ho(QS"T%)% @ H.(Q*S™+?)

= Elanta] @ Folz1, ..., 24] @ Faly(q1)2i1]

lzil =n+1
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