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Abstra ct: Someconnectionsbetweenoperator theory and wavelet anal-
ysis: Since the mid eighties, it has becomeclear that key tools in wavelet
analysis rely crucially on operator theory. While isolated variations of
wavelets, and wavelet constructions had previously been known, since
Haar in 1910, it was the advent of multiresolutions, and sub-band �l-
tering techniques which provided the tools for our abilit y to now eas-
ily create e�cien t algorithms, ready for a rich variety of applications to
practical tasks. Part of the underpinning for this development in wavelet
analysis is operator theory. This will be presented in the lectures, and
we will also point to a number of developments in operator theory which
in turn derive from wavelet problems, but which are of independent in-
terest in mathematics. Some of the material will build on chapters in
a new wavelet book, co-authored by the speaker and Ola Bratteli, see
http://www.math.uio wa.edu/~jorgen/ .
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One cannot expect any serious understanding of what waveletanalysis
means without a deep knowledgeof the corresponding operator theory.

|Yves Meyer �

1. In tro duction

While this seriesof four lectures will be on the subject of wavelets, the
emphasiswill be on some interconnections between topics in the mathe-
matics of wavelets and other areas,both within mathematics and outside.
Connections to operator theory, to quantum theory, and especially to sig-
nal processingwill be studied. Concepts such as high-pass and low-pass
�lters have becomesynonymous with wavelet tools, but they have also had
a signi�cance from the very start of signal processing,for example early
telephonesignalsover transatlantic cables.This was long before the much
more recent advancesin wavelets which started in the mid-1980's (as a re-
sumption, in fact, of ideasgoing back to Alfred Haar [Haa10]much earlier).

2000 Mathematics Subject Classi�c ation: Primary 42C40, 46L60, 47L30, 42A16, 43A65;
Secondary 46L45, 42A65, 41A15 .
Key words and phrases: signal processing, matrix functions, in�nite products, pyramid
algorithm, subdivision algorithm, multiresolution, generalized multiresolution, wavelet
packets, library of bases, wavelet �lters, high-pass, low-pass �lters, �lter bank, Gabor
frames, fractal measures, wavelet sets, transfer operator, Ruelle operator, Perron{
Frobenius, dimension function, homotopy, winding number, index theorem, spectral
representation, translation invariance Hilb ert space,biorthogonal wavelet, Cuntz algebra,
completely positiv e map, Fock space, creation operators.
Work supported in part by the U.S. National Science Foundation under grants DMS-
9987777 and DMS-0139473(FR G); �nancial support from the National Univ ersity of
Singapore.
� [Mey00]; seealso the web page http://www.math.uio wa.edu/ ~jorgen/quotes.h tml .
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1.1. Index of terminolo gy in math and in engine ering

Since the mid-1980's wavelet mathematics has served to someextent as a
clearing house for ideas from diverseareas from mathematics, from engi-
neering, as well as from other areas of science,such as quantum theory
and optics. This makes the interdisciplinary communication di�cult, as
the lingo di�ers from �eld to �eld; even to the degreethat the sameterm
might have a di�eren t name to some wavelet practitioners from what is
has to others. In recognition of this fact, Chapter 1 in the recent wavelet
book [BrJo02b] samplesa little dictionary of relevant terms. Parts of it are
reproduced here:

Terminology

� multiresolution: |r eal world: a set of band-pass-�ltered com-
ponent images,assembled into a mosaic of resolution bands, each
resolution tied to a �ner one and a coarserone.
|mathematics: usedin wavelet analysisand fractal analysis,mul-
tiresolutions are systems of closed subspacesin a Hilb ert space,
such as L 2 (R), with the subspacesnested, each subspacerepre-
senting a resolution, and the relative complement subspacesrep-
resenting the detail which is added in getting to the next �ner
resolution subspace.

� matrix function: a function from the circle, or the one-torus,
taking values in a group of N -by-N complex matrices.

� wavelet: a function  , or a �nite system of functions f  i g, such
that for somescalenumber N and a lattice of translation points on
R, say Z, a basisfor L 2 (R) can be built consisting of the functions
N

j
2  i

�
N j x � k

�
, j; k 2 Z.

Then dulcet music swelled
Concordant with the life-strings of the soul;
It throbbed in sweet and languid beatings there,
Catching new life from transitory death;
Like the vaguesighingsof a wind at even
That wakesthe waveletsof the slumbering sea: : :

|Shelley , Queen Mab

� subband �lter: |engine ering: signalsare viewed as functions of
time and frequency, the frequency function resulting from a trans-
form of the time function; the frequencyvariable is broken up into
bands, and up-sampling and down-sampling are combined with a
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�ltering of the frequenciesin making the connectionfrom oneband
to the next.
|wavelets: scaling is used in passing from one resolution V to
the next; if a scaleN is used from V to the next �ner resolution,
then scaling by 1

N takes V to a coarser resolution V1 represented
by a subspaceof V , but there is a set of functions which serve as
multipliers when relating V to V1, and they are called subband
�lters.

� cascades: |r eal world: a system of successive re�nements which
pass from a scale to a �ner one, and so on; used for example
in graphics algorithms: starting with control points, a re�nement
matrix and masking coe�cien ts are used in a cascadealgorithm
yielding a cascadeof masking points and a cascadeapproximation
to a picture.
|wavelets: in one dimension the scaling is by a number and a

�xed simple function, for example of the form
0 1

is chosenas
the initial step for the cascades;when the masking coe�cien ts are
chosenthe cascadeapproximation leadsto a scaling function.

� scaling function: a function, or a distribution, ' , de�ned on the
real line R which has the property that, for someinteger N > 1,
the coarserversion'

�
x
N

�
is in the closure(relativ e to somemetric)

of the linear span of the set of translated functions : : : ; ' (x + 1),
' (x), ' (x � 1), ' (x � 2) ; : : : .

� logic gates: |in computation the classical logic gates are real-
ized ascomputers, for exampleaselectronic switching circuits with
two-level voltages,say high and low. Several gateshave two input
voltagesand oneoutput, each oneallowing switching betweenhigh
and low: The output of the AND gate is high if and only if both
inputs are high. The XOR gate has high output if and only if one
of the inputs, but not more than one, is high.

� qubits: |in physicsand in computation: qubits are the quantum
analogueof the classicalbits 0 and 1 which are the letters of classi-
cal computers, the qubits are formed of two-level quantum systems,
electronsin a magnetic �eld or polarized photons, and they are rep-
resented in Dirac's formalism j0i and j1i ; quantum theory allows
superpositions, so states j i = a j0i + bj0i , a; b 2 C, jaj2 + jbj2 = 1,
are also admitted, and computation in the quantum realm allows
a continuum of states, as opposedto just the two classicalbits.
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|mathematics: a chosen and distinguished basis for the two-
dimensionalHilb ert spaceC2 consistingof orthogonal unit vectors,
denoted j0i , j1i .

� univ ersalit y: |classic al computing: the property of a set of logic
gatesthat they su�ce for the implementation of every program; or
of a single gate that, taken together with the NOT gate, it su�ces
for the implementation of every program.
|quantum computing: the property of a set S of basic quantum
gates that every (invertible) gate can be written as a sequenceof
stepsusing only gatesfrom S. Usually S may be chosento consist
of one-qubit gatesand a distinguished tensor gate t. An exampleof
a choice for t is CNOT. An alternativ e universal one is the To�oli
gate.
|mathematics: the property of a set S of basic unitary matrices
that for every n and every u 2 U2n (C), there is a factorization
u = s1s2 � � � sk , si 2 S, with the understanding that the factors
si are inserted in a chosen tensor con�guration of the quantum
register C2 
 � � � 
 C2

| {z }
n times

. Note that the factors si , the number k, and

the con�guration of the si 's all depend on n and the gate u 2
U2n (C) to be studied. The quantum wavelet algorithm (2.2.6) is
an exampleof such a matrix u.

� chaos: a small variation or disturbance in the initial statesor input
of somesystem giving rise to a disproportionate, or exponentially
growing, deviation in the resulting output tra jectory, or output
data. The term is used more generally, denoting rather drastic
forms of instabilit y; and it is measuredby the use of statistical
devices,or averaging methods.

� GLN (C): the general linear group of all complex N � N invertible
matrices.

� UN (C): = f A 2 GLN (C) j AA � = 1CN g whereA � denotesthe ad-
joint matrix, i.e., (A � ) i;j = �A j;i .

� transfer op erator (transition op erator): |in probability: An
operator which transforms signalss from input sin to output sout .
The signalsare represented as functions on someset E . In the sim-
plest case,the operator is linear and given in terms of conditional
probabilities p(x; y). The number p(x; y) may represent the prob-
abilit y of a transition from y to x where x and y are points in the
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set E . Then

sout (x) =
X

y2 E

p(x; y) sin (y) :

|in computation: Let X and Y be functions on a set E , both
taking values in f 0; 1g. Let Y be the initial state of the bit, and
X the �nal state of the bit. If the processis governed by a prob-
abilit y distribution P, then the transition probabilities p(x; y) :=
P (f X = x j Y = y g) are conditional probabilities: i.e., p (x; y) is
the probabilit y of a �nal bit value x given an initial value y, and
we have

P (f X = xg) =
X

y2 E

p(x; y) P (f Y = yg) :

|in wavelettheory: Let N 2 Z+ , and let W be a positive function
on T = f z 2 C j jzj = 1g, for example W = jm0j2 where m0 is
some low-pass wavelet �lter with N bands. (Positivit y is only in
the senseW � 0, nonnegative, and the function W may vanish on
a subsetof T.) Then de�ne a function p on T � T as follows:

p(z; w) =
� �

1
N

�
W (w) if wN = z;

0 for all other valuesof w:

We arrive at the transfer operator RW , i.e., the operator trans-
forming functions on T as follows:

sout (z) = (RW sin ) (z) =
1
N

X

w N = z

W (w) sin (w) :

� coherence: |in mathematics and physics: The vectors  i that
make up a tight frame, one which is not an orthonormal basis,
are said to be subjected to coherence. So coherent vector systems
in Hilb ert space are viewed as baseswhich generalize the more
standard concept of orthonormal basesfrom harmonic analysis. A
striking feature of the wavelets with compact support, which are
basedon scaling, is that the varieties of the two kinds of basescan
be well understood geometrically. For example, the collapseof the
wavelet orthogonality relations, degeneratinginto coherent vectors,
happenson a subvariety of a lower dimension.
More generally, coherent vectors in mathematical physics often
arise with a continuous index, even if the Hilb ert spaceis sepa-
rable, i.e., hasa countable orthonormal basis.This is illustrated by
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a vector systemf  r ;s g, which should be thought of asa continuous
analogue,i.e., a versionwherea sum gets replacedwith an integral

C � 1
 

ZZ

R2

dr ds
r 2 jh r ;s j f ij 2 = kf k2 :

For more details, seealso Section 3.3 of [Dau92] and Chapter 3 of
[Kai94].
In quantum mechanics, one talks, for example, about coherent
states in connection with wavefunctions of the harmonic oscilla-
tor. Combinations of stationary wavefunctions from di�eren t en-
ergy eigenvaluesvary periodically in time, and the questionis which
of the continuously varying wavefunctions one may use to expand
an unknown function in without encountering overcompletenessof
the basis. The methods of \coherent states" are methods for us-
ing these kinds of functions (which �t some problems elegantly)
while avoiding the di�culties of overcompleteness.The term \co-
herent" applies when you succeedin avoiding those di�culties by
somemeansor other. Of course,for students who have just learned
about the classiccomplete orthonormal basis of stationary eigen-
functions, \coherent state" methods at �rst may seemlike a daring
relaxation of the rules of orthogonality, so that the term seemsto
stand for total freedom!

1.1.1. Somebackground on Hilbert space

Wavelet theory is the art of �nding a special kind of basisin Hilb ert space.
Let H be a Hilb ert spaceover C and denote the inner product h� j � i . For
us, it is assumedlinear in the secondvariable. If H = L 2 (R), then

hf j g i :=
Z

R
f (x) g (x) dx: (1.1.1)

If H = `2 (Z), then

h� j � i :=
X

n 2 Z

�� n � n : (1.1.2)

Let T = R=2� Z. If H = L 2 (T), then

hf j g i :=
1

2�

Z �

� �
f (� ) g (� ) d� : (1.1.3)
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Functions f 2 L 2 (T) have Fourier series:Setting en (� ) = ein� ,

f̂ (n) := hen j f i =
1

2�

Z �

� �
e� in� f (� ) d� ; (1.1.4)

and

kf k2
L 2 (T) =

X

n 2 Z

�
�
� f̂ (n)

�
�
�
2

: (1.1.5)

Similarly if f 2 L 2 (R), then

f̂ (t) :=
Z

R
e� ixt f (x) dx; (1.1.6)

and

kf k2
L 2 (R) =

1
2�

Z

R

�
�
� f̂ (t)

�
�
�
2

dt: (1.1.7)

Let J be an index set. We shall only needto consider the casewhen J
is countable. Let f  � g� 2 J be a family of nonzerovectors in a Hilb ert space
H. We say it is an orthonormal basis (ONB) if

h � j  � i = � �;� (Kronecker delta) (1.1.8)

and if
X

� 2 J

jh � j f ij 2 = kf k2 holds for all f 2 H : (1.1.9)

If only (1.1.9) is assumed, but not (1.1.8), we say that f  � g� 2 J is a
(normalized) tight frame. We say that it is a frame with frame constants
0 < A � B < 1 if

A kf k2 �
X

� 2 J

jh � j f ij 2 � B kf k2 holds for all f 2 H :

Intro ducing the rank-oneoperators Q� := j � i h � j of Dirac's terminology,
see[BrJo02b], we seethat f  � g� 2 J is an ONB if and only if the Q� 's are
projections and

X

� 2 J

Q� = I (= the identit y operator in H): (1.1.10)

It is a (normalized) tight frame if and only if (1.1.10) holds but with no
further restriction on the rank-one operators Q� . It is a frame with frame
constants A and B if the operator

S :=
X

� 2 J

Q� (1.1.11)
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satis�es

AI � S � B I

in the order of hermitian operators. (We say that operators H i = H �
i ,

i = 1; 2, satisfy H1 � H2 if hf j H1f i � hf j H2f i holds for all f 2 H).
Wavelets in L 2 (R) are generatedby simple operations on one or more

functions  in L 2 (R), the operations comein pairs, say scaling and trans-
lation, or phase-modulation and translations. If N 2 f 2; 3; : : : g we set

 j;k (x) := N j =2 
�
N j x � k

�
for j; k 2 Z: (1.1.12)

1.1.2. Connections to group theory

We stressthe discrete wavelet transform. But the �rst line in the two ta-
bles below is the continuous one. It is the only treatment we give to the
continuous wavelet transform, and the corresponding coherent vector de-
compositions. But, as is stressedin [Dau92], [Kai94], and [KaLe95], the
continuous version came�rst.

Summary of and variations on the resolution of the identit y operator
1 in L 2 or in `2, for  and ~ where  r ;s (x) = r � 1

2  
�

x � s
r

�
, C =

R
R

d!
j ! j j  ̂ (! )j2 < 1 , similarly for ~ and C ; ~ =

R
R

d!
j ! j  ̂ (! ) ~̂ (! ):

N = 2 OvercompleteBasis Dual Bases

continuous
resolution

C � 1
 

ZZ

R2

dr ds
r 2 j r ;s ih r ;s j

= 1L 2

C � 1
 ; ~ 

ZZ

R2

dr ds
r 2 j r ;s i h~ r ;s j

= 1L 2

discrete
resolution

X

j 2 Z

X

k2 Z

j j;k i h j;k j = 1L 2 ,

 j;k corresponding to
r = 2� j , s = k2� j

X

j 2 Z

X

k2 Z

j j;k i h~ j;k j = 1L 2

N � 2 Isometries in `2 Dual Operator Systemin `2

sequence
spaces

N � 1X

i =0

Si S�
i = 1` 2 ,

where S0; : : : ; SN � 1

are adjoints to the
quadrature mirror �lter
operators Fi , i.e., Si = F �

i

N � 1X

i =0

Si ~S�
i = 1` 2 ,

for a dual
operator system
S0; : : : ; SN � 1,
~S0; : : : ; ~SN � 1
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Consult Chapter 3 of [Kai94] for the continuous resolution, and
Section2.2of [BrJo02b] for the discreteresolution. If h; k arevectors
in a Hilb ert spaceH, then the operator A = jhi hkj is de�ned by
the identit y hu j Av i = hu j h i hk j v i for all u; v 2 H . Then the
assertionsin the �rst table amount to:

C � 1
 

ZZ

R2

dr ds
r 2 jh r ;s j f ij 2

= kf k2
L 2 8 f 2 L 2 (R)

C � 1
 ; ~ 

ZZ

R2

dr ds
r 2 hf j  r ;s i h ~ r ;s j g i

= hf j g i 8 f ; g 2 L 2 (R)
X

j 2 Z

X

k2 Z

jh j;k j f i j2

= kf k2
L 2 8 f 2 L 2 (R)

X

j 2 Z

X

k2 Z

hf j  j;k i h ~ j;k j g i

= hf j g i 8 f ; g 2 L 2 (R)

N � 1X

i =0

kS�
i ck2 = kck2 8 c 2 `2

N � 1X

i =0

hS�
i c j ~S�

i d i = hc j d i 8 c;d 2 `2

A function  satisfying the resolution identit y is called a coherent vector
in mathematical physics.The representation theory for the (ax + b)-group,
i.e., the matrix group G = f ( a b

0 1 ) j a 2 R+ ; b 2 R g, servesas its underpin-
ning. Then the tables above illustrate how the f  j;k g wavelet systemarises
from a discretization of the following unitary representation of G:

�
U( a b

0 1 ) f
�

(x) = a� 1
2 f

�
x � b

a

�
(1.1.13)

acting on L 2 (R). This unitary representation also explains the discretiza-
tion step in passingfrom the �rst line to the secondin the tables above.The
functions f  j;k j j; k 2 Z g which make up a wavelet systemresult from the
choice of a suitable coherent vector  2 L 2 (R), and then setting

 j;k (x) =
�

U �

2� j k �2� j

0 1 �

 
�

(x) = 2
j
2  

�
2j x � k

�
: (1.1.14)

Even though this representation lies at the historical origin of the subject
of wavelets (see [DGM86]), the (ax + b)-group seemsto be now largely
forgotten in the next generation of the wavelet communit y. But Chapters
1{3 of [Dau92] still serve as a beautiful presentation of this (now much
ignored) sideof the subject. It alsoservesasa link to mathematical physics
and to classicalanalysis.

Since the representation U in (1.1.13) on L 2 (R), when a unitary U is
de�ned from (1.1.13) setting a = 2, b = 0, (Uf ) (x) := 2� 1

2 f
�

x
2

�
, leaves
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invariant the Hardy space

H + =
�

f 2 L 2 (R) j supp(f̂ ) � [0; 1i
	

; (1.1.15)

formula (1.1.14) suggeststhat it would be simpler to look for wavelets in
H + . After all, it is a smaller space,and it is natural to try to usethe causal-
it y features of H + implied by the support condition in (1.1.15). Moreover,
in the world of the Fourier transform, the two operations of the formulas
(1.1.13) and (1.1.14) take the simpler forms

f̂ 7�! a
1
2 e� ibt f̂ (at) and  ̂ 7�! 2

j
2 e� i 2j k t  ̂

�
2j t

�
: (1.1.16)

Soin the early nineties, this wasan openproblem in the theory, i.e., whether
or not there are wavelets in the Hardy space;but it received a beautiful
answer in [Aus95]. Auscher showed that there are no wavelet functions  
in H + which satisfy the following mild regularity properties:

(R0)  ̂ is continuous;

(R" ) for some" 2 R+ ;  ̂ (t) = O (jt j" )

and  ̂ (t) = O
�

(1 + jt j) � " � 1
2

�
; t 2 R:

Comparison of formulas (1.1.13) and (1.1.14) shows that The tradi-
tional discrete wavelet transform may be viewed as the restriction to a
subgroup H of a classicalunitary representation of G. The unitary repre-
sentations of G are completely understood: the set of irreducible unitary
representations consistsof two in�nite-dimensional inequivalent subrepre-
sentations of the representation (1.1.13) on L 2 (R), together with the one-
dimensional representations ( a b

0 1 ) ! aik parameterized by k 2 R. (The
two subrepresentations of (1.1.13) are obtained by restricting to f 2 L 2 (R)
with suppf̂ � h�1 ; 0] and suppf̂ � [0; 1i , respectively.) However, the
subgroup H of G has a rich variety of inequivalent in�nite-dimensional
representations that do not arise as restrictions of (1.1.13), or of any repre-
sentation of G. The group H consideredin (1.1.14) is a semidirect product
(as is G): it is of the form

HN =

( �
a b
0 1

� �
�
�
� a = N j ; b =

X

i 2 Z

ni N i ; j 2 Z; n i 2 Z;

where the
X

i

summation is �nite

)

: (1.1.17)

(In the jargon of pure algebra, the nonabelian group H N is the semidirect
product of the two abelian groups Z and Z

�
1
N

�
, with a naturally de�ned

action of Z on Z
�

1
N

�
.)
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The papers [DaLa98], [Jor01a], [BaMe99], [HLPS99], [LPT01], and
[BreJo91] show that it is possibleto use thesenonclassicalrepresentations
of H for the construction of unexpectedclassesof wavelets,the wavelet sets
being the most notable ones.Recall that a subsetE � R of �nite measure
is a waveletset if  ̂ = � E is such that, for someN 2 Z+ , N � 2, the func-

tions
n

N
j
2  

�
N j x � k

� �
� j; k 2 Z

o
form an orthonormal basis for L 2 (R).

Until the work of Larson and others, see[DaLa98] and [HLPS99], it was
not even clear that wavelet setsE could exist in the caseN > 2. The paper
[LPT01] developsand extends the representation theory for the subgroups
HN independently of the ambient group G and shows that each H N has
continuousseriesof representations which account for the wavelet sets.The
role of the representations of the groups H N and their generalizationsfor
the study of wavelets was �rst stressedin [BreJo91].

There is a di�eren t transform which is analogousto the wavelet trans-
form of (1.1.13){(1.1.14), but yet di�eren t in a number of respects. It is the
Gabor transform, and it has a history of its own. Both are special casesof
the following construction: Let G be a nonabelian matrix group with center
C, and let U be a unitary irreducible representation of G on the Hilb ert
spaceL 2 (R). When  2 L 2 (R) is given, we may de�ne a transform

(T f ) (� ) := hU (� )  j f i ; for f 2 L 2 (R) and � 2 G� C: (1.1.18)

It turns out that there are classesof matrix groups, such as the ax +
b group, or the 3-dimensional group of upper triangular matrices, which
have transforms T admitting e�ectiv e discretizations. This meansthat it
is possibleto �nd a vector  2 L 2 (R), and a discrete subgroup � � G� C,
such that the restriction to � of the transform T in (1.1.18) is injective
from L 2 (R) into functions on �.

There aremany bookson transform theory, and hereweareonly making
the connection to wavelet theory. The book [Per86] contains much more
detail on the group-theoretic approach to these continuous and discrete
coherent vector transforms.

1.1.3. Somebackground on matrix functions in mathematics and in
engineering

One of our coordinates for the landscape of multiresolution wavelets takes
the form of a geometric index. In fact, it involves a traditional operator-
theoretic index with valuesin Z. When it is identi�ed with a winding num-
ber or a counting of homotopy classes,it servesalsoasa Fredholm index of
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an associated Toeplitz operator. An orthogonal dyadic wavelet basishas its
wavelet function  satisfying the normalization k kL 2 (R) = 1, i.e.,  is a vec-
tor of norm onein the Hilb ert spaceL 2 (R). In the lingo of quantum theory,
 is therefore a pure state, and the x-coordinate is an observable called the
position. The integral E  (x) =

R
R x j (x)j2 dx is the expectedvalue of the

position. If  H denotesthe standard Haar function in (1.2.15), then clearly
E  H (x) = 1

2 . Also note the translation formula E  ( � � k ) (x) = E  (x) + k.
We showed in Corollary 2.4.11of [BrJo02b], completely generally, that the
other orthonormal wavelets have expectedvaluesin the set 1

2 + Z. Hence,
after  is translated by an integer, you cannot distinguish it from the Haar
wavelet  H in (1.2.15) by looking only at the expectedvalue of its position
coordinate. The translation integer k turns out to be a winding number.
Our result holds more generally when the de�nition of E  (x) is adapted
to a wider wavelet context, aswe showed in Chapter 6 of [BrJo02b]; but in
all cases,there is a winding number which producesthe above-mentioned
integer translate k.

The issueof connectednessfor various classesof wavelets is a general
question which hasbeenaddressedpreviously in the wavelet literature; see,
e.g.,[HLPS99], [HeWe96],[StZh01], and [ReWe98].Herewebring homotopy
to bear on the question, and we identify the connectedcomponents when
the compact support is �xed and given. We show among other things that
for a �xed K 1-classa homotopy may take placewithin a variety of wavelets
which is speci�ed by a slightly bigger support than the initially given one.

An important point of our present discussion,beyond the mere fact of
compact support, is the size of the support of the wavelets in question.
Consider two wavelets A and B of a certain support size. Then our �rst
results in this section also specify the paths C (t), if any, which connect
A and B , and in particular the size of the support of the wavelets corre-
sponding to C (t). In [BrJo02b], we treat connectivity in the wider context
of noncompactly supported wavelets,following at the outset [Gar99], which
considersscalenumber N = 2, and wavelets  satisfying

n
2

j
2  

�
2j x � k

� o

j;k 2 Z
is an orthonormal basis (ONB) for L 2 (R) :

(1.1.19)

Garrig�os considers,for 1
2 < � � 1 , the classW� of wavelets  such that

Z

R
j (x)j2

�
1 + jxj2

� �
dx < 1 ; (1.1.20)



March 6, 2004 Master Review Vol. 9in x 6in { (for Lecture Note Series, IMS, NUS) umfw aspw

Unitary Matrix Functions, Algorithms, Wavelets 15

and there is an " = " ( ) such that
Z

R

�
�
�  ̂ (t)

�
�
�
2 �

1 + jt j2
� "

dt < 1 ; (1.1.21)

i.e., the wavelet is supposedto have somedegreeof smoothnessin the sense
of Sobolev.

We now turn to the group of functions U : T ! U (N ), where U (N )
denotesthe group of all complex N -by-N matrices. The functions will not
be assumedcontinuous in general. The continuous functions will be des-
ignated C (T; U (N )). Each function in C (T; U (N )) has a K 1-class, also
called a winding number; see[BrJo02b]. The functions in C (T; U (N )) with
�nite Fourier expansionwill be called Fourier polynomials, also if they are
functions which take values in U (N ).

Prop osition 1.1.3.1: Let U 2 C (T; U (N )) be a Fourier polynomial, and
assumethat K 1 (U) = d 2 Z. Then U is homotopic in C (T; U (N )) to

V (z) = zdp � (1N � p) (1.1.22)

where p is the one-dimensional projection onto the �rst coordinate slot in
CN , and if U has the form

U (z) =
DX

k= � D

zk ak ; (1.1.23)

then U may be homotopically deformed to V in C (T; U (N )) throughFourier
polynomials of degree at most jdj + N D.

This proposition remains true if the word \F ourier polynomial" is re-
placed by \p olynomial" and ak = 0 for k = � D ; � D + 1; : : : ; � 1. In that
cased 2 Z+ and U may be homotopically deformed to V in the loop semi-
group of polynomial unitaries in C (T; U (N )) throughpolynomials of degree
at most d.

Pro of: Multiplying U by zD , weobtain a polynomial zD U (z) of degree2D
mapping T into U (N ). Then K 1

�
zD U

�
= d + N D. By Proposition 3.3 of

[BrJo02a], there exist d+ N D one-dimensionalprojectionsp1; p2; : : : ; pd+ N D

in M N (C) and a unitary V0 2 M N (C) such that

zD U (z) = V0

d+ N DY

k=1

(1 � pi + zpi ) : (1.1.24)

(See x 2.2.4 for a related, but di�eren t, decomposition.) Now, deforming
each of the pi 's continuously through one-dimensionalprojections to the
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projection p0 onto the �rst coordinate direction, and deforming V0 in U (N )
into 1N , we seethat zD U (z) can be deformed into

d+ N DY

k=1

(1 � p0 + zp0) = 1 � p0 + zd+ N D p0: (1.1.25)

Thus U (z) itself is deformed into

z� D (1 � p0) + zd+( N � 1)D p0: (1.1.26)

But writing (1 � p0) as a sum of N � 1 one-dimensional projections
q1; : : : ; qN � 1, we have that the unitary that U (z) is deformed into is

N � 1Y

k=1

�
(1 � qk ) + z� D qk

�
�
�

1 + zd+( N � 1)D p0

�
; (1.1.27)

and next deforming each of the qk in this decomposition into p0, we see
that U (z) is deformed into

N � 1Y

k=1

�
(1 � p0) + z� D p0

�
�
�

1 + zd+( N � 1)D p0

�
= (1 � p0) + zdp0: (1.1.28)

The crude estimate jdj + N D on the degreeof the Fourier polynomials
occurring during the deformation is straightforward.

To prove the last statement in the proposition one does not need to
multiply U by zD , and the proof simpli�es. Note in particular that D � d
(assumingaD 6= 0).

Remark 1.1.3.1: We do not know if Proposition 1.1.3.1 is true if
C (T; U (N )) is replacedby C (T; GL (N )). It is known from Lemma 11.2.12
of [RLL00] that if A 2 C (T; GL (N )) is a polynomial of degree1 in z,
then A can be homotopically deformed through �rst-order polynomials in
C (T; GL (N )) to a unitary of the form z ! zp+ (1N � p) for someprojec-
tion p, and henceProposition 1.1.3.1for C (T; GL (N )) would follow if any
polynomial A 2 C (T; GL (N )) could be factored into �rst-order polynomi-
als. It is also clear, sinceany element A 2 C (T; GL (N )) can be homotopi-
cally deformed into zdp � (1N � p) in C (T; GL (N )), that if A is a Fourier
polynomial, then A can be homotopically deformed into zdp � (1N � p)
through Fourier polynomials. This follows by compactnessand the Stone{
Weierstra� theorem(Lemma 11.2.3of [RLL00]). For our purposesin wavelet
theory, though, we would need a computable upper bound for the degree
of the Fourier polynomials.
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For easeof referencewe will now list the correspondencesbetween the
various objects that interest us in this case.Theseobjects are:

(i) matrix functions, A : T ! UN (C), satisfying the normalization

A (1) = H; H k ;l =
1

p
N

ei 2� k l=N ; k; l = 0; : : : ; N � 1; (1.1.29)

(ii) high- and low-passwavelet �lters m i , i = 0; 1; : : : ; N � 1, satisfying
X

w N = z

mi (w) m j (w) = N � ij ; i; j = 0; : : : ; N � 1; (1.1.30)

and

m0 (1) =
p

N ; (1.1.31)

(iii) scaling functions ' together with wavelet generators i .

We did not specify the continuit y and regularity requirements of the func-
tions A, m i , ' ,  i above. This will be done di�eren tly in di�eren t contexts
and the classesclearly depend on these added requirements. We will now
restrict to the casethat the functions ' and  i have compact support in
[0; 1i , i.e., that A and m i are polynomials in z. Thus z ! A (z) is a poly-
nomial function with

(A (z)) � A (z) = 1; z 2 T: (1.1.32)

Scaling functions/w avelet generators to wavelet �lters (';  ) 7! m

One de�nes an by

' (x) =
p

N
X

n 2 Z

an ' (N x � n) ; (1.1.33)

(cf. (2.3.7)) and then m0 by

m0 (z) =
X

n

an zn ; (1.1.34)

or one uses
p

N ^' (N t) = m0 (t) '̂ (t) (1.1.35)

directly. Then the high-pass�lters m i , i = 1; : : : ; N � 1, can be derived from
(2.3.10) below. If we are in the genericcase(2.3.6), we may also recover the
Fourier coe�cien ts a( i )

n of m i by

a( i )
n =

�
1=

p
N

�
h' ( � � n) j  i ( � =N )i

= h' ( � � n) j U i i (with  0 = ' ),
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where U i (x) := N � 1=2 i (x=N ). In particular it follows in this generic
casethat if the scaling and wavelet functions have compact support and
the �lters are Lipschitz, then the �lters are Fourier polynomials. Is this true
also in the nongenerictight frame case?

Now, if D 2 N, de�ne:

� MF (D) = the set of polynomial functions in z 2 T in
C (T; UN (C)) of degreeat most D satisfying
(1.1.29);

(1.1.36)

� WF (D) = the set of N -tuples of wavelet �lters
(m0; : : : ; mN � 1) such that all m i are polynomials in
z 2 T of degreeat most D satisfying (1.1.30) and
(1.1.31);

(1.1.37)

� SF(D) = the set of N -tuples (';  1; : : : ;  N � 1) of scaling
functions/ wavelet functions with support in [0; D ].

(1.1.38)

The spacesMF (D), WF (D), and SF(D) may beequippedwith the obvious
topologies,coming in the �rst two casesfrom, for example, the L 1 -norm
over z, and in the last caseeither from the L 2 (R)-norm or, as will be more
relevant, the tempered-distribution topology. By virtue of Proposition 3.2
in [BrJo02a], MF (D) has the structure of a compact algebraic variety, and
so by (2.3.4) below, WF (D) is a compact algebraic variety. It is clear from
(2.3.4) that the map A ! m maps MF (D) into WF ((D + 1) N � 1), and
that m ! A maps WF ((D + 1) N � 1) into MF (D). Furthermore, it is
clear from (1.1.33)and (2.3.10) that m ! (';  ) mapsWF ((N � 1) D) into
SF(D), and conversely (';  ) ! m maps SF(D) into WF ((N � 1) D).

Now, let a subindex 0 denote the subsetsof these various spacessuch
that the condition

Spec(R0) \ T = f 1g and dim
n

g 2 Kb D
N � 1 c; R (g) = g

o
= 1 (1.1.39)

holds. It is known that the set of points such that (1.1.39) does not hold
is a lower-dimensional subvariety of the various varieties, seeSection 6 of
[Jor01b], and henceMF 0 (D ), WF 0 (D ), and SF0 (D ) contain the generic
points in MF (D), WF (D), and SF(D).

Wenow summarizethe local connectivity resultsby stating the following
theorem.The proof may be found in [BrJo02b], wherethis is Theorem2.1.3.

Theorem 1.1.3.1: Let k 2 N. Equip the spaceSF(kN + 1) of scaling
functions/w avelet functions with support in [0; kN + 1] with the tempered-
distribution topology. Then SF(kN + 1) is homeomorphic to a com-
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pact algebraic variety. Furthermore, for two elements (' 0;  0) ; (' 1;  1) 2
SF(kN + 1), the following conditions are equivalent:

(a) The elements (' 0;  0) and (' 1;  1) can be connectedto each other by
a continuous path in SF(N kN + 1);

(b) K 1 (' 0;  0) = K 1 (' 1;  1);
(c) The elements (' 0;  0) and (' 1;  1) can be connectedto each other by

a continuous path in someSF(K ).

Thus, SF(kN + 1) is divided into N k (N � 1) + 1 components which are
connectedover SF(N kN + 1).

1.2. Motivation

In addition to the generalbackground material in the present section, the
reader may �nd a more detailed treatment of someof the current research
trends in wavelet analysisin the following papers: [Jor03a] (a book review),
[Jor03b] (a survey), and the three research papers [DuJo03], [Jor04a], and
[Jor04b].

As a mathematical subject, the theory of wavelets draws on tools from
mathematics itself, such as harmonic analysis and numerical analysis. But
in addition there are exciting links to areasoutside mathematics. The con-
nections to electrical and computer engineering,and to image compression
and signal processingin particular, are especially fascinating. These inter-
connectionsof research disciplinesmay be illustrated with the two subjects
(1) waveletsand (2) subband �ltering [from signal processing].While they
are quite di�eren t, and have distinct and independent lives,and even have
di�eren t aims, and di�eren t histories, they have in recent yearsfound com-
mon ground. It is a truly amazing successstory. Advances in one area
have helped the other: subband �lters are absolutely essential in wavelet
algorithms, and in numerical recipes used in subdivision schemes,for ex-
ample, and especially in JPEG 2000|an important and extraordinarily
successfulimage-compressioncode. JPEG usesnonlinear approximations
and harmonic analysis in spacesof signalsof bounded variation. Similarly,
new wavelet approximation techniqueshave given rise to the kind of data-
compressionwhich is now usedby the FBI [via a patent held by two math-
ematicians] in digitizing �ngerprin ts in the U.S. It is the happy marriage of
the two disciplines, signal processingand wavelets, that enrichesthe union
of the subjects, and the applications, to an extraordinary degree.While the
use of high-pass and low-pass �lters has a long history in signal process-
ing, dating back more than �ft y years,it is only relatively recently , say the
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mid-1980's, that the connectionsto waveletshave beenmade. Multiresolu-
tions from optics are the bread and butter of wavelet algorithms, and they
in turn thriv e on methods from signal processing,in the quadrature mir-
ror �lter construction, for example.The e�ectiv enessof multiresolutions in
data compressionis related to the fact that multiresolutions are modelled
on the familiar positional number system: the digital, or dyadic, represen-
tation of numbers. Wavelets are created from scalesof closedsubspacesof
the Hilb ert spaceL 2 (R) with a scale of subspacescorresponding to the
progressionof bits in a number representation. While oversimpli�ed here,
this is the key to the useof wavelet algorithms in digital representation of
signalsand images.The digits in the classicalnumber representation in fact
are quite analogousto the frequencysubbandsthat are usedboth in signal
processingand in wavelets.

The two functions

' (x) =

(
1 0 � x < 1

0 elsewhere
and  (x) =

8
><

>:

1 0 � x < 1
2

� 1 1
2 � x < 1

0 elsewhere

�

�

'

�

�

 

Father function Mother function
(a) (b)

(1.2.1)

capture in a glancethe re�nement identities

' (x) = ' (2x) + ' (2x � 1) and  (x) = ' (2x) � ' (2x � 1) :

The two functions are clearly orthogonal in the inner product of L 2 (R), and
the two closedsubspacesV0 and W0 generatedby the respective integral
translates

f ' ( � � k) : k 2 Zg and f  ( � � k) : k 2 Zg (1.2.2)

satisfy

UV0 � V0 and UW0 � V0 (1.2.3)
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where U is the dyadic scaling operator Uf (x) = 2� 1=2f (x=2). The factor
2� 1=2 is put in to make U a unitary operator in the Hilb ert spaceL 2 (R).
This version of Haar's system naturally invites the question of what other
pairs of functions ' and  with corresponding orthogonal subspacesV0

and W0 there are such that the same invariance conditions (1.2.3) hold.
The invariance conditions hold if there are coe�cien ts ak and bk such that
the scaling identit y

' (x) =
X

k2 Z

ak ' (2x � k) (1.2.4)

is solved by the father function, called ' , and the mother function  is
given by

 (x) =
X

k2 Z

bk ' (2x � k) : (1.2.5)

A fundamental question is the converseone:Give simple conditions on two
sequences(ak ) and (bk ) which guarantee the existenceof L 2 (R)-solutions
' and  which satisfy the orthogonality relations for the translates (1.2.2).
How do we then get an orthogonal basisfrom this? The identities for Haar's
functions ' and  of (1.2.1)(a) and (1.2.1)(b) above make it clear that the
answer lies in a similar tiling and matching game which is implicit in the
more general identities (1.2.4) and (1.2.5). Clearly we might ask the same
question for other scalingnumbers, for examplex ! 3x or x ! 4x in place
of x ! 2x. Actually a direct analogue of the visual interpretation from
(1.2.1) makesit clear that there are no nonzerolocally integrable solutions
to the simple variants of (1.2.4),

' (x) =
3
2

(' (3x) + ' (3x � 2)) (1.2.6)

or

' (x) = 2(' (4x) + ' (4x � 2)) : (1.2.7)

There are nontrivial solutions to (1.2.6) and (1.2.7), to be sure, but they
are versionsof the Cantor Devil's Staircasefunctions, which are protot ypes
of functions which are not locally integrable.

Sincethe Haar exampleis basedon the �tting of copiesof a �xed \b ox"
inside an expanded one, it would almost seemunlikely that the system
(1.2.4){(1.2.5) admits �nite sequences(ak ) and (bk ) such that the corre-
sponding solutions ' and  are continuous or di�eren tiable functions of
compact support. The discovery in the mid-1980'sof compactly supported
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(b): Mother function

Fig. 1. Daub echies wavelet functions and series of cascadeapproximan ts

di�eren tiable solutions, see[Dau92], was paralleled by applications in seis-
mology, acoustics [EsGa77], and optics [Mar82], as discussedin [Mey93],
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and once the solutions were found, other applications followed at a rapid
pace:see,for example,the ten books in Benedetto'sreview [Ben00]. It is the
solution  in (1.2.5) that the fuss is about, the mother function; the other
one, ' , the father function, is only there before the birth of the wavelet.
The most famous of them are named after Daubechies, and look like the
graphs in Figure 1. With the multiresolution idea, we arrive at the closed
subspaces

Vj := U � j V0; j 2 Z; (1.2.8)

asnoted in (1.2.2){(1.2.3), whereU is somescalingoperator. There are ex-
tremely e�ectiv e iterativ e algorithms for solving the scalingidentit y (1.2.4):
see,for example, Example 2.5.3, pp. 124{125, of [BrJo02b]� , [Dau92], and
[StNg96], and Figure 1. A key step in the algorithms involvesa clever choice
of the kind of resolution pictured in (1.2.13), but digitally encoded. The
orthogonality relations can be encoded in the numbers (ak ) and (bk ) of
(1.2.4){(1.2.5), and we arrive at the doubly indexed functions

 j;k (x) := 2j =2 
�
2j x � k

�
; j; k 2 Z: (1.2.9)

It is then not di�cult to establish the combined orthogonality relations
Z

R
 j;k (x)  j 0;k 0 (x) dx =



 j;k j  j 0;k 0

�
= � j;j 0� k ;k 0 (1.2.10)

plus the fact that the functions in (1.2.9) form an orthogonal basis for
L 2 (R). This provides a painlessrepresentation of L 2 (R)-functions

f =
X

j 2 Z

X

k2 Z

cj;k  j;k (1.2.11)

where the coe�cien ts cj;k are

cj;k =
Z

R
 j;k (x) f (x) dx =



 j;k j f

�
: (1.2.12)

What is more signi�can t is that the resolution structure of closedsubspaces
of L 2 (R)

� � � � V� 2 � V� 1 � V0 � V1 � V2 � � � � (1.2.13)

facilitates powerful algorithms for the representation of the numbers cj;k in
(1.2.12). Amazingly, the two setsof numbers (ak ) and (bk ) which wereused

� Seean implementation of the \cascade" algorithm using Mathematica, and a \carto on"
of wavelets computed with it, at
http://www.math.uio wa.edu/ ~jorgen/w avelet motions.p df .



March 6, 2004 Master Review Vol. 9in x 6in { (for Lecture Note Series, IMS, NUS) umfw aspw

24 P.E.T. Jorgensen

in (1.2.4){(1.2.5), and which producedthe magic basis(1.2.9), the wavelets,
are the samemagic numbers which encode the quadrature mirror �lters of
signal processingof communications engineering.On the face of it, those
signals from communication engineeringreally seemto be quite unrelated
to the issuesfrom wavelets|the signalsare just sequences,time is discrete,
while waveletsconcernL 2 (R) and problems in mathematical analysis that
are highly non-discrete.Dual �lters, or more generally, subband�lters, were
invented in engineering well before the wavelet craze in mathematics of
recent decades.These dual �lters in engineering have long been used in
technology, even more generally than merely for the context of quadrature
mirror �lters (QMF's), and it turns out that other popular dual wavelet
basesfor L 2 (R) can be constructed from the more general �lter systems;
but the best of the wavelet basesare the onesthat yield the strongest form
of orthogonality, which is (1.2.10), and they are the onesthat comefrom the
QMF's. The QMF's in turn are the onesthat yield perfect reconstruction of
signalsthat arepassedthrough �lters of the analysis-synthesisalgorithms of
signal processing.They are alsothe algorithms whoseiteration corresponds
to the resolution sytems (1.2.13) from wavelet theory.

While Fourier invented his transform for the purpose of solving the
heat equation, i.e., the partial di�eren tial equation for heat conduction, the
wavelet transform (1.2.11){(1.2.12) doesnot diagonalizethe di�eren tial op-
erators in the sameway. Its e�ectiv enessis moreat the level of computation;
it turns integral operators into sparsematrices, i.e., matrices which have
\man y" zerosin the o�-diagonal entry slots. Again, the resolution (1.2.13)
is key to how this matrix encoding is done in practice.

1.2.1. Somepoints of history

The �rst wavelet was discovered by Alfred Haar long ago, but its use was
limited since it was basedon step-functions, and the step-functions jump
from one step to the next. The implementation of Haar's wavelet in the
approximation problem for continuous functions was therefore rather bad,
and for di�eren tiable functions it is atrocious, and so Haar's method was
forgotten for many years. And yet it had in it the one idea which proved
so powerful in the recent rebirth (since the 1980's) of wavelet analysis: the
idea of a multir esolution. You seeit in its simplest form by noticing that
a box function B of (1.2.14) may be scaleddown by a half such that two
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copiesB 0 and B 00of the smaller box then �t preciselyinside B . See(1.2.14).

�

B

B 0 B 00

'
0 1 2

x

(1.2.14)

�

 

0 1
2

1 x (1.2.15)

This processmay becontinued if you scaleby powersof 2 in both directions,
i.e., by 2k for integral k, �1 < k < 1 . So for every k 2 Z, there is a �ner
resolution, and if you take an up- and a shifted mirror image down-version
of the dyadic scaling as in (1.2.15), and allow all linear combinations, you
will notice that arbitrary functions f on the line �1 < x < 1 , with
reasonableintegrabilit y properties, admit a representation

f (x) =
X

k ;n

ck ;n  
�
2k x � n

�
; (1.2.16)

where the summation is over all pairs of integers k; n 2 Z, with k rep-
resenting scaling and n translation. The very simple idea of turning this
construction into a multiresolution (\m ulti" for the variety of scales in
(1.2.16)) leadsnot only to an algorithm for the analysis/synthesisproblem,

f (x)  ! ck ;n ; (1.2.17)

in (1.2.16), but also to a construction of the single functions  which solve
the problem in (1.2.16), and which can be chosen di�eren tiable, and yet
with support contained in a �xed �nite interval. These two features, the
algorithm and the �nite support (called compact support), are crucial for
computations: Computers do algorithms, but they do not do in�nite in-
tervals well. Computers do summations and algebra well, but they do not
do integrals and di�eren tial equations, unless the calculus problems are
discretized and turned into algorithms.

In the discussion to follow, the multiresolution analysis viewpoint is
dominant, which increasesthe role of algorithms; for example,the so-called
pyramid algorithm for analyzing signals, or shapes, using wavelets, is an
outgrowth of multiresolutions.

Returning to (1.2.14) and (1.2.15), we seethat the scaling function '
itself may be expanded in the wavelet basis which is de�ned from  , and
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we arrive at the in�nite series

' (x) =
1X

k=1

2� k  
�
2� k x

�
(1.2.18)

which is pointwiseconvergent for x 2 R. (It is a specialcaseof the expansion
(1.2.16) when f = ' .) In view of the picture ( ) below, (1.2.18) givesan
alternativ e meaning to the traditional conceptof a telescoping in�nite sum.
If, for example, 0 < x < 1, then the representation (1.2.18) yields ' (x) =
1 = 1

2 +
�

1
2

� 2
+ � � � , while for 1 < x < 2, ' (x) = 0 = � 1

2 +
�

1
2

� 2
+

�
1
2

� 3
+ � � � .

More generally, if n 2 N, and 2n � 1 < x < 2n , then

' (x) = 0 = �
�

1
2

� n

+
X

k>n

�
1
2

� k

:

So the function ' is itself in the spaceV0 � L 2 (R), and ' represents the
initial resolution. The tail terms in (1.2.18) corresponding to

X

k>n

2� k  
�
2� k x

�
=

1
2n '

� x
2n

�
(1.2.19)

represent the coarser resolution. The �nite sum

nX

k=1

2� k  
�
2� k x

�

represents the missing detail of ' as a \bump signal". While the sum on
the left-hand side in (1.2.19) is in�nite , i.e., the summation index k is in
the rangen < k < 1 , the expression2� n ' (2� n x) on the right-hand side is
merely a coarserscaledversionof the original function ' from the subspace
V � L 2 (R) which speci�es the initial resolution. In�nite sumsare analysis
problems while a scaleoperation is a single simple algorithmic step. And
so we have encountered a �rst (easy) instance of the magic of a resolution
algorithm; i.e., an instance of a transcendental step (the analysisproblem)
which is converted into a programmable operation, here the operation of
scaling.(Other more powerful usesof the scalingoperation may be found in
the recent book [Mey98] by YvesMeyer, especially Ch. 5, and [HwMa94].)

The sketch below allows you to visualize more clearly this resolution
versus detail concept which is so central to the wavelet algorithms, also
for generalwaveletswhich otherwisemay be computationally more di�cult
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than the Haar wavelet.

0 1 2 3 4 5

-1

0

1 ' (x)

1
2  

�
x
2

�
1
4  

�
x
4

� 1
8  

�
x
8

�

1
16  

�
x
16

�

The wavelet decomposition of Haar's bump function ' in (1.2.14) and (1.2.18)

Using the sketch we seefor example that the simple step function

f (x) = a' (x) + b' (x � 1) = a� [0;1i (x) + b� [1;2i (x) (1.2.20)

0 1 2

a

b

has the wavelet decomposition into a sum of a coarser resolution and an
intermediate detail as follows:

f (x) =
a � b

2
 

� x
2

�

| {z }
in termediate detail

+
a + b

2
'

� x
2

�

| {z }
coarser version

; x 2 R: (1.2.21)

Thus the details are measuredas di�erences. This is a generalfeature that
is valid for other functions and other wavelet resolutions. See,for instance,
x 2.2 below.

1.2.2. Someearly applications

While the Haar wavelet is built from 
at pieces,and the orthogonality prop-
erties amount to a visual tiling of the graphs of the two functions ' and  ,
this is not sofor the Daubechieswavelet nor the other compactly supported
smooth wavelets. By the Balian{Lo w theorem [Dau92], a time-frequency
wavelet cannot be simultaneously localized in the two dual variables: if  is
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a time-frequencyGabor wavelet, then the two quantities
R

R jx (x)j2 dx and
R

R

�
�
� t  ̂ (t)

�
�
�
2

dt cannot both be �nite. Since
�

d 
dx

�
b(t) = it  ̂ (t), this amounts

to poor di�eren tiabilit y properties of well-localized Gabor wavelets, i.e.,
wavelets built using the two operations translation and frequencymodula-
tion over a lattice.

But with the multiresolution viewpoint, we can understand the �rst of
Daubechies's scaling functions as a one-sideddi�eren tiable solution ' to

' (x) = h0' (2x) + h1' (2x � 1) + h2' (2x � 2) + h3' (2x � 3) ; (1.2.22)

where the four real coe�cien ts satisfy

h0 + h1 + h2 + h3 = 2;

h3 � h2 + h1 � h0 = 0;

h3 � 2h2 + 3h1 � 4h0 = 0;

h1h3 + h0h2 = 0:

9
>>>=

>>>;

(1.2.23)

The system (1.2.23) is easily solved:

4h0 = 1 +
p

3;4h2 = 3 �
p

3;

4h1 = 3 +
p

3;4h3 = 1 �
p

3;

)

(1.2.24)

and Daubechies showed that (1.2.22) has a solution ' which is supported
in the interval [0; 3] ; is one-sideddi�eren tiable, and satis�es the conditions

Z

R
' (x) dx = 1;

Z

R
 (x) dx = 0; and

Z

R
x (x) dx = 0: (1.2.25)

The �rst applications served as motivating ideas as well: optics, seis-
mic measurements, dynamics, turbulence, data compression;seethe book
[KaLe95] Actually , it is two books: the �rst one (primarily by Kahane) is
classicalFourier analysis,and the secondone (primarily by P.-G. Lemari�e-
Rieusset) is the wavelet book. It will help you, among other things, to get
a better feel for the French connection, the Belgian connection, and the
diverseand early impulses from applications in the subject. Enjoy!

For a list of more recent applications we recommend[Mey00].

2. Signal pro cessing

If we idealize and view time as discrete, a copy of Z, then a signal is a se-
quence(� n )n 2 Z of numbers.A �lter is an operator which calculatesweighted
averages

(� n ) 7�!
X

k2 Z

ak � n � k : (2.1)
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Fig. 2. Perfect reconstruction of signals

But working instead with functions of z 2 T, this is multiplication, f (z) 7!
m (z) f (z), wherem (z) =

P
k2 Z ak zk and f (z) =

P
k2 Z � k zk are the usual

Fourier representation of the corresponding generatingfunctions. Similarly,
down-sampling 
N # and up-sampling 
N " asoperators on sequencestake the
form

f 7�!
1
N

X

w2 T; w N = z

f (w) (2.2)

and

f 7�! f
�
zN �

: (2.3)

Since the operators 
N # and 
N " are clearly dual to one another on the
Hilb ert space`2 (Z) of sequences(i.e., time-signals), we get the correspond-
ing dualit y for L 2 (T), i.e.,

Z

T
f

�
zN �

g (z) d� (z) =
Z

T
f (z)

1
N

X

w N = z

g(w) d� (z) ; (2.4)

where � denotes the normalized Haar measureon T, or equivalently the
following identit y for 2� -periodic functions:

Z 2�

0
f (N � ) g (� ) d� =

Z 2�

0
f (� )

1
N

N � 1X

k=0

g
�

� + k � 2�
N

�
d� : (2.5)

Quadrature mirror �lters with N frequencysubbandsm0; m1; : : : ; mN � 1

give perfect reconstruction when signals are analyzed into subbands and
then reconstructed via the up-sampling and corresponding dual �lters. In
engineeringformalism this is expressedin the diagram in Fig. 2, for N = 2,
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and m0, resp. m1, are called low-pass,resp. high-pass, �lters. In operator
language,this takesthe form

F �
0 F0 + F �

1 F1 = I ;

where F0 and F1 are the operators in Fig. 2, with dual operators F �
0 and

F �
1 . The quadrature conditions may be expressedas

F0F �
0 = F1F �

1 = I (2.6)

and

F0F �
1 = F1F �

0 = 0: (2.7)

In operator theory there is tradition for working instead with the operators
Sj := F �

j . When viewed asoperators on L 2 (T) they are therefore isometries
with orthogonal ranges,and they satisfy

N � 1X

j =0

Sj S�
j = I (2.8)

with I now representing the identit y operator acting on L 2 (T). The rela-
tions on the Sj -operators are known as the Cuntz relations becauseof their
usein C � -algebra theory; see[Cun77]. In the present application they take
the form

(Sj f ) (z) = m j (z) f
�
zN �

; f 2 L 2 (T) ; (2.9)

and
�
S�

j f
�

(z) =
1
N

X

w N = z

mj (w) f (w) ; (2.10)

and the Cuntz relations are equivalent to the conditions
X

w N = z

jmj (w)j2 = N (2.11)

and
X

w N = z

mj (w) mk (w) = 0 for all z 2 T and j 6= k: (2.12)

The last conditions are known in engineeringas the quadrature conditions
for the subband�lters m0; m1; : : : ; mN � 1, with m0 denoting the low-pass�l-
ter. The low-passand band-passconditions on the functions m j are perhaps
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more familiar in the additiv e notation given by the substitution z := e� i� .
Then the functions m j are viewed as 2� -periodic, and

mj

�
j �

2�
N

�
=

p
N ;

while

mj

�
k �

2�
N

�
= 0 for j 6= k;

with both of the indices j , k ranging over 0; 1; : : : ; N � 1.

2.1. Filters in communic ations engine ering

The coe�cien ts of the functions m j ( � ) are called impulse response coef-
�cients in communications engineering, and when used in wavelets and
in subdivision algorithms, they are called maskingcoe�cients . In the �nite
case,the m j ( � )'s are alsocalled FIR for �nite impulse response.The model
illustrated in Fig. 2 is used in �lter design in either hardware or software:

[[1]] Try �lters m0, m1 in Fig. 2, and approximate the output to the input;
[[2]] Choosea speci�c structure in which the �lter will be realized and then

quantize the coe�cien ts, length and numerical values;
[[3]] Verify by simulation that the resulting designmeetsgiven performance

speci�cations.

Once �lters are constructed, we saw that they are also providing us
with wavelet algorithms. When the stepsof Fig. 2 are iterated, we arrive at
wavelet subdivision algorithms. Relative to a given resolution (pictured asa
closedsubspaceV1, say, in L 2 (R)), signals,i.e., functions in L 2 (R), decom-
poseinto coarseronesand intermediate details. Relative to the subspaces
W0 and V1, this amounts to

V1

"
given

resolution

= V0

"
coarser

resolution

+ W0:
"

intermediate
detail

(2.1.1)

Ideally, we wish the decomposition in (2.1.1) to be orthogonal in the sense
that

hf j g i = 0 for all f 2 V0 and all g 2 W0: (2.1.2)
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Since the subdivisions involve translations by discrete steps, we specialize
the resolution such that both of the spacesV0 and W0 are invariant under
translations by points in Z, i.e., such that

T : f 7�! f ( � � 1) (2.1.3)

leavesboth of the subspacesV0 and W0 invariant. The multir esolution anal-
ysis case(MRA) correspondsto the setup when V0 is singly generated,i.e.,
there is a function ' 2 V0 such that the closedlinear span of

Tn ' ( � ) = ' ( � � n) ; n 2 Z; (2.1.4)

is all of V0. If N = 2, then there is then also a  2 W0 such that the closed
linear spanof f  ( � � n) : n 2 Z g is all of W0. If N > 2, we may needfunc-
tions  1; : : : ;  N � 1 in W0 such that f  i ( � � n) : i = 1; : : : ; N � 1; n 2 Z g
has a closedspan equal to W0.

2.2. A lgorithms for signals and for wavelets

The pyramid algorithm and the Cun tz relations. Since the two
Hilb ert spacesL 2 (T) and `2 (Z) are isomorphic via the Fourier series
representation, it follows that the system f Si g

1
i =0 is equivalent to a sys-

tem f Ŝi g
1
i =0 acting on `2 (Z). Speci�cally , (Si f )b = Ŝi f̂ , i = 0; 1, where

f̂ (n) :=
R

T z� n f (z) d� (z). For c := (cn )n 2 Z in `2 (Z), and functions f on
R, set

f � 1 (x) := (Uf ) (x) = 2� 1
2 f

� x
2

�
, and

(c � f ) (x) :=
X

n 2 Z

cn f (x � n) :

For the present, let f m i g
1
i =0 be the low-passand high-passwavelet �lters,

and let ' ,  be the corresponding scaling function, resp., wavelet function,
alsocalled father function, resp.,mother function. Now intro ducethe corre-
sponding operators Si and their cousinsŜi . The adjoints Ŝ�

i are also called
�lters .

Then

c � ' =
� �

Ŝ�
0 c

�
� '

�

� 1| {z }
coarser resolution

+
��

Ŝ�
1 c

�
�  

�

� 1| {z }
detail

for all c 2 `2 (Z) : (2.2.1)

De�ne W : `2 ! `2 by

W (c) (x) = (c � ' ) (x) =
X

n 2 Z

cn ' (x � n) : (2.2.2)
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Then W maps `2 isometrically onto V0 in the orthogonal caseand

W Ŝ0 = UW:

Further

W Ŝ0Ŝ�
0 c =

�
Ŝ�

0 c � '
�

� 1
:

Embedding `2 into `2 � `2 as `2 � 0, extend W to `2 � `2 by putting

W (c � d) = c � ' + d �  :

Then the extendedW maps `2 � `2 isometrically onto U � 1V0 and

W
�

Ŝ0c + Ŝ1d
�

= UW (c � d)

for all c;d 2 `2, where the left W is the one from (2.2.2) and the right is
the extensionof W to `2 � `2.

At this point you can use1` 2 = Ŝ0Ŝ�
0 + Ŝ1Ŝ�

1 to show (2.2.1). Note that
if c0 = a and c1 = b and ci = 0 for other i , the formula (2.2.1) reducesto
(1.2.21).

The subdivision relations (2.2.1) are equivalent to the system
p

2' (2x) =
X

k2 Z

�a2k ' (x + k) +
X

k2 Z

�b2k  (x + k) ; (2.2.3)

p
2' (2x � 1) =

X

k2 Z

�a2k+1 ' (x + k) +
X

k2 Z

�b2k+1  (x + k) ; (2.2.4)

where the coe�cien ts an , bn are those of the quantum wavelet algorithm,
i.e., the coe�cien ts in the \large" unitary matrix (2.2.5). Thus the quan-
tum algorithm does the wavelet decomposition within a �xed resolution
subspace.

The scaling function ' de�nes a resolution subspaceV0 � L 2 (R). Then
(2.2.1), or equivalently (2.2.3){(2.2.4), represents the orthogonal decompo-
sition of functions in V0 into an orthogonal sum of a function with coarser
resolution and a function in the intermediate detail subspace.

Let m0, m1 be a dyadic wavelet �lter, and let T 3 z 7! A (z) 2 U2 (C)
be the corresponding matrix function, A i;j (z) = 1

2

P
w 2 = z w� j mi (w). If

the low-pass �lter m0 (z) = a0 + a1z + � � � + a2n +1 z2n +1 , then a choice
for m1 (z) =

P 2n +1
k=0 bk zk is bk = (� 1)k �a2n +1 � k . We then have A (z) =

P n
k=0 Ak zk whereAk =

�
a2k a2k+1

b2k b2k+1

�
, and the following 2n +2 � 2n +2 scalar
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matrix can be checked to be unitary:
0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

a1

b1
A1 A2 � � � An � 1 An 0 � � � 0

a0

b0

0
0

A0 A1 � � � An � 2 An � 1 An 0 � � � 0
0
0

0
0

0 A0 � � � An � 3 An � 2 An � 1 An 0 � � � 0
0
0

0
0

0
0

...
. . .

. . .
...

0
0

0
0

a2n +1

b2n +1
0 � � � 0 A0 A1 A2 � � � An � 1

a2n

b2n

a2n � 1

b2n � 1
An 0 � � � 0 A0 A1 � � � An � 2

a2n � 2

b2n � 2

a2n � 3

b2n � 3
An � 1 An 0 � � � 0 A0 � � � An � 3

a2n � 4

b2n � 4
...

. . .
. . .

...
a3

b3
A2 A3 � � � An 0 � � � 0 A0

a2

b2

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(2.2.5)

Except for the scalar entries in the two extreme left and right columns,
all the other entries of the big combined matrix UA are taken from the
cyclic arrangements of the 2 � 2 matrices of coe�cien ts A0; A1; : : : ; An in
the expansionof A (z). For the caseof n = 1 this amounts to the simple
8 � 8 wavelet matrix

0

B
B
B
B
B
B
B
B
B
B
B
@

a1

b1
A1 0 0

a0

b0

0
0

A0 A1 0
0
0

0
0

0 A0 A1
0
0

a3

b3
0 0 A0

a2

b2

1

C
C
C
C
C
C
C
C
C
C
C
A

A0

A1,

(2.2.6)
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which is the onethat producesthe sequenceof quantum gates.The quantum
algorithm of a wavelet �lter is thus represented by a 2n +2 � 2n +2 unitary
matrix UA acting on the quantum qubit register C 
 � � � 
 C| {z }

n +2 times

= C2(n +2) ,

i.e., it acts on a con�guration of n + 2 qubits. The realization of a wavelet
algorithm in the quantum realm thus amounts to spelling out the steps in
factoring UA into a product of qubit gates. By Shor's theorem, we know
that this can be done, and UA may be built out of one-qubit gates and
CNOT gatesfollowing the ideassketched above. The readermay �nd more
discussionof the matrix UA in Section 3 of [Fre00].

The generalization of classical and quantum wavelet resolution algo-
rithms from N = 2 to N > 2 is immediate: Then m i (z) =

P
k2 Z a( i )

k zk ,

(Si f ) (z) = m i (z) f
�
zN �

; i = 0; : : : ; N � 1; (2.2.7)

and the transformation rules

� N k+ i =
X

l 2 Z

a( i )
l � N k " l ; i = 0; 1; : : : ; N � 1; (2.2.8)

permute the set of ONB's in `2 (Z) and de�ne a unitary commuting with the
N -shift. Hence,the standard formulas from [Wic93], [Kla99], and [FiWi99]
for the quantum computing algorithm naturally generalizeto the caseN >
2 via (2.2.8). Instead of k-registers C2 
 � � � 
 C2

| {z }
k times

= C2k
over C2, we will

now have to work rather with CN 
 � � � 
 CN
| {z }

k times

= CN k
.

The useof the algorithmic relations in engineeringand operator algebra
theory predates their more recent use in wavelet theory and wavepacket
analysis.

2.2.1. Pyramid algorithms

For N > 2, the algorithm of the previous section takesthe following form.

The pyramid algorithm and the Cun tz relations revisited. By
Fourier equivalence of L 2 (T) and `2 (Z) via the Fourier series, it fol-
lows that the system f Si g

N � 1
i =0 is equivalent to a system f Ŝi g

N � 1
i =0 acting

on `2 (Z). Speci�cally , (Si f )b = Ŝi f̂ , i = 0; : : : ; N � 1, where f̂ (n) :=R
T z� n f (z) d� (z). For c := (cn )n 2 Z in `2 (Z), and functions f on R, set

f � 1 (x) := N � 1
2 f

� x
N

�
;
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and

(c � f ) (x) :=
X

n 2 Z

cn f (x � n) :

Let f m i g
N � 1
i =0 be low-pass and high-pass wavelet �lters, and let ' ,

 1; : : : ;  N � 1 be the corresponding scaling function, resp., wavelet func-
tions. Now intro duce the corresponding operators Si , and their cousinsŜi .
The adjoints Ŝ�

i are also called �lters .
Then

c � ' =
��

Ŝ�
0 c

�
� '

�

� 1| {z }
coarser resolution

+
N � 1X

i =1

��
Ŝ�

i c
�

�  i

�

� 1
| {z }

detail

for all c 2 `2 (Z) :

(2.2.9)

The scaling function ' de�nes a resolution subspaceV0 � L 2 (R). For
the caseN > 2:

Discrete vs. contin uous wavelets, i.e., `2 vs. L 2 ( 	 ) :

f 0g  � � � �  � V2

&
V1

&
V0

&
�ner scales

� � � W3 W2 W1 � � � rest of L 2 (R)

� � �  �
U

 �
U

 �
U

W "
j

"
j

"
j

"
j W

f 0g  � � � �
S0 �

S0 �
S0 �

� � � S2
0L S0L L =

N � 1W

i =1
Si `2

S2
0 `2

%
S0`2

%
`2

%

More re�ned pyramid algorithms yield wavelet packets as follows.
The Haar wavelet is supported in [0; 1], and if j 2 Z+ and k 2 Z, then

the modi�ed function x 7!  
�
2j x � k

�
is supported in the smaller interval

k
2j � x � k+1

2j . When j is �xed, these intervals are contained in [0; 1] for
k 2

�
0; 1; : : : ; 2j � 1

	
. This is not the casefor the other wavelet functions.

For one thing, the non-Haar wavelets  have support intervals of length
more than one,and this forcesperiodicit y considerations;see[CDV93]. For
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this reason,Coifman and Wickerhauser[CoWi93] invented the concept of
wavelet packets. They are built from functions with prescribed smoothness,
and yet they have localization properties that rival those of the (discontin-
uous) Haar wavelet.

There are powerful but nontrivial theorems on restriction algorithms
for wavelets  j;k (x) = 2

j
2  

�
2j x � k

�
from L 2 (R) to L 2 (0; 1). We refer the

reader to [CDV93] and [MiXu94] for the details of this construction. The
underlying idea of Alfred Haar has found a recent renaissancein the work
of Wickerhauser[Wic93] on waveletpackets. The idea there, which is also
motivated by the Walsh function algorithm, is to replace the re�nement
equation (1.1.33) by a related recursive system as follows: Let m0 (z) =P

k ak zk , m1 (z) =
P

k bk zk , for example bk = (� 1)k �a1� k , k 2 Z, be
a given low-pass/high-passsystem, N = 2. Then consider the following
re�nement system on R:

W2n (x) =
p

2
X

k2 Z

ak Wn (2x � k) ; (2.2.10)

W2n +1 (x) =
p

2
X

k2 Z

bk Wn (2x � k) : (2.2.11)

Clearly the function W0 can be identi�ed with the traditional scaling func-
tion ' of (2.3.7). A theorem of Coifman and Wickerhauser(Theorem 8.1,
[CoWi93]) states that if P is a partition of f 0; 1; 2; : : : g into subsetsof the
form

I k ;n =
�

2k n; 2k n + 1; : : : ; 2k (n + 1) � 1
	

;

then the function system
n

2
k
2 Wn

�
2k x � l

� �
�
� I k ;n 2 P; l 2 Z

o

is an orthonormal basis for L 2 (R). Although it is not spelled out in
[CoWi93], this construction of basesin L 2 (R) divides itself into the two
cases,the true orthonormal basis(ONB), and the weaker property of form-
ing a function system which is only a tight frame. As in the wavelet case,
to get the P-system to really be an ONB for L 2 (R), we must assumethe
transfer operator Rjm 0 j 2 to have Perron{Frobenius spectrum on C (T). This
meansthat the intersection of the point spectrum of R jm 0 j 2 with T is the
singleton � = 1, and that dim ker((1 � R jm 0 j 2 )jC (T) ) = 1.

2.2.2. Subdivision algorithms

The algorithms for waveletsand wavelet packets involvethe pyramid ideaas
well as subdivision. Each subdivision producesa multiplication of subdivi-
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sion points. If the scaling is by N , then j subdivisions multiply the number
of subdivision points by N j . If the scaling is by a d � d integral matrix
N , then the multiplicativ e factor is jdet N j j in the number of subdivision
points placed in Rd.

In the discussionbelow, we restrict attention to d = 1, but the conclu-
sions hold with only minor modi�cation in the general caseof d > 1 and
matrix scaling.

If W is a continuous function on T, the transfer operator or kneading
operator RW

RW � (z) =
1
N

X

w N = z

W (w) � (w) = S�
0 W � (z) ; (2.2.12)

with the alias

(RW f )n =
X

k

cN n � k f k (2.2.13)

in the Fourier transformed space,has an adjoint which is the subdivision
operator or chopping operator

(R�
W � ) (z) = W (z) �

�
zN �

(2.2.14)

on functions � on T, with the alias

(R�
W f )n =

X

k

cN k� n f k (2.2.15)

on sequences.
We will analyze the dualit y between RW and R�

W and their spectra.
Specializing to W = jm0 j2, we note that RW is then the transfer operator
of orthogonal type wavelets. In the following, W is assumedonly to satisfy
W 2 Lip 1 (T) and W � 0. Other conditions are discussedin [BrJo02b].

In the engineeringterminology of x 2.2, the operation (2.2.13) is com-
posedof a local �lter with the numbers ck as coe�cien ts, followed by the
down-sampling 
N # , while (2.2.15) is composedof up-sampling 
N " , followed
by an application of a dual �lter. In signal processing,
N # is referred to as
\decimation" even if N is not 10.

The operator S (= R �
W ) is called the subdivision operator, or the wood-

cutter operator, becauseof its usein computer graphics. Iterations of S will
generatea shape which (in the caseof onereal dimension) takesthe form of
the graph of a function f on R. If � 2 `1 (Z) is given, and if the di�erences

Dn (i ) = f
�

i
2n

�
� (Sn � ) (i ) ; i 2 Z; (2.2.16)
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are small, for example if

lim
n !1

sup
i 2 Z

jDn (i )j = 0; (2.2.17)

then we say that � represents control points, or a control polygon, and the
function f is the limit of the subdivision scheme.

It follows that the subdivision operator S on the sequencespaces,espe-
cially on `1 (Z), governs pointwise approximation to re�nable limit func-
tions. The dual version of S, i.e., R = S� (= the transfer operator) governs
the corresponding mean approximation problem, i.e., approximation rela-
tiv e to the L 2 (R)-norm.

In Scholium 4.1.2 of [BrJo02b], we consider the eigenvalue problem

S� = �� ; � 2 C; (2.2.18)

and � 6= 0 in somesuitably de�ned spaceof sequences.The formula (2.2.16)
for the limit of a given subdivision schemeS makes it clear that the case
(2.2.18) must be excluded.For if (2.2.18) holds, for some� 2 C, and some
sequence� of control points, then there is not a corresponding regular
function f on R with its valuesgiven on the �ner grids 2� n Z, n = 1; 2; : : : ,
by

f �
�
i 2� n �

� (Sn � ) (i ) = � n � (i ) ; i 2 Z: (2.2.19)

We show in Example 4.1.3of [BrJo02b] that there are no such control points
� in `2 (Z) n f 0g. Hencethe stabilit y of the algorithm!

2.2.3. Wavelet packet algorithms

The main di�erence betweenthe algorithms of waveletsand thoseof wavelet
packets is that for the wavelets the path in the pyramid is to onesideonly:
a given resolution is split into a coarserone and the intermediate detail.
The intermediate detail may further be broken down into frequencybands.
With the operators Sj f (z) = m j (z) f

�
zN

�
acting on L 2 (T), the coarser

subspaceafter j steps is modelled on Sj
0L 2 (T), and the projection onto

this subspaceis Sj
0S� j

0 where S0 is the isometry of L 2 (T) �= V0 de�ned by
the low-pass�lter m0. But in the construction of the wavelet packet, the
subspaceresulting by running the algorithm j times is Si 1 Si 2 � � � Si j L 2 (T),
and the projection onto this subspaceis

Si 1 Si 2 � � � Si j S�
i j

� � � S�
i 2

S�
i 1

:
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If n 2 Z+ , the wavelet function Wn is computed from the iteration i 1; : : : ; i j

corresponding to the representation

n = i 1 + i 2N + i 3N 2 + � � � + i j N j � 1;

where i 1; : : : ; i j 2 f 0; 1; : : : ; N � 1g are unique from the Euclidean algo-
rithm.

2.2.4. Lifting algorithms: Sweldensand more

The discussioncenters around the matrix functions A : T ! GL2 (C).
The case det A � 1. Recall that we call a �nite sum

P n 1
k= � n 0

Ak zk ,
n0; n1 � 0; a Fourier polynomial both if the coe�cien ts Ak are numbers,
and if they are matrices. The matrix-v alued Fourier polynomials T 3 z 7!
A (z) 2 M 2 (C) such that det A (z) � 1 form a subgroup of C (T; GL2 (C))
which we denote SL 2.

For every A (z) in SL 2 there are m 2 Z+ , K 2 Cnf 0g, and scalar-valued
Fourier polynomials u1(z); : : : ; um (z); l1(z); : : : ; lm (z) such that

A (z) =
�

K 0
0 K � 1

�
�
�

1 0
l1 (z) 1

�
�
�

1 u1 (z)
0 1

�
�

�
�

1 0
l2 (z) 1

�
�
�

1 u2 (z)
0 1

�
� � �

�
1 0

lm (z) 1

�
�
�

1 um (z)
0 1

�
: (2.2.20)

See[DaSw98]. This is the �rst step in the Daubechies{Sweldenslifting algo-
rithm for the discretewavelet transform. Thus the casedet (A (z)) = 1 gives
a constructive lifting algorithm for wavelets,and such an algorithm hasnot
beenestablishedin the C (T; GL2 (C)) case.The decomposition could also
be compared with Proposition 3.3 of [BrJo02a], which was mentioned in
connection with the proof of (1.1.24).

Recall the correspondencebetweenmatrix functions and wavelet �lters:
If A : T ! GL2 (C) is a matrix function, then the corresponding dyadic
wavelet �lters are

m(A )
i (z) =

1X

j =0

A i;j
�
z2�

zj ; i = 0; 1:

It follows that the two matrix functions A and B satisfy

A =
�

1 0
l 1

�
B

for somel in the ring F of Fourier polynomials if and only if m(A )
0 = m(B )

0

and m(A )
1 (z) = m(B )

1 (z) + l
�
z2

�
m(A )

0 (z).
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Similarly note that the two matrix functions A and B satisfy

A =
�

1 u
0 1

�
B

for some u 2 F if and only if m(A )
1 = m(B )

1 and m(A )
0 (z) = m(B )

0 (z) +
u

�
z2

�
m(A )

1 (z).
Remark. The conclusionis that the wavelet algorithm for a generalwavelet
�lter corresponding to a matrix function, say A, may be broken down in a
sequenceof zig-zag steps acting alternately on the high-passand the low-
passsignal components.

2.3. Factorization theor ems for matrix functions

We mentioned that for matrix functions corresponding to �nite impulse
response(FIR) �lters which are unitary , we needonly the constant matrix
(which is chosensuch as to achieve the high-passand low-passconditions)
and factors of the form

UP (z) = zP + P ? �=

 
z 0
0 1

!

whereP is a rank-one projection in CN and N is the scalingnumber of the
subdivision.

Unfortunately , no such factorization theorem is available for the non-
unitary FIR �lters. But the matrix functions takevaluesin the non-singular
complex N � N matrices. The Sweldens{Daubechies factorization and the
lifting algorithm serve as a substitute. There are still the general non-
unimodular FIR-matrix functions where factorizations are so far a bit of
a mystery. The matrix functions are called polyphasematrices in the engi-
neeringliterature. The following summary servesasa classi�cation theorem
for the orthogonal waveletsof compact support: the waveletscorrespond to
FIR polyphasematrices which are unitary .

In summary, an algorithm to construct all the wavelet functions  of
scale2 with support in [0; 2k + 1] can be establishedas follows:

[[1]] Pick k one-dimensionalorthogonal projections Q1; : : : ; Qk in M 2 (C)
and de�ne the unitary-v alued matrix function A (z) on T by

A (z) = V (1 � Q1 + zQ1) (1 � Q2 + zQ2) � � � (1 � Qk + zQk ) ; (2.3.1)

where

V =
1

p
2

�
1 1
1 � 1

�
: (2.3.2)
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Then each Qj has the form

Qj =
�

� j
p

� j (1 � � j )ei� j

p
� j (1 � � j )e� i� j 1 � � j

�
; (2.3.3)

where � j 2 [0; 1] and � j 2 [0; 2� ). (SeeProposition 3.3 of [BrJo02a].)
[[2]] De�ne the �lters m0 (z) and m1 (z) by

mi (z) =
N � 1X

j =0

zj A ij
�
zN �

; i; j = 0; : : : ; N � 1; (2.3.4)

with N = 2.
[[3]] De�ne '̂ by

^' (t) =
1Y

k=1

 
m0

�
tN � k

�

p
N

!

: (2.3.5)

If the condition

PER
�

j'̂ j2
�

(t) :=
X

n 2 Z

j '̂ (t + 2� n)j2 = 1 (2.3.6)

fails, then the algorithm stops.
[[4]] If the condition (2.3.6) holds, one may alternativ ely de�ne ' by the

cascadealgorithm

' (x) =
p

N
X

n 2 Z

an ' (N x � n) ; (2.3.7)

� (x) =
�

1; 0 � x < 1;
0; x 2 R n [0; 1i ;

(2.3.8)

M a :  7�!
p

N
X

n

an  (N x � n) : (2.3.9)

[[5]] The wavelet function  is then de�ned by

 i (x) =
p

N
X

n 2 Z

a( i )
n ' (N x � n) ; (2.3.10)

where a( i )
n are the Fourier coe�cien ts of m i ,

mi (z) =
X

n

a( i )
n zn ; (2.3.11)

and z = e� it ; this is the most generalwavelet function with support in
[0; 2k + 1].

[[6]] All other wavelet functions with compact support can be obtained from
the onesin [[5]] by integer translation.
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2.3.1. The caseof polynomial functions [the polyphasematrix, joint
work with Ola Bratteli]

One problem occurring in the biorthogonal context which does not have
an analoguein the orthogonal setting stemsfrom the fact that the dualit y
relations

X

w N = z

mi (w) ~m j (w) = N � i;j for i; j = 0; : : : ; N � 1 (2.3.12)

do not give any absoluterestrictions on the sizeof m i and ~m j , e.g.,a bound
on the inner product of two vectors in CN does not give a bound on the
size of the vectors if they are not equal. This is re
ected in the bi-Cuntz
relations de�ned by m i , ~m i . Let us now de�ne

(Si f ) (z) = m i (z) f
�
zN �

; ( ~Si f ) (z) = ~m i (z) f
�
zN �

(2.3.13)

for z 2 T, f 2 L 2 (T). Instead of the usual Cuntz relations, the Si , ~Si now
satisfy

S�
i

~Sj = � i;j 1; (2.3.14)
X

i

Si ~S�
i = 1: (2.3.15)

If A; ~A 2 C (T; GLN (C)) are the matrix-v alued functions associated to m i

and ~m i by

m (z) = A
�
zN �

v (z) ; ~m (z) = ~A
�
zN �

v (z) ; (2.3.16)

we compute

S�
i Sj = (AA � ) j;k (2.3.17)

in the sensethat S�
i Sj is contained in the commutativ e algebra of mul-

tiplication operators on L 2 (T) de�ned by C (T), and (AA � ) j;i 2 C (T).
Correspondingly,

~S�
i

~Sj = ( ~A ~A � ) j;i (2.3.18)

so all the operators S�
i Sj , ~S�

i
~Sj are contained in the abelian algebra C (T).

We may intro duce operators S, ~S from

L 2 (T)N = L 2 (T)
0

� � � � � L 2 (T)
N � 1

(2.3.19)

into L 2 (T) by

S = (S0; S1; : : : ; SN � 1) ; ~S = ( ~S0; : : : ; ~SN � 1) (2.3.20)
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and then S� maps L 2 (T) into (2.3.19), etc., and the relations
(2.3.14){(2.3.18) take the form

�
S� ~S = 1; where 1 is the identit y in M N (C) 
 C (T) ;
S ~S� = 1; where 1 is the identit y in C (T) ;

(2.3.21)

�
S� S = AA � ;
~S� ~S = ~A ~A � :

(2.3.22)

These relations say that all combinations of products of S and S� with ~S
and ~S� lie in the algebra M N (C) 
 C (T). But in addition A and ~A are
matrix-v alued functions on T, so

AA � ~A ~A � = A ~A � = 1 = ~A ~A � AA � (2.3.23)

and hence

S� S =
�

~S� ~S
� � 1

(2.3.24)

and all the matrix-v alued functions commute.
This discussioncanbe summarizedby saying that the bi-Cuntz relations

are much lessrigid than the original Cuntz relations, i.e.:

Scholium 2.3.1.1: Given any bijective operator S from L 2 (T)N into
L 2 (T) one may de�ne ~S = (S� ) � 1 and the bi-Cuntz relations (2.3.21) are
satis�ed. If, more speci�cally , S is given by (2.3.20) and (2.3.13), then oper-
ators ~S0; : : : ; ~SN � 1 exist such that the bi-Cuntz relations (2.3.14){(2.3.15)
are satis�ed if and only if the operator A 2 M N (C) 
 C (T) de�ned by
(2.3.16) is invertible, in which caseonemust use ~A = (A � )� 1, (2.3.16), and
(2.3.13) to de�ne ~S0; : : : ; ~SN � 1.

Let us now connect the �lters to the wavelets.We have already de�ned
the scaling functions ' , ~' and wavelet functions  i ,  i , i = 1; : : : ; N . The
expansionsfor ' and ~' convergeuniformly on compacts, thus '̂ and ~̂' are
continuousfunctions on R. To decidethat thesefunctions are in L 2 (R) one
again forms

f ' (t) = PER
�

j'̂ j2
�

(t) =
X

n 2 Z

j ^' (t � 2� n)j2 (2.3.25)

and f ~' similarly, and one deducesagain from the nonlinear intert wining
relation

Rk (p ( 1;  2)) = p
�
M k

m 0
 1; M k

m 0
 2

�
; k 2 N (2.3.26)

that

Rm 0 (f ' ) = f ' ; R ~m 0 (f ~' ) = f ~' : (2.3.27)
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2.3.2. General results in mathematics on matrix functions

In the standard caseof the good old orthogonal wavelets in L 2 (R) of N
subbands,we will look for functions  1; : : : ;  N � 1 in L 2 (R) such that, if k
and n run independently over all the integersZ, i.e., �1 < k; n < 1 , then
the countably in�nite system of functions

�
N k=2 i (N k x � n)

�
� i = 1; : : : ; N � 1; k; n 2 Z

	
(2.3.28)

is an orthonormal basis in the Hilb ert spaceL 2 (R). The secondhalf of
the word \orthonormal" refers to the restricting requirement that all the
functions  1; : : : ;  N � 1 satisfy

Z

R
j i (x)j2 dx = 1; (2.3.29)

or stated more brie
y ,

k i kL 2 (R) = 1; (2.3.30)

or yet more brie
y ,

k i k = 1: (2.3.31)

From familiar properties of the Lebesguemeasureon R, it then follows that
all the functions

 i;k ;n (x) := N k=2 i (N k x � n) ; 1 � i < N ; k; n 2 Z; (2.3.32)

satisfy the normalization, i.e., that

k i;k ;n k = 1 for all i; k; n: (2.3.33)

The functions (2.3.32) are said to be orthogonal if
Z

R
 i;k ;n (x)  i 0;k 0;n 0 (x) dx = 0 (2.3.34)

whenever (i; k; n) 6= (i 0; k0; n0). We say that the two triple indices are dif-
ferent if i 6= i 0 or k 6= k0 or n 6= n0. If, for example, i = i 0 and k = k0,
then when the samefunction is translated by di�eren t amounts n and n0,
the two resulting functions are required to be orthogonal. It is an elemen-
tary geometric fact from the theory of Hilb ert spacethat if the functions
in (2.3.32) form an orthonormal basis, then for every function f 2 L 2 (R),
i.e., every measurablefunction f on R such that

kf k2 =
Z

R
jf (x)j2 dx < 1 ; (2.3.35)
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we have the identit y

kf k2 =
X

i;k ;n

�
�
�
�

Z

R
 i;k ;n (x) f (x) dx

�
�
�
�

2

; (2.3.36)

where the triple summation in (2.3.36) is over all con�gurations 1 � i < N ,
k; n 2 Z. It is convenient to rewrite (2.3.36) in the following more compact
form:

kf k2 =
X

i;k ;n

jh i;k ;n j f ij 2 : (2.3.37)

Surprisingly, it turns out that (2.3.37) may hold even if the functions  i;k ;n

of (2.3.32) do not form an orthonormal basis. It may happen that one
of the initial functions  1, : : : , or  N � 1 satis�es k i k < 1, and yet that
(2.3.37) holds for all f 2 L 2 (R). Thesemore generalsystemsare still called
wavelets, but sincethey are special, they are referred to as tight frames, as
opposedto orthonormal bases.In either case,we will talk about a wavelet
expansion of the form

f (x) =
X

i;k ;n

h i;k ;n j f i  i;k ;n (x) : (2.3.38)

It follows that the sum on the right-hand side in (2.3.38) convergesin the
norm of L 2 (R) for all functions f in L 2 (R) if (2.3.37) holds.

But there is a yet moregeneralform of wavelets,calledbiorthogonal. The
conditions on the functions  1; : : : ;  N � 1 are then much lessrestrictiv e than
the orthogonality axioms. Hencethesewaveletsare more 
exible and adapt
better to a variety of applications, for example, to data compression,or to
computer graphics.But the biorthogonalit y conditions are alsoa little more
technical to state. We say that somegiven functions  i , i = 1; : : : ; N � 1, in
L 2 (R) are part of a biorthogonal wavelet systemif there is a secondsystem
of functions ~ i , i = 1; : : : ; N � 1, in L 2 (R), such that every f 2 L 2 (R)
admits a representation

f (x) =
X

i;k ;n

h i;k ;n j f i ~ i;k ;n (x) =
X

i;k ;n

h ~ i;k ;n j f i  i;k ;n (x) ; (2.3.39)

and

~ i;k ;n (x) = N k=2 ~ i (N k x � n) : (2.3.40)

In the standard normalized casewhere h i j ~ i i = 1, then you will notice
that condition (2.3.37) turns into

kf k2 =
X

i;k ;n

h i;k ;n j f i h ~ i;k ;n j f i (2.3.41)
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for all f 2 L 2 (R).
The orthogonal wavelets correspond to matrix functions T ! UN (C),

while the wider classof biorthogonal waveletscorrespondsto the much big-
ger group of matrix functions T ! GLN (C), via the associated wavelet
�lters. You may ask, why bother with the more technical-looking biorthog-
onal systems?It turns out that they are forcedon us by the engineers.They
tell us that the real world is not nearly asorthogonal asthe mathematicians
would like to make it out to be. There is a paucity of symmetric orthogonal
wavelets, and symmetry (\linear phase") is prized by engineersand work-
ers in image processing,where the more generalwavelet families and their
dualit y play a crucial role. Now what if we could change the biorthogonal
waveletsinto the orthogonal ones,and still keepthe essential spectral prop-
erties intact? Then everyonewill be happy. This last chapter shows that it
is possible,and even in a fairly algorithmic fashion, one that is amenable
to computations.

Wavelet �lters may be understood as matrix functions, i.e., functions
from the one-torusT � C into somegroup of invertible matrices. If the scale
number is N , then there are three such matrix groups which are especially
relevant for wavelet analysis:

UN (C): all
unitary N � N
complex
matrices

�

GLN (C): all
invertible
N � N complex
matrices

� SLN (C): all
N � N complex
matrices A with
det A = 1.

It is possibleto reducesomequestionsin the GLN caseto better understood
results for UN (C); seeChapter 6 of [BrJo02b]. The SL2 caseis especially
interesting in view of Daubechies{Sweldenslifting for dyadic wavelets; see
x 2.2.4.

2.3.3. Connection between matrix functions and wavelets

De�nitions: A function, or a distribution, ' satisfying (2.3.7) is said to
be re�nable, the equation (2.3.7) is called the re�nement equation, or also,
as noted above, the \scaling identit y", and ' is called the scaling function.
The coe�cien ts an of (2.3.7) are called the masking coe�cients .

We will mainly concentrate on the casewhen the set f an g is �nite. But
in general,a function ' 2 L 2 (R) is said to be re�nable with scalenumber N
if ' (x=N ) is in the L 2-closedlinear spanof the translates f ' (x � k)gk2 Z �
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L 2 (R); see,e.g., [HSS96; SSZ99; StZh98; StZh01].
Sincethere are re�nement operations which are more generalthan scal-

ing (see for example [DLLP01]), there are variations of (2.3.7) which are
correspondingly more general, with regard to both the re�nement steps
that are usedand the dimension of the spaces.The term \scaling identit y"
is usually, but not always, reserved for (2.3.7), while more general re�ne-
ments lead to \re�nemen t equations". However, (2.3.7) often goes under
both names.The vector versionsof the identities get the pre�x \m ulti-",
for examplemultiscaling and multiwavelet.

If m0 satis�es a condition for obtaining orthogonal wavelets,
X

w N = z

jm0 (w)j2 = N; (2.3.42)

together with the normalization

m0 (1) =
p

N ; (2.3.43)

then (2.3.7) hasa solution ' in L 2 (R) which can be obtained by taking the
inverseFourier transform of the product expansion

'̂ (t) =
1Y

k=1

 
m0

�
tN � k

�

p
N

!

: (2.3.44)

(Here and later we use the convention that if m (z) is a function of z 2 T,
then m (t) = m

�
e� it

�
.) That (2.3.44) gives a solution ' of (2.3.7) follows

from the relation

'̂ (t) =
1

p
N

m0

�
t
N

�
'̂

�
t
N

�
: (2.3.45)

2.3.3.1 Multir esolution wavelets

We mentioned that there is a direct connectionbetweenm0 =
P

an zn and
the scaling function ' on R given in (1.1.34), (2.3.7), and (2.3.44). There is
a similar correspondencebetween the high-pass�lters m i and the wavelet
generators i 2 L 2 (R). In the biorthogonal case,there is a secondsystem
~m i $ ~ i and the two systems

n
N

j
2  i

�
N j x � k

� o
and

n
N

j 0

2 ~ i 0

�
N j 0

x � k0
� o

;

i; i 0 2 f 1; 2; : : : ; N � 1g; j; j 0; k; k0 2 Z; (2.3.46)

then form a dual wavelet basis,or dual wavelet frame for L 2 (R) in the sense
of [Dau92], Chapter 5. We consideredthis biorthogonal casein more detail
in x 2.3.1above. Much more detail can be found in Chapter 6 of [BrJo02b].
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The idea of constructing maximally smooth wavelets when some side
conditions are speci�ed has beencentral to much of the activit y in wavelet
analysis and its applications since the mid-1980's. As a supplement to
[Dau92], the surveyarticle [Stra93] is enjoyablereading.The paper [LaHe96]
treats the issuein a more specializedsetting and is focussedon the moment
method. Some of the early applications to data compressionand image
coding are done very nicely in [HSS+ 95], [SHS+ 99], and [HSW95]. An
interesting, related but di�eren t, algebraic and geometric approach to the
problem is o�ered in [PeWi99].

We now turn to an interesting variation of this setup, which includes
higher dimensions, i.e., when the Hilb ert spaceis L 2

�
Rd

�
, d = 2; 3; : : : .

Staying for the moment with d = 1, and N �xed, we will take the viewpoint
of what is called resolutions, but hereunderstood in a broad senseof closed
subspaces:A closedlinear subspaceV � L 2 (R) is said to bean N -resolution
if it is invariant under the unitary operator

U = UN : f 7�! N � 1
2 f

� x
N

�
; (2.3.47)

i.e., if U maps V into a proper subspaceof itself. The subspaceV is said to
be translation invariant if

f 2 V ( ) f ( � � k) 2 V for all k 2 Z: (2.3.48)

If there is a function ' such that V = V' is the closedlinear span of

f ' ( � � k) j k 2 Zg; (2.3.49)

then clearly V is translation invariant. The translation-in variant resolution
subspacesV are actively studied and reasonablywell understood. If V is of
the form V' in (2.3.49), then we say that it is singly generated, and that '
is a scaling function of scaleN .

2.3.3.2 Generalized multir esolutions [joint work with L. Baggett,
K. Merril l, and J. Packer]

The casewhen the resolution subspaceV is not singly generated is also
interesting, and these resolution subspacesare frequently called general-
ized multir esolution subspaces (GMRA). There is much current and very
active research on them; see,for example, [BaLa99], [LPT01], [BaMe99],
[HLPS99], [HSS01], [SSZ99], and [Jor01a]. The casewhen V is not singly
generatedas a resolution subspaceof scaleN > 2, i.e., when V is not of
the form (2.3.49), occurs in the study of waveletsets. A wavelet set in Rd is
de�ned relative to an expansive d � d matrix N over Z. A subsetE � Rd is
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said to be an N -wavelet set if there is a singlewavelet function  2 L 2
�
Rd

�

such that  ̂ = � E . Speci�cally , the condition states that the family
n

jdet N j j =2  
�
N j x � k

�
: j 2 Z; k 2 Zd

o
(2.3.50)

is an orthonormal basis for L 2
�
Rd

�
. This can be checked to be equivalent

to the combined set of two tiling properties for E as a subsetof Rd:

(a) the family of subsets
�

N j E : j 2 Z
	

tiles Rd;
(b) the translates

�
E + 2� k : k 2 Zd

	
tile Rd.

Wede�ne tiling by the requirement that the setsin the family haveover-
lap at most of measurezero relative to Lebesguemeasureon Rd. Similarly,
the union

Rd =
[

j 2 Z

N j E =
[

k 2 Zd

E + 2� k (2.3.51)

is understood to be only up to measurezero.
It is easyto seethat compactly supported waveletsin L 2

�
Rd

�
are MRA

wavelets,while most wavelets = (� E )_ from wavelet setsE arenot. Thess
wavelets are typically (but not always) frequency localized.

The main di�erence between the GMRA (stands for generalizedmul-
tiresolution analysis) waveletsand the more traditional MRA onesmay be
understood in terms of multiplicit y. Both comefrom a �xed resolution sub-
spaceV0 � L 2

�
Rd

�
which is invariant under the translations

�
Tn : n 2 Zd

	

where

(Tn f ) (x) := f (x � n) for x 2 Rd and n 2 Zd: (2.3.52)

Hencef Tn jV0 gn 2 Zd is a unitary representation of Zd on the Hilb ert space
V0. As a result of Stone's theorem, we �nd that there are subsets

E1 � E2 � � � � � E j � � � �

of Td such that the spectral measureof the (restricted) representation has
multiplicit y � j on the subset E j , j = 1; 2; : : : . It can be checked that
the projection-valued spectral measureis absolutely continuous. Moreover,
there is an intert wining unitary operator

J : V0 � !
X �

j � 1

L 2 (E j ) (2.3.53)

such that

PL 2 (E j ) J Tn f (z) = zn (J f ) (z) (2.3.54)
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holds for all f 2 V0 and z 2 E j . Wemay then considerthe functions ' j 2 V0

(� L 2
�
Rd

�
) de�ned by

' j := J � 1(0; : : : ; 0; � E j| {z }
j 'th place

; 0; 0; : : : ): (2.3.55)

It wasprovedby Baggett and Merrill [BaMe99] that f ' j : j � 1g generates
a normalized tight frame for V0: speci�cally , that

X

j � 1

X

n 2 Zd

jhTn ' j j f ij 2 = kf k2
L 2 (Rd ) (2.3.56)

holds for all f 2 V0.
Treating (' 1; ' 2; : : : ) asa vector-valued function, denotedsimply by ' ,

we seethat there is a matrix function

H : Td � ! (complex squarematrices)

such that

^'
�
N tr

%
for transpose

t
�

= H
�
eit �

^' (t) ; (2.3.57)

where t = (t1; : : : ; td) 2 Rd, and eit :=
�
eit 1 ; eit 2 ; : : : ; eit d

�
.

But this method takes the Hilb ert spaceL 2
�
Rd

�
as its starting point,

and then proceedsto the construction of wavelet �lters in the form (2.3.57).
Our current joint work with Baggett, Merrill, and Packer reversesthis. It
beginswith a matrix function H de�ned on Td, and then o�ers subbandcon-
ditions on the matrix function which allow the construction of a GMRA for
L 2

�
Rd

�
with generator ' = (' 1; ' 2; : : : ) given by (2.3.57). So the Hilb ert

spaceL 2
�
Rd

�
shows up only at the end of the construction, in the conclu-

sionsof the theorems.

2.3.4. Connections between matrix functions and signal processing

Since our joint work with Baggett, Merrill, and Packer on the GMRA
wavelets is still in progress,we restrict the discussionof matrix functions
here to the MRA case.

The two groups of matrix functions C (T; UN (C)) and C (T; GLN (C)),
i.e., the continuous functions from the torus into the respective groups,
enter wavelet analysis via the associated wavelet �lters (m i )

N � 1
i =0 .

In [BrJo02b] (seealso x 1.1.3above), we give the details of the multiple
correspondencebetween:

(i) matrix functions, A : T ! GLN (C),
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(ii) high- and low-passwavelet �lters m i , ~m i 0, i; i 0 = 0; 1; : : : ; N � 1, and
(iii) wavelet generators  i , ~ i 0, i; i 0 = 1; : : : ; N � 1, together with scaling

functions ' , ~' .

In particular,

A i;j (z) =
1
N

X

w N = z

mi (w) w� j ; z 2 T; (2.3.58)

�
A � 1�

i;j =
1
N

X

w N = z

~m j (w) wi ; z 2 T: (2.3.59)

The dependence of the L 2 (R)-functions in (iii) on the group elements
A from (i) gives rise to homotopy properties. The standard orthogo-
nal wavelets represent the special case when m i = ~m i , or equivalently ,
A (z) =

�
(A (z)) � � � 1

, z 2 T. Hence, the matrix functions are unitary in
this case.

The scaling/wavelet functions ';  1; : : : ;  N � 1 with support on a �xed
compact interval, say [0; kN + 1], k = 0; 1; : : : , can be parameterizedwith
a �nite number of parameterssince the unitary-v alued function z ! A (z)
in (2.3.58) then is a polynomial in z of degreeat most k (N � 1). It is
well-known folklore from computer-generated pictures that the shape of
the scaling/wavelet functions depends continuously on these parameters;
seeFigures 1.1{1.7 in [BrJo02b] and [Tre01].

The scaling function ' 2 L 2 (R) of (2.3.7) is illustrated there, in the
caseN = 2, and for orthogonal Z-translates, i.e., the case(2.3.42). These
pictures illustrate the dependenceof ' on the masking coe�cien ts (an ) in
the caseof [Tre01]:

a0 = (� 0 � � 1 � � 2 + � 3 + � 4)=4;

a1 = (� 0 + � 1 � � 2 + � 3 � � 4)=4;

a2 = (� 0 � � 3 � � 4)=2;

a3 = (� 0 � � 3 + � 4)=2;

a4 = (� 0 + � 1 + � 2 + � 3 + � 4)=4;

a5 = (� 0 � � 1 + � 2 + � 3 � � 4)=4;

(2.3.60)

where

� 0 = 1=
p

2;

� 1 = (cos2� + cos2� )=
p

2; � 2 = (sin 2� + sin2� )=
p

2;

� 3 = cos(2� � 2� )=
p

2; � 4 = sin(2� � 2� )=
p

2:

(2.3.61)
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Theseformulas arise from an independent pair of rotations by angles� and
� of two \spin vectors", i.e., by taking the matrix function A in (2.3.58)
unitary, T 3 z ! A � ;� (z) 2 U2 (C), and setting

A(z) = V (Q?
� + zQ� )(Q?

� + zQ� ) = V U� (z)U� (z) (2.3.62)

with

V =
1

p
2

�
1 1
1 � 1

�
; (2.3.63)

Q� =
�

cos2 � cos� sin �
cos� sin � sin2 �

�

=
1
2

��
1 0
0 1

�
+

�
cos2� sin2�
sin2� � cos2�

��
; (2.3.64)

and the orthogonal complement to the one-dimensionalprojection Q� ,

Q?
� = Q� +( � =2) : (2.3.65)

With the coe�cien ts a0, a1, a2, a3, a4, a5 given by (2.3.60), the algorith-
mic approach to graphing the solution ' to the scaling identit y (2.3.7) is as
follows (see[Jor01b], [Tre01]for details): the relation (2.3.7) for N = 2 is in-
terpreted asgiving the valuesof the left-hand ' by an operation performed
on those of the ' on the right, and a binary digit inversion transforms this
into the form

f 0
k+1

�
x +

1
2k+1

�
= Af k (x) ; (2.3.66)

where A is the 2 � 3 matrix A i;j =
p

2a4+ i � 2j constructed from the coe�-
cients in (2.3.7), and f j and f 0

j are the vector functions

f j (x) =

0

@
'

�
x � 2

2j

�

'
�
x � 1

2j

�

' (x)

1

A ; f 0
j (x) =

�
'

�
x � 1

2j

�

' (x)

�
: (2.3.67)

The signal processingaspect can be understood from the description
of subband �lters in the analusis and synthesis of time signals, or more
general signals for images. In either case,we have two subband systems
m = (m0; m1; : : : ) and ~m = ( ~m0; ~m1; : : : ) where the functions

mj (z) =
X

n

a( j )
n zn and ~m j (z) =

X

n

~a( j )
n zn

are the generating functions de�ned from the �lter coe�cien ts
�

a( j )
n

�
and�

~a( j )
n

�
, n 2 Zd.
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App endix A: Topics for further researc h

Originally we had anticipated adding two more chapters to thesetutorials,
but time and spaceprevented this. Instead we include the table of contents
for this additional material. The details for the remaining chapters will be
published elsewhere.But as the items in the list of contents suggest,there
are still many exciting open problems in the subject that the reader may
wish to pursue on his/her own. We feel that the following list of topics
o�ers at least an outline of several directions that the reader, could take in
his/her own study and research on wavelet-related mathematics.

3. Connection between the discrete signals and the wavelets

3.1. Wavelet geometry in L 2 (R n )

3.2. Intertwining operators between sequence spaces l 2 and
L 2 (R n )

3.3. In�nite pr oducts of matrix functions

3.3.1. Implications for L 2(Rn )

3.3.2. Wavelets in other Hilbert spaces of fractal measures

3.4. Dependence of the wavelet functions on the matrix
functions which de�ne the wavelet �lters

3.4.1. Cycles

3.4.2. The Ruelle-Lawton wavelet transfer operator

4. Other topics in wavelets theory

4.1. Invariants

4.1.1. Invariants for wavelets:Global theory

4.1.2. Invariants for wavelet �lters: Local theory

4.2. Function classes

4.2.1. Function classesfor wavelets

4.2.2. Function classesfor �lters

4.3. Wavelet sets

4.4. Spectr al pairs
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App endix B: Dualit y principles in analysis

Several versions of spectral dualit y are presented. On the two sides we
present (1) a basis condition, with the basis functions indexed by a fre-
quency variable, and giving an orthonormal basis; and (2) a geometric
notion which takes the form of a tiling, or a Iterated Function System
(IFS). Our initial motivation derives from the Fuglede conjecture, see
[Fug74; Jor82; JoPe92]: For a subset D of Rn of �nite positive measure,
the Hilb ert spaceL 2(D ) admits an orthonormal basisof complex exponen-
tials, i.e., D admits a Fourier basis with some frequenciesL from Rn , if
and only if D tiles Rn (in the measurablecategory) where the tiling uses
only a set T of vectors in Rn . If someD has a Fourier basis indexed by a
set L , we say that (D ; L ) is a spectral pair. We recall from [JoPe99] that
if D is an n-cube, then the sets L in (1) are precisely the sets T in (2).
This beginswith work of Jorgensenand SteenPedersen[JoPe99]where the
admissible sets L = T are characterized. Later it was shown, [IoPe98]and
[LRW00] that the identit y T = L holds for all n. The proofs are basedon
generalFourier dualit y, but they do not reveal the nature of this common
set L = T. A complete list is known only for n = 1, 2, and 3, see[JoPe99].

We then turn to the scaling IFS's built from the n-cube with a given
expansiveintegral matrix A. Each A givesrise to a fractal in the small, and a
dual discrete iteration in the large. In a di�eren t paper [JoPe98], Jorgensen
and Pedersencharacterize those IFS fractal limits which admit Fourier
dualit y. The surprise is that there is a rich class of fractals that do have
Fourier dualit y, but the middle third Cantor set doesnot. We say that an
a�ne IFS, built on a�ne maps in Rn de�ned by a given expansive integral
matrix A and a �nite set of translation vectors,admits Fourier dualit y if the
set of points L , arising from the iteration of the A-a�ne maps in the large,
forms an orthonormal Fourier basis(ONB) for the corresponding fractal �
in the small, i.e., for the iteration limit built using the inversecontractiv e
maps,i.e., iterations of the dual a�ne systemon the inversematrix A � 1. By
\fractal in the small", we mean the Hutchinson measure� and its compact
support, see[Hut81]. (The best known example of this is the middle-third
Cantor set, and the measure� whosedistribution function is corresponding
Devil's staircase.)

In other words, the condition is that the complex exponentials indexed
by L form an ONB for L 2(� ). Such dualit y systemsare indexedby complex
Hadamard matrices H , see[JoPe99]and [JoPe98]; and the dualit y issueis
connectedto the spectral theory of an associated Ruelle transfer operator,
see[BrJo02b]. Thesematrices H are the sameHadamard matrices which in-
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dex a certain family of quasiperiodic spectral pairs (D ; L ) studied in [Jor82]
and [JoPe92]. They also are used in a recent construction of TerenceTao
[Tao03] of a Euclidean spectral pair (D ; L ) in R5 for which D does not a
tile R5 with any set of translation vectors T in R5.

We �nally report on joint research with Dorin Dutkay where we show
that all the a�ne IFS's admit wavelet orthonormal bases[DuJo03] now
involving both the Zn translations and the A-scalings.
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