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Historical background

Between 1850 and 1888, researchers in chemistry, biology, medicine

and physics noted that the optical properties of certain materials

change discontinously with temperature.

• In 1850, the chemist W. Heintz, reported that stearin melted

from a solid to a cloudy liquid at 52◦C, changed at 58◦C to an

opaque liquid, and changed at 62.5◦C to a clear liquid.

• Others reported observing blue colors when compounds syn-

thesized from cholesterol were cooled.

• Biologists observed anisotropic optical behavior in ‘liquid’ bio-

logical materials, a behavior usually expected only in the crystal

phase.
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• In 1888, the botanist F. Reinitzer observed that cholesteryl
benzoate melted to a cloudy liquid at 145.5◦C and became a
clear liquid at 178.5◦C.

• Colloboration between Reinitzer and the physicist O. Lehmann,
who developed the heated stage microscope, led to the iden-
tification of the liquid-crystalline phase.

The term nematic comes from the Greek prefix νη̂µα, meaning
thread, and is used here because the molecules in the liquid align
themselves into threadlike shapes.
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Nematic liquid-crystals

• A nematic liquid-crystal can be thought of as a fluid constituted

by highly rigid, rod- or disk-like molecules (called mesogens).

• A typical rod-like mesogen is Methoxybenzilidene Butylanaline

(MBBA).

C4H9 N CH O CH3

• Rod-like mesogens have diameters on the order of 0.25 nm

and lengths on the order of 1 nm.
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• Interactions between neighboring mesogens tend to make them

parallel to one another, leading to orientational order.

• The molecular orientation, and hence the optical response, of

a nematic liquid crystal can be tuned by applied electric or flow

fields.
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• In the presence of electric field, mesogens align with the electric

field, altering the polarization of the light.

• The extent of the change of the polarization can be varied by

controlling the intensity of an applied electric field.

• Nematic liquid-crystals are used in twisted nematic displays,

the most common form of liquid crystal display.
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Ericksen–Leslie theory

• Macroscopic kinematical descriptor: velocity field

v (divv = 0)

• Microscopic kinematical descriptor: director field

n (|n| = 1) n

• Dissipative structure allows for coupling between macroscopic

and microscopic degrees of freedom
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Goal

Extend the Ericksen–Leslie theory to account for nematic-isotropic

phase transitions . . .

T. J. Sluckin, Contemporary Physics 41 (2000), 37–56

NUS IMS Workshop: 26 November 2004 7/32



Motivation

• P. Oswald, J. Bechhoefer & A. Libchaber. Instabilities of a

moving nematic-isotropic interface. Physical Review Letters

58 (1987), 2318–2321.

J. Bechhoefer & J. L. Hutter, Physica A 249 (1998), 82–87.

The capillary wavelength predicted by Mullins–Sekerka analysis is

too small by factor of 10−2.
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• J. Bechhoefer & S. A. Langer. Stabilizing effect of elasticity is

not enough to resolve discrepancies in observations concerning

a moving nematic-isotropic interface. Physical Review E 51

(1995), 2356-2362.

◦ Accounting for the curvature elasticity within the nematic

phase reduces the discrepancy between experiment and the-

ory by an order or magnitude . . .

• O. A. Gomes, R. C. Falcão & O. N. Mesquita, 2001. Anoma-

lous capillary length in cellular nematic-isotropic interfaces.

Physical Review Letters 86, 2577–2580.

◦ Accounting for the anisotropy of the interfacial free-energy

density corrects the discrepancy between theory and exper-

iment . . .

NUS IMS Workshop: 26 November 2004 9/32



Interfacial free-energy density

• A. Rapini and M. Papoular. Distorsion d’une lamelle nématique

sous champ magnétique: conditions d’ancrage aux parois. Jour-

nal de Physique—Colloque C4 (1969), 54–56.

ψ = 1
2W (1 − (n·ν)2)

n . . . director

ν . . . easy orientation axis

W . . . anchoring strength
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• M. Doi & N. Kuzuu. Structure of the interface between the

nematic phase and the isotropic phase in rodlike molecules.

Applied Polymer Symposia 41 (1985), 65–68.

ψ =
0.257kBT

ld

√
1 + 1.75ξ2

l

d

m n

m·n = cos ξ

Nematic phase

ξ
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• E. G. Virga. Variational Theories for Liquid Crystals. Chapman

& Hall, London (1994).

ψ = τ0(1 + ωξ2) τ0 > 0, ω > −1

• A. D. Rey & M. M. Denn. Dynamical phenomena in liquid-

crystalline materials. Annual Reviews of Fluid Mechanics 34

(2002), 233–266.

ψ = τ0(T ) + τ2(T )ξ2 + τ4(T )ξ4

τ0 ∼ 10 erg/cm2

τ2, τ4 ∼ 10−4 erg/cm2–1 erg/cm
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Characteristic length scales

Oseen–Zöcher–Frank bulk free-energy density

Ψ = Ψ0 + 1
2k1(divn)2 + 1

2k2(n·curln)2

+ 1
2k3|n×curln|2 + 1

2k4

(
tr((gradn)2) − (divn)2

)

ki ∼ 10−7 erg/cm–10−6 erg/cm

Extrapolation length (ki = κ)

	 =
κ

τ

	 ∼ molecular length . . . strong anchoring

	 � molecular length . . . weak anchoring

molecular length ∼ 1 nm = 10−7 cm
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Distinction between material and nonmaterial interfaces

• Matter cannot be transported across a material interface. The

standard principles of balance together with appropriate con-

stitutive relations provide a closed description of a material

interface.

• Matter can be transported across a nonmaterial interface. The

standard ingredients do not provide a closed description of a

nonmaterial interface. To obtain a closed description requires

the introduction of additional ingredients which describe the

physics underlying the relevant exchange of matter.
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Variational paradigm: Gibbs–Thomson relation

F =
∫

R
Ψ dv +

∫

S
ψ da

δF
δS

= 0

ψK − divS

(
∂ψ

∂m

)
+ m·

{
Ψ1 − (gradn)�

∂Ψ

∂(gradn)

}
m = 0

S

m

K = −divSm
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Limitations of the variational paradigm

• Predicated on the provision of constitutive equations . . .

• Restricted to equilibrium . . .

Benefit of the variational paradigm

• Indicates the number and variety of balances needed for a

closed dynamical theory that accounts for dissipation . . .
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Alternative approaches to extending the E–L theory

• Phase field

◦ V. Popa-Nita & T. J. Sluckin. Surface modes at the nematic-

isotropic interface. Physical Review E 66 (2002), 041703.

• Sharp-interface

Nematic phase

m

Isotropic phase

standard field andfl
constitutive equations

standard field andfl
constitutive equations

S

interfacial field and constitutive equations
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Related work

• Theory for material nematic-isotropic interfaces

◦ A. D. Rey. Viscoelastic theory for nematic interfaces. Phys-

ical Review E 61 (2000), 1540–1549.

◦ A. D. Rey. Young–Laplace equation for liquid crystal in-

terfaces. Journal of Chemical Physics 113 (2000), 10820–

10822.

◦ A. D. Rey. Theory of interfacial dynamics of nematic poly-

mers. Rheologica Acta 39 (2000), 13–19.

◦ A. Poniewierski. Shape of the nematicisotropic interface in

conditions of partial wetting. Liquid Crystals 27 (2000),

1369–1380.
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• Theory for nonmaterial entities

◦ M. E. Gurtin. Configurational Forces as Basic Concepts of

Continuum Physics. Springer, New York (1999).

◦ P. Cermelli & E. F. The influence of inertia on the config-

urational forces in a deformable solid. Proceedings of the

Royal Society of London A 453 (1997), 1915–1927.

◦ P. Cermelli & E. F. The evolution equation for a disclination

in a nematic liquid crystal. Proceedings of the Royal Society

of London A 458 (2002), 1–20.
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Configurational forces and configurational force balance

• Configurational forces are related to the integrity of the mate-

rial structure . . .

• Configurational forces expend power over the motion of non-

material entities with respect to the underlying material . . .

• The role of configurational forces in the evolution of defects,

such as dislocations, cracks, and phase interfaces, in materials

like crystalline solids that are most naturally described in the

referential setting is becoming well-understood . . .

• The role of configurational forces in the evolution of defects

in materials that are most naturally described in the spatial

setting is almost entirely unexplored . . .
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Nematic phase

m

Isotropic phase

standard field andfl
constitutive equations

standard field andfl
constitutive equations

S

standard jump conditions,fl
configurational momentum balance,fl

dissipation inequality, and constitutive equations 
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Interfacial equations

Neglect inertial, thermal, and compositional effects . . .

[[u]] = 0

divS

{
ψP− m⊗ ∂ψ

∂m
+ S

}
=

{
[[p]]1 − (gradn)�

∂Ψ

∂(gradn)
− [[S]]

}
m

− ∂ψ

∂n
+

∂Ψ

∂(gradn)
m + g = 0

S + n⊗g = (S + n⊗g)�

ψK − divS

{
∂ψ

∂m

}
+ m·

{
Ψ1 − (gradn)�

∂Ψ

∂(gradn)

}
m + f + divSc = 0

[[u]] = u|isotropic − u|nematic, P = 1 − m⊗m
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Residual free-energy imbalance

(S + n⊗Πg)·D + g·( ◦
n + Π�L�n) + c·( ◦

m + L�m) + fV ≤ 0

Π = 1 − 1

n·m
n⊗m, L = gradu, D = 1

2(PL + L�P)

◦
n . . . normal time-rate of n

V . . . scalar normal velocity of S relative to the material

(S, g, c, V ) functions of (ξ,D,
◦
n + Π�L�n,

◦
m + L�m, V )
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Simple illustrative case

Neglect flow:

g· ◦n + c· ◦m + fV ≤ 0

Assume quadratic uncoupled dissipation:

g = −β1
◦
n

c = −β2
◦
m

f = −β3V

βi ≥ 0 functions of ξ
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Interfacial evolution equations

Director force balance:

β1
◦
n =

dψ

dξ
(ξn − m) +

∂Ψ

∂(gradn)
m

Configurational force balance (cf. Gibbs–Thomson relation):

(β3 + β2|gradSm|2)V − β2
◦
K +

dβ2

dξ
gradSξ · ◦m

= ψK + divS

{
dψ

dξ
(n − ξm)

}
+ m·

{
Ψ1 − (gradn)�

∂Ψ

∂(gradn)

}
m
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Application: Sphericial isotropic droplet in a nematic ocean

R

Nematic oceanfl
n radial

Isotropic dropletfl
n undefined

m radial

Sole governing equation (Configurational force balance!):

β3Ṙ = Ψ0 − 2σ

R
+

2κ

R2
κ = 2k1 − k2 − k4, σ = ψ(1) > 0
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Equilibria

R

Isotropic droplet

Ψ0 < 0 R∗ =




√
1 +

κ|Ψ0|
σ2

− 1


 σ

|Ψ0|

Ψ0 = 0 R∗ =
κ

2σ

0 < Ψ0 <
σ2

κ
R±
∗ =


1 ±

√
1 − κΨ0

σ2


 σ

Ψ0

Ψ0 =
σ2

κ
R∗ =

σ

Ψ0
=

κ

σ
(unstable)

Ψ0 >
σ2

κ
R∗ → ∞
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Results

• In all cases, assuming that

κ ∼ 10−7 erg/cm

and

σ ∼ 10−2 erg/cm2,

the theory predicts

R∗ ∼ 102 nm.

On recalling that the length of a mesogen is on the order of

1 nm, the theory therefore predicts the droplet radii on the

order of 100 molecular lengths.
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• For Ψ0 > σ2/κ, i.e., when the isotropic to nematic transition

is favored, different time scales characterize nucleation and

growth. In fact, when R is sufficiently small, the ode should

be well-approximated by

βṘ ∼ κ

R2
,

which implies that, in the initial stage of growth immediately

after nucleation, the drop radius evolves according to

R(t) ∼ 3
√

R0 + 3κt.

Subsequently, there is a cross-over time where both terms

−2σ/R and κ/R2 become important. Thereafter, the term

Ψ0−2σ/R will dominate and the growth is diffusive (R(t) ∼
√

t).

Finally, once the radius is large enough, the constant term

will dominate, and the growth is linear in time. The ini-

tial growth after nucleation is therefore much faster than the

steady growth of sufficiently large inclusions.
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• Small isotropic spherical drops in a nematic radially oriented

phase may be used to model the cores of hedgehog defects.

Indeed, we may explicitly calculate the net (bulk plus surface)

free-energy in a sphere of radius R̄ > R∗ containing as isotropic

drop to yield

4π
(
1
3Ψ0R̄3 + κR̄

)
+ 4π

(
σR2∗ − 1

3Ψ0R∗ − κR∗
)
.

Of the two terms above the first is the bulk energy of a

hedgehog defect while the second is the correction due to

the isotropic core; a straightforward calculation shows that,

for Ψ0 ≤ 0 and R∗, this correction is negative, so that the

presence of the core decreases the free energy stored in the

hedgehog.
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• If we considered instead a radially-aligned nematic drop in an

isotropic ocean, the foregoing results would be unchanged.

(To achieve it all we would need to do is alter a few words and

signs (m would be outward).) The analog of the foregoing

result concerning a initial stage of rapid growth would then be

consistent with the experiments of:

◦ W. Ostner, S.-K. Chan, M. Kahlweit. On the transforma-

tion of a liquid crystal (p-Azoxydianisole) from its isotropic

to its nematic state, Berichte der Bunsen-Gesellschaft für

physicalische Chemie 77 (1973), 1122–1126.
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Generalization of the theory

• Account for the density difference between phases . . .

Work in progress

• In the presence of flow, what are the dominant dissipative
mechanisms? Coupling?

• What is the appropriate phase-field analog of the theory?

◦ J. L. Ericksen. Liquid crystals with variable degree of ori-
entation. Archive for Rational Mechanics and Analysis 113
(1990), 97–120.

Future work

• Numerical simulations

◦ Instabilities and pattern-formation . . .

◦ Interactions between interfaces and other defects . . .
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