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Outline of Lectures

• Lecture I. Classical estimation
• Lecture II. Nonlinear estimation
• Lecture III. Efficient representations and efficient estimation
• Lecture IV. Estimation in ill-posed linear inverse problems
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Thanks...

To Carl de Boor for making corrections and suggesting changes
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Lecture 3: Efficient representations and efficient estimation

• Empirical model selection
• Oracle inequalities
• Recovering edges from noisy data

• Adaptive basis selection
• Recovering chirps from noisy data
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Standpoint

• Often, no unconditional basis is available
• Extension of tools for adaptive estimation

– beyond the traditional smoothness classes

– beyond coefficient estimation in a single basis
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Dictionaries

• Dictionary of waveforms D = (φi(t))i∈I

• Synthesis
f(t) =

∑
i

αiφi(t)

Statistical Estimation with Dictionaries

• Model
Y (dt) = f(t)dt + εW (dt)

• Seek estimate of the form

f̂ =
∑

i

α̂iφi(t)
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Linear Model

Discrete setup

Y = Φα + σZ

• Y : n by 1 vector of observation

• Φ : n by p matrix

• Z is white noise Z ∼ N(0, In)

• Interested in estimating coefficients α

• Performance: mean-squared error

E‖Φα̂ − Φα‖2 = E‖f̂ − f‖2
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Ideal Model Selection

• Subset M ⊂ {1, . . . , p} =: Mp

• Span of M
V (M) := {a ∈ Rp : ai = 0 ∀i /∈ M}.

• Least squares estimate

α̂[M] = argmina∈V (M)‖Y − Φa‖2
2

• Mean squared error

MSE(α̂[M], α) = E‖Φα̂ − Φα‖2

= bias2 + variance

= inf
a∈V (M)

‖Φα − Φa‖2 + σ2#(M)

• Ideal Risk
M(α̂I , α) := min

M
MSE(α̂[M], α)
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Examples, I

• Suppose ’true model’ f = Φα has coefficients α which are very sparse

M∗ = {i : αi �= 0}

• Estimator α̂[M∗] is unbiased and

MSE(α̂[M∗], α) = σ2#(M∗)

• In comparison, MLE (no model selection)

MSE(α̂[Mp], α) = σ2p

• Moral: when there are only a few nonzero parameters and we know which
ones they are, we can achieve substantial risk savings
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Examples, II

• Most coefficients are nonzero but relatively small
• Small subset M∗ (#(M∗) << p) has small bias, e.g.

inf
a∈V (M∗)

‖Φa − Φα‖2 ≈ σ2#(M∗)

• Then ideal risk

MSE(α̂[M∗], α) = inf
a∈V (M∗)

‖Φa − Φα‖2 + σ2#(M∗) << σ2p

• Morale: even though there are many parameters to estimate, we can, in
principle, ignore the bulk of these to achieve substantial risk savings.
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Interpretation

Ideal risk

inf
a∈V (M∗)

‖Φa − Φα‖2 + σ2#(M∗)

• fN best N -term approximation using elements of Φ

‖f − fN‖2 = inf
a: #{i, ai �=0}≤N

‖f − Φα‖2

• Ideal risk
inf
N

‖f − fN‖2 + Nσ2

• Trade-off between error of approximation and number of terms
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Oracles and Ideal Risk

Ideal Risk

inf
M

MSE(α̂[M], α)

• Achievable with oracle
• How close without?

Minimaxity and Ideal Model Selection

Λ(Φ) = inf
θ̂

sup
θ∈Rp

MSE(θ̂, θ)

σ2 + MSE(α̂I , α)

• Λ ∼ 1: can mimic oracle

• Λ >> 1 (say, n): cannot
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What’s known

• X is orthonormal

Λ(X) ≈ 2 log n

– Foster and George

– Donoho and Johnstone (previous lecture)

• X general n by p (p ≥ n), and not necessarily orthonormal

Λ(X) = O(log p)

– Foster and George

– Donoho and Johnstone

– Barron and Cover

– Birge and Massart
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Complexity Penalized Fitting

• Residual sum of squares from subset least squares

RSS(M) := ‖Y − Φα̂[M]‖2

• Complexity penalized residual sum of squares

CPRSS(M, λ) := RSS(M) + λ2 · σ2 · #(M)

• Penalized model selection

M̂ = argminM⊂{1,...,p}CPRSS(M, λ), α̂∗ := α̂[M̂]

• Selection of λ
– AIC: λ2 = 2

– BIC: λ2 = log n

– RIC: λ2 = 2 log p
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Oracle Inequalities

Donoho and Johnstone (unpublished)

Choose λ = ξ · (1 +
√

2 log p)

E‖Φα̂∗ − Φα‖2 ≤ A · (σ2 + λ2MSE(α̂I , α))

• Valid for all n by p matrices Φ and all θ

• So, empirical model selection comes within a log factor of ideal model
selection
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Drawback

min
M

CPRSS(M, λ) = RSS(M) + λ2 · σ2 · #(M)

In general, combinatorial search (impractical)

Relationship to Thresholding

Suppose Φ is orthogonal and set ỹ := Φ∗y

‖y − Φa‖2 + λ2 σ2 · #{i : αi �= 0} = ‖ỹ − a‖2 + λ2 σ2 · #{i : αi �= 0}
=

∑
i

[
(ỹi − ai)2 + λ2 σ21{ai �=0}

]
.

Solution is hard-thresholding at level λ · σ

α̂i =

⎧⎨
⎩

ỹi |ỹi| > λσ

0 |ỹi| < λσ
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Recovering Edges from Noisy Data

• Image model x ∈ [0, 1]2

f(x) = 1B(x), Fα(C) := {f = 1B : ‖∂B‖Cα ≤ C}

• Scale of classes

{Fα(C) : 1 ≤ α ≤ 2, 0 < C < ∞}

• White noise model
Y (dt) = f(t)dt + εW (dt)

• Image class Fα(C)

– is not convex

– is nor orthosymmetric

– no unconditional basis

18

Triangle dictionary

• (x, y, z) ∈ [0, 1]6, and T triangle with vertices x, y, z

D = {1T : (x, y, z) ∈ [0, 1]6}

• Can discretize by rounding vertices to q = ε2 (need to limit the cardinality
of the dictionary)

#D = polynomial in ε

• Approximation property: f ∈ Fα(C), there is a superposition

fm =
m∑

i=1

1Ti

with

‖f − fm‖2 ≤ C · m−α
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Performance of Empirical Triangle Selection

• Ideal risk

inf
m

(
dm(f, D) + mε2

) ≤ inf
m

(
C · m−α + ε2m

)

Optimizing over m gives

Ideal Risk ≤ C′ · ε2α/(α+1)

• Complexity penalized estimator f̂ achieves

E‖f̂ − f‖2 ≤ C1 · log #(D) · ε2α/(α+1)

≤ C2 · log(1/ε) · ε2α/(α+1)

• Optimal (lower bounds available of the same order)
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Statistical Estimation in a Library of Bases

• Library of orthonormal bases

L = {B1, . . . , BL}

• Examples
– Concatenation of several orthonormal bases; e.g. spikes, sinusoids,
and wavelets

– Cosine packets

– Wavelet Packets

– Ridgelet packets, etc.

• Want to explore the possibility of adaptive basis estimation
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Ideal Basis Selection

Statistical model

yi[B] = θi[B] + σzi[B]

• Ideal risk in a single basis B

R∗(θ, B) =
∑

i

min(|θi[B]|2, σ2)

• Ideal risk in the library of bases

R∗(θ, L) = min
B∈L

R∗(θ, B)

Achievable with the aid

– of a basis oracle which selects the best basis,

– and a coordinate oracle which tells us which coordinates in that basis
are worth estimating
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Empirical Basis Selection

Can we select a basis in a near-ideal fashion?

• Mn : number of distinct vectors in the library L
• Define the entropy functional

Eλ(y, B) :=
∑

i

min(|yi[B]|2, σ2 · ΛN)

with

ΛN := ξ(1 +
√

2 log Mn)2, ξ > 8

• Let B̂ be the best orthobasis according to this entropy

B̂ := argminEλ(y, B)

• Apply hard-thresholding (with level √Λn · σ) in that basis

θ̂∗
i [B] := η√

ΛN ·σ(yi[B]).
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Empirical Basis Selection and Oracle Inequalities

The estimator obeys (Donoho and Johnstone)

E‖θ̂∗ − θ‖2 ≤ A · Λn · R∗(θ, L).

Minimum basis selection mimics oracle
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Example: Wavelets and Fourier

yt = ft + zt, 0 ≤ t ≤ n − 1

Library

L = Haar Wavelets ∪ Fourier, Mn = 2n

• Signal 1: Heavyside f
(1)
t = 1{t>τ}, 0 < τ < n

R∗(f1, Fourier) ≥ c · √
n, R∗(f2,Haar) ≤ 2 log n

• Signal 2: Localized sinusoid at the Nyquist frequency
f

(2)
t = e−(t−n/2)2/(10n2) sin(πt)

R∗(f1, Fourier) ≤ C · log n, R∗(f2,Haar) ≥ c · n

Thresholding in ’best basis’ achieves

max
f∈{f(1),f(2)}

E‖f̂∗ − f‖2 ≤ C · (log n)2
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Example: Packets

Cosine or Wavelet Packets (suppose signal of size n)

• Number Mn of distinct elements in the library: n log n

• Number Bn of distinct orthobases Bn is exponential in n, greater than
c · 2n.

• Can invoke dynamic programming for ’best basis’ selection (Coifman and
Wickerhauser)

min
B∈L

Eλ(y, B)

may be computed in O(n)
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Chirps

f(t) = A(t) cos(Nϕ(t))

• Amplitude A (smooth)

• Phase ϕ (smooth)

• Oscillation degree λ is large
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Chirps arise in a number of important scientific disciplines

• Echolocation in bats and other mammals
• Gravitational waves
• Doppler effect, etc.
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Recovering Chirps from Noisy Data

yt = α ft + zt, t = 0, 1, . . . , N − 1

• y: data

• f : unknown chirping signal.

• z is white noise, zt i.i.d. N(0, 1)

• How well can we estimate chirping signals?
• Can we design practical procedures with good statistical properties?
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Models for Chirping Signals

f(t) = A(t) cos(Nϕ(t)), 0 ≤ t ≤ 1 ≤ N

Smoothness assumption on phase and amplitude (+ identifiability condition on
the phase ϕ):

CHIRP(s; R) = {f : ‖A‖Cs ≤ R, ‖ϕ‖Cs ≤ R}

Hölder class Cs: m = 
s�

|Dmϕ(t) − Dmϕ(t′)| ≤ C · |t − t′|s−m
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Adaptive Chirp Estimation

Candès (2002)

• Construction of a chirplet library (rapidly searchable)
• Refinement of oracle inequalities
• Adaptive estimation

– Empirical search for best chirplet tight-frame

– Thresholding in that thight frame

• Statistical optimality. For 2 ≤ s ≤ 3, the risk obeys

sup
Fs(C)

MSE(f̂ , f) ≤ O(log N) · N−2(s−1)/(2s+1).

• Unimprovable
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• Search is at most of order O(N).

• Chirplet Analysis: O(N4/3 log(N))

• Search is negligible compared to the cost of the chirplet analysis.
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Summary

Harmonic analysts

• interested in constructing efficient representations
• interested in rapidly computable representations

Statisticians

• know how to adaptively select small subsets of variables
• know how to turn effective representations into effective “de-noisers”
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References

• Papers by David Donoho
http://www-stat.stanford.edu/ ∼donoho

• Very nice set of lecture notes by Iain Johnstone
http://www-stat.stanford.edu/ ∼imj
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