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Abstract—Flooding based strategies are corventionally em-
ployed to perform querying and broadcastingin sensornetworks.
These schemeshave low hop-delays of ( gqy) to reach any
nodethat is a unit distanceaway, where M (n) is the transmission
range of any sensornode.However, in sensornetworks with large
radio ranges, ooding based broadcasting schemescause many
redundant transmissionsleading to a broadcaststorm problem.
Many approacheshave beenproposedto mitigate this problemby
utilizing broadcastschemesthat employ some knowledge of the
previous transmissionsto reducethe extraneoustransmissions.In
this paper, we study the role of geographicinformation and state
information (i.e. memory of previous message®r transmissions)
in reducing the redundant transmissionsin the network.

We consider thr ee broadcasting schemeswith varying levels
of local information where nodes have: (i) no geographic or
state information, (ii) coarse geographic information about the
origin of the broadcast,and (iii) no geographicinformation, but
remember previously receved messagesWe also consider the
related problem of broadcastingto a set of “spatially uniform”
points in the network (lattice points) in the regime where all
nodes have only a local senseof direction. For each of these
networks, we compute the number of transmissionsrequired to
achieve broadcastdelaysthat are order-wise equivalent to simple
ooding algorithms, i.e. ( gmy)-

We rst show that networks with no geographic or state
information require exponentially large number of transmissions
whereasnetworks with very little geographicor stateinformation
can utilize the knowledgeto signi cantly reducethe transmission
overheads.Next, we show that networks with local information,
can reduce the congestion by spreading the messagesmore
uniformly through the network. Finally, we show that networks
with only state information can also employ the information to
provide a radial drift to the transmitted packets. In the context
of lattice broadcasting, we again show that local information
results in signi cant reduction of transmission overheads. We
guantitati vely compare the transmission overheadsof broadcast-
ing strategiesand validate our resultsusing simulations.

|. INTRODUCTION

Advancesin Micro-embeddedomputingsystemsgcoupled
with developmentsin wirelesstechnologyhave enabledthe
massproductionof small sensingdevicesequippedwith wire-
lesscommunicatiorcapabilitieslt is ervisagedhatin the near
future sensorsnetworks formed by large-scaledeployment
of such devices would perform distributed sensing/control
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Fig. 1. Forwarding paclets along straight lines - We require only one
transmissiorper tile for broadcasting.

operations.Applications for sensornetworks include com-
mercialapplicationsinvolving macro-scaleneasurementand
control, intrusiondetection,and robust communicationThese
networks are characterizedy the absenceof ary established
architectureand by constrainecenegy and computationake-
sourcesat eachnode.Communicatiorbetweenary two nodes
in these networks is mainly accomplishedthrough paclet
forwarding by intermediaryrelay nodes,where messagesire
relayedto neighbornodeswithin the radio range.

In mary sensornetwork applications, broadcastingis a
commoncommunicatiorprimitive requiredfor variouscontrol
operationsApplicationsregularly requirebroadcasbperations
to update global information and also to perform network
maintenancesuch as updatingtopology route discovery and
propagatingalarm signals. Similarly, mary sensingapplica-
tions needto periodically inform the sensorgo collect infor-
mation. Thus, an importantcommunicationtask of a sensor
network is to disseminatemessages/instructioriaformation
to mostnodes.A relatedbroadcastingproblemariseswhena
node(say acontrolleror afusioncenter)needgo query/sench
control messageo a subsebf nodeswhich areapproximately
spatiallyuniform. Sucha scenariccanarisefor instancewhen
the controller needsa spatially uniform sampleof a physical
underlyingprocess.

In the presenceof enegy and computationconstrained
nodes,we requirethatthe communicatioroperationsor both
these scenariosbe enegy efcient, computationallysimple
and delay sensitve. Sincethe channelutilized by the sensor
nodesis a wirelesschannelthe messageare broadcasto all
nodeswithin theradiorangeof the transmittingnode.Ef cient
broadcaststratgies utilize the inherent broadcastnature of
the communicationchannelto minimize the total numberof
transmissionsyhile guaranteeinghe receptionof themessage
at all nodes.
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Fig. 2. Local Quadrantdin Sensomodes

Broadcastingin wired networks, is corventionally per
formed by a simple ooding algorithm, in which eachnode
forwardsthe message/quergnceto all its neighborswhenit
rst hearghemessagegandignoresall furtherreceptionf the
samemessageThusthe nodesremember state' information,
i.e, if a nodeshas previously hearda messageor not. An
adwantagewith sucha ooding basedbroadcaststratay is
thatit achieveslow broadcastielays,without any geographic
information at sensornodes.However, in denselyconnected
networks, such as sensornetworks with relatively large ra-
dio ranges,such simple ooding basedquerying/broadcast
schemegreatemary redundantransmissiongausingenegy
inef ciency. Suchalgorithmslead to a broadcaststorm [14]
problem, where the same messageis receved at a node,
multiple numberof times.

If all nodesin the network had perfect geographicinfor-
mation, it would be possibleto considerablyreducethe total
numberof transmissionsldeally one could useonly (ﬁ)2
transmissionsn the network, whereM (n) is the radio range
(in other words, one transmissionper tile, see Figure 1).
Whereaswith simple ooding, the numberof transmissions
would scaleasn (the numberof nodes)which could be much
larger in densesensometworks.

A simple schemeto achieve a ( ﬁ)z numberof trans-

missions is by dispatchingpacletsalong“rays” asshawn in
Figure 1. This schemerequires‘perfect” geographianforma-
tion at the nodesin orderto make surethat the rays do not
“bend” or loop back.

Similarly, under perfectstateinformation, whereall nodes
had knowledgeof pasttransmissiongnd routing tables,it is
possibleto reducethe broadcastedundang by constructing
a minimum spanningtree or creating an overlay network.
However, in mary sensometworks, it is impracticalto acquire
perfect geographicinformation, as it requires sophisticated
locationdevicesand/orcomputationatapabilitiesIn networks
with simultaneousbroadcastsby mary sources,nodes are
requiredto maintain routing information for messagegrom
eachsource.Thus it is infeasibleto store all routing state
information, in networks with meagerstorageresources.

In this paper we studythe role of information (geographic
and stateinformation) on reducingthe broadcastredundang,
while preservingthe delay ef ciency of ooding basedap-
proachesor the casef (i) broadcastingverthe entirespace,
and (i) broadcastingver a lattice. In particular we consider
efcient broadcaststratgiesin networks with varying levels

1By g(n) = O(f (n)), we note that there exists a positve constantcy
suchthatfor n > N, g(n) cif (n). Wesayg(n) = ( f(n)), if f(n) =
O(g(n)). g(n) = ( f(n)) if g(n) = O(f (n)) andf (n) = O(g(n)).
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Fig. 3. Spatialsamplingin Sensomodes

of information at the nodes:

1) Zem information: Nodes have no geographicinfor-
mation or memory and broadcastingis only through
randompaclet forwarding.

SouceQuadmrnt Information: Nodeshave alocal notion
of four directions,not commonto all nodes,and know
the local quadrantin which the sourceis located (See
Figure 2).

Transmissionstate Information: Nodes have no geo-
graphicinformation, but all nodesremembemessages
receved previously. (i.e. stateinformation)

Local DirectionInformation: Finally, for the problemof
spatialsampling(seeFigure 3), we considernodesthat
have an approximatesenseof "East', "West', "North'
andSouth’, but have no othergeographianformation,
sourceor recever locationinformation or memory

2)

3)

4)

A. Main Contributions

We considerdensesensometworks on a plane,whereeach
node hasa large numberof neighbornodes,within its radio
range M (n) 2. We model this by a continuum of sensor
nodeswherewe associateé sensomodeto every pointin the
plane. We measurebroadcastdelay in termsof the number
of hopsrequiredto reachary given point on the network,
ignoring the queuingdelay at the nodes(for a similar model,
see[21],[11]). Under this network model, we quantitatvely
analyzethe efciency of broadcaststrategies with varying
levels of information at the sensomodes.

We rst obsenethat ooding-basedstrateyiesleadto broad-
cast delaysthat are of the sameorder as optimal straight-
line broadcastingalthoughwith mary more transmissions),
i.e., the broadcastdelay D (n) = ( M ) Thus, in order
to comparebroadcastingn networks Wlth varying levels of
information, we restrict the stratgiesto possessa broadcast
delay D(n) = ( M%n ), i.e., are orderwise equivalent to
ooding basedstrat@es For a broadcasto reacha node, it
is necessaryor atransmissiorto occurwithin the radiorange
M (n) of the sensomode.However, if all the neighbornodes
within aradiusA(n) containrouting informationto directthe
transmissiorto the intendednode,the transmissionsre only
requiredto reacha ball of radius (adwertisement)A(n) about
the node.

We measuredelay in termsof hop-count,and enegy ef -
cieng in termsof total transmissionper search/broadcasnd
guantitatvely analyzethe informationvs. ef ciency trade-of

2The parameten roughly correspondso the densityof the network.
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TABLE |
TRADE-OFFSIN BROADCASTING - NETWORKS WITH LIMITED INFORMATION

in networks. The trade-ofs are providedin Tablel. We shov
thefollowing resultson broadcasef ciency for networkswith
varying levels of information.

() In networkswith zeroinformation,we presentbroadcast
stratggiesbasedon randompacletrelaying.We shav that
an exponerltiallylarge numberof transmissiongof the
orderof cv 7 ; for somec > 1) is necessaryo ensurea
transmissiomwithin aradiusM (n) of any givennodeata
unit distancefrom the sourceof the broadcastto achieve
a broadcastdelay of ( ﬁ). Futher we show that
exponentiallylarge numberof transmissionaresuf cient
for achieving this broadcastdelay To demonstratehis,
we employ an inequality result on the concentration
of the probability measuresfor sums of i.i.d random
variables.We also showv that there are a large number
of simultaneoudransmissionsn the region surrounding
the sourcenode,thus causingcongestionin that area.
We considemetworks with sourcequadrantinformation,
and presenta broadcaststrategly basedon paclet for-
warding that provides radial drift to the transmissions.
We shawv that the outward spreadof the transmissions
reduce the broadcastredundang. We shown that only
(w %n) )2 transmissionsare requiredto achieve a delay
D(N) = ( gy

In networks with stateinformation,we shov that broad-
cast stratgjies can learn to inherently provide a radial
drift to the transmissionsThe broadcaststratgies can
use the state information to suppresstransmissionsy
redundannhodesand advancethe pacletsaway from the
source of the broadcast.By consideringa stratgyy of
suppressiobasedn [9], we shav thatthisimplied radial
drift sufces to achieve optimal broadcastdelays with
T(n) = (ﬁ)z log1=M (n); and negligible congestion
throughoutthe network.

For the problem of spatial samplingin networks with
local directioninformation,we presenta randomized-tree
basedbroadcasstratgyy that providesa lower transmis-
sion overhead We show that we cansampleon a “grid”

of a givensizes(n)  ( log—lj) (seeFigure 3), as
M (n

long as the “bin” size (the local adwertisementradius)

scalesas (M (n)) ; < :49: Sucha samplingrequires

the numberof transmissionso scaleasT (n) = (W) ,

for a nite  thatdependson s(n).

Finally, we provide continuum model basedsimulations
which support the analytical results obtainedin the paper
From the above resultswe infer that broadcastingvith very
little geographicor state information is signi cantly more
efcient than networks without ary such“local” knowledge.

(ii)

(iii)

(iv)

While stratgies with local state information can provide
low transmissioroverheadsand low congestionthe memory
requirementscaleslinearly with the numberof simultaneous
broadcastessaged:-urther suchstratgiesalsorequirenodes
to comparethe messagem their memorywith every receved
broadcast.On the other hand, we note that stratgies with
geographiclocation information also provide substantialre-
ductionsin the numberof transmissionsand the information
requirementsdo not increasewith simultaneoushroadcasts.
However, obtaininggeographiénformationatthe sensonodes
might require signi cant computationand/or hardware, such
asGPS.In practice theseconsiderationganbe usedto trade-
off betweemmemory hardwareandenenpy ef ciency (number
of transmissions).

B. RelatedWbrk

There has been considerablework on broadcastingand
qgueryingin sensornetworks [23], [19], [2], [20], [14], [16],
[4], [1], [13], [12], [17]. It wasdemonstrateéh [14] that ood-
ing basedbroadcasting/queryingchemessuch as [12], [13]
causemary redundantransmissiongeadingto the broadcast
storm problem. As discussedn [24], mary of the broadcast
schementroducedo mitigatethe “Broadcaststorm” problem
canbe classi ed into the following cateyories:

(i) Probabilisticschemesuchas[9], [15] in which nodes
that receive the messageebroadcastvith a x ed prob-
ability. In these schemesthe nodes are assumedto

have stateinformationto remembeipreviously receved
messagesnd utilize themto suppressecondarntrans-
missions.

Location basedschemegproposedin [14] where node
transmissiondecisionsare basedon the expectedarea
covered.

Neighbor knowledge basedmethodssuch as [2], [16],

[20] where the location of the neighborsor the two-

hop neighborsare known. In [23], perfectinformation
aboutthe positionof all nodesin the network is utilized

to constructminimum enegy broadcastrees,whereas
in [2], the authorsprovide a constructionfor a similar
tree basedon local topology information. In [20], the
two-hop neighborinformation is utilized for building

connecteddominatingsetsthat ef ciently broadcasin-

formation.

(ii)

(iii)

Also, queryingin sensometworks hasbeenstudiedin papers
suchas[17], [5]. The authorsin [1] proposerandomwalks
initiated by the sourcenode and the destinationnode. They
have shavn thatqueryingdelay transmissioroverheadsanbe



reducedy spreadingoutinginformationthroughthe network.
This phenomenorhasbeenquantitatvely studiedin [18].

Although mary of the broadcaststrateies previously dis-
cussedutilize somekind of local knowledge or state infor-
mation, we note that a systematicanalysisof the role of
informationin broadcastingand the relatedtrade-ofs in the
numberof transmissionsgelay and congestionhasnot been
exploredpreviously. In this paper we studya sequenc®f net-
workswith varyinglevelsof geographi@andstateinformation,
and comparebroadcastrade-ofs throughanalyticalmethods.
Furthermore,we provide simulation resultsto validate the
analyticalstudies.

Il. SYSTEM DESCRIPTION
A. NetworkModel

We considera sensornetwork in which the sensornodes
aredeployed over a planarregion. Eachof thesesensomodes
are assumedo have a commoncircular transmissiornregion
and are connectedto all other sensornodesthat lie within
its transmissiorradius.The transmissiorradiusis setto scale
as M (n), wheren is the scaling parameter?® In this paper
we study broadcasstratgiesin densenetworksin the large-
n regime, (vype&l ! 1). Theresultsof [8] show that for

M (n) = "’% , the network formedby the collectionof
sensomodesin a givenregion of nite areais asymptotically
connectedand more importantly the numberof nodesin the
transmissiorradiusof eachnodein that givenregion tendsto
in nity asymptotically In this paper we considerary M (n)
that scalesas O(-%); p 2 (0; 3), to modelthe growth of the
network sizerelative to the radio range.

Motivatedby the above results,in this paperwe assumea
continuummodel of the sensornetwork, where ary point in
theradiorangeof atransmittingnodeS canreceve the paclet
transmittecby the node,andcanactasa retransmissiomode.
The neighborset (nodeswithin the radio range)of ary node
S in the sensometwork is de ned as

Nsm () = FX 2 R?:d(X;S) < M (n)g; 1)

where d is the Euclideandistance.Thus, thereis a one-to-
onecorrespondencketweemodesandtheir locationsandthe
discretizationeffects due to nodelocationsareignoredin the
continuummodel. However, as mentionedabove, in densely
connectedsensornetworks, the numberof nodeswithin the
radio range of ary particular node increasesto in nity [8].

Thus,the continuummodelappearseasonablén this regime.
We refer to [21] for a comparisonof analyticalresultsusing
a continuum model and simulation results with a discrete
model with a densenetwork of nodes,which indicate that
the discretizationeffects are not signi cant.

B. BroadcastModel

Querying and Information spreading,are both studied as
a seriesof paclet forwardsin a sensornetwork. Since the
transmissionsin a wireless sensornetwork are inherently

3Thequantityn roughly correspondso the densityof nodesin the network.

broadcasttransmissionswe assumethat whenever a node
transmitsa query all nodesin its neighborsetcan potentially
receve it without error.

To broadcasta query “m”, the originating node Sy sends
out a paclet, to all its neighbors(in a single transmission)
and requestsa subsetS; of its neighborsto retransmitit.
The repeatedapplication of this processdisseminatesthe
information/queryinto thenetwork. Let S = 0 betheposition
of the sourcenode,i.e., the position of the nodeinitiating the
guery The setS; consistsof all points (nodesassociatedvith
the points) in the network that transmitthe paclet at the i "
iteration of the processpr arethei" generatiortransmitters.

In this setup,we de ne the normalized broadcastdelay
D(n) asfollows. Let X be arny given point (or the node at
position X ), a unit distanceaway from the origin. We de ne

D(n) = inffi: d(S;X) < M (n)g )

whered is the Euclideandistancemetric. That s, the normal-
ized delay D (n) is de ned asthe smallestiteration by which
thereis a transmissionwithin the radio range of the given
point/nodeX . Note that the "unit' distancebetweenthe node
andthe origin is arbitrary For ary otherdistancer, the hop-
delay canbe scaledaccordingly Thus,we de ne D (n) asthe
hop countof the minimum hop pathfrom the sourceto reach
ary arbitrarily chosennode X thatis a unit distanceaway.

We note that in this de nition, the medium accessdelay
has beenignored, and delay is measuredonly in terms of
the hop count. We note that the actual paclket delay can be
decomposedhto the hop countdelayandthe MAC delay By
suitably scaling the paclet size (see[6] for this approach),
we can achieze a MAC delaythatis orderwise smallerthan
the hop-countdelay Thus,in this regime, the hop-countwill
be representatie of the paclet delay Even if sucha paclet-
scaling was not employed, the delay with two broadcasting
schemescan be comparedusing a pair of metrics: (i) hop-
countdelay and(ii) the“local” congestioraboutatransmitting
node(i.e., the numberof transmissionghat occurin a spatial
region) which clearly plays an importantpart in determining
the MAC delay Thus, in addition to small hop-count, a
goodbroadcastingchemaewill mitigatelocal congestionThis
obsenation motivatesus to later consider“branching” based
schemeswhere the number of transmissionsprogressiely
increasesvith radialdistancerom the source andhave (order
wise)the samehop-countasmore“concentrated’broadcasting
schemes.

In the caseof querying,the normalizeddelay corresponds
to the numberof iterationsrequiredto reachary given point
that is locateda unit distanceaway from the sourcenode.
In the context of information spreadingthe normalizeddelay
corresponds$o theiterationsrequiredto spreadheinformation
to arandomlychosemoint whichis a unit distanceaway from
the source.Thus, the above de nition of delay allows us to
study the symmetric problemsof information spreadingand
gueryingwithin the sameframework.

We also de ne the transmissionoverhead T (n) as the
total nurl“gber of transmissionsby the iteration D(n), i.e.
T(n) = E:(f)jskj; wherej:j denotesthe cardinality of the
set.Corventional ooding basedstratgiesachiere a broadcast



delayof ( ﬁ) hopsin denselyconnectechetworks, asthe
minimum distanceof orderM (n) is coveredin eachiteration
alongall directions.In orderto comparethe variousbroadcast
stratgies, we constrainthe broadcasstratgiesin all network
modelsto achie/e orderwise optimal hop-delays Further if
thedelayis K < 1 ,for ary arbitrarily pickednode the
broadcas'canﬂae efciently terminatedby settingTTL values
in the broadcastpaclets appropriately Thus, in the rest of
the paper we only considerstratgies that have a delay of

( M (n))
I1l. BROADCASTING IN NETWORKS WITH ZERO
INFORMATION.

In this section, we study the enegy-delay trade-ofs of
broadcastingin networks with zero information. We assume
that the nodesin the network do not have ary geographicor
stateinformation.Thatis, the nodeshave no knowledgeof the
locationsof their neighborsor of the broadcassourceandare
incapableof rememberingprevious messagesr transmission
routes. Since nodeshave no state information, decisionsto
retransmita receved messageare madeat the time of arrival
of the messageThus, it is possiblefor the samemessagdo
be recevved and transmittedmultiple times by a node.

To broadcasinformationin suchnetworkswith very limited
capability we emplgy a simple broadcaststratgy basedon
randompaclet forwarding,thatrequiresno stateor geographic
information. In this scheme,each transmitting node selects
only one retransmittingnoderandomlyfrom its neighborset
(the nodeswithin the radio range M (n)), and requeststhe
nodeto retransmitit. We study these“random walk” based
schemesas they are a sequenceof simple communication
operationsand representatie of broadcasstratgies possible
in networks with no information.

As discusseckarlierin Sectionll, to comparethe different
broadcasschemesye requirethe normalizedoroadcastelay
D(n) = ( 1n ). By randomlyforwardinga singlemessage,
it maynot bep055|blet0 achieve therequirednormalizeddelay
andhencewe initiate multiple broadcastsf thesamemessage,
correspondingo independenparallel randomwalks. That is,
we originateR(n) independentopiesof the samebroadcast
messageat the sourcenode,and propagateeachmessagéy
randompaclet forwarding.

To analyzethe enepgy ef ciency of the broadcasstrateyy,
we choosea randomnodethatis a unit distanceaway from the
sourcenode,and computethe total numberof transmissions
T (n) thatarerequiredto ensurethat the messagés receved
by the chosennode, within ( ) iterations.The enegy
ef ciencies are studiedin termsoét e numberof broadcasts.

A. RandomPacket Forwarding

The paclet forwarding based broadcast,with multiple
copiesof the broadcastmessagehasa simplecommunication
structure.The sourcenodetransmitsR(n) independentopies
of the broadcastmessagei.e., for every copy of the message,
the source node picks anothersensornode randomly from
its neighborset for retransmissionEvery transmitting node
has only one offspring node, and only one transmissionper

query/messag@ccurs at every iteration. That is, at the i™
iteration,the positionof the transmittingnodefor thek™ copy
of the messageés
S =S¢+ X (3)
wheredenotesSf the position of the k™ randomwalk after
| iterationsand XX is the random displacementfrom the
nodetransmittingcopy k at iterationi 1. We assumethat
XK arei.i.d randomvariables,with a common distribution
. Sinceno geographidocation informationis available, we
assumehatthenext hopnodesarechoseruniformly randomly
from the neighborsetof eachtransmitterand assumehatthe
distribution is uniformly distributed over the compactset
Bwm (n)(0), where B (x) denotesa ball of radiusr around
X. We usethe following notationfor n-fold corvolutions of
,(i.e., thedistribution of n randomvariableswith distribution

)
z

e (A= @A X) (@05 n2N;

(4)
where (1) =

For the abovze model of a network with Zero Informa-
tion, we shav that the number of transmissiongncreasing
exponentiallywith (the network diameterin hops),are
necessarandsufuent to ensureanoptimumbroadcastielay
The following theoremshaows that exponentiallylarge number
of transmissionsare necessanto achiese a delay D(n) =
( IO n ) usingthe broadcastingtratgy discussedearlierin
this section.We show that, even if the numberof pathsare
exponentiallylarge, the probabilitythatnoneof the pathsreach
the radio rangeof the nodewithin ( ﬁ) stepsis high.

Theoem3.1: For ary givenK < 1 , thereisac> 1 such
thatfor R(n) = cﬁ,

I

\
P Sy2B(x) ! L

for some > 0O:

Proof:
!
P Sk 2B (x)
I=1 ;3R (n);
k=15 iy
R(n)
=P St 2B (x)
k=1 gty
_K__
) R(n)
1 P(Sk 2 (B (x))
k=1
K maxP(S} 2 (B () R,
M (n) “ '
Note that P St 2 B (x) P St 2 B¢ (0).By
Chernof's bound,P(St 2 B (0)) e ™ (), for small

> 0, wherel is theratefunctionassociatedavith therandom



variables.Hence,

R(n)

(®)

Let R(n) = c"® for ary c< e '()=2 then,the R.H.Sterm
tendsto lasn! 1 . [ |
Thus, the total numberof requiredtransmissionsT (n) =

cH (m W %n) , grows exponentiallywith the network diameter
1

. We now show in following theoremthat it is also suf-
cientto have exponentiallylarge numberof transmissionsto
achieve a delay of ( W), using the broadcastingstratgy
discusseckarlierin this section.

Theoem3.2: Consider R(n) independentrandom walks
startingfrom Sp = 0 and ary given point X = (X1;X2) on
the boundaryof the compactball B;(0). Then,thereexists a
c< 1 suchthatfor R(n) ¢

CM(n) ,

li i ij Sk i M 0: :
M iR oISt 2T MO0 (@

That s, thereexists a randomwalk thatis arbitrarily close
to x, after ﬁ iterations.

Proof: \K/e prove the above claim by using Borel-
Cantelli's lemmaand shaving that, the probability that none
of therandomwalks are “close'to the point x is “exceedingly’
small. That is, to prove that miny, 1....r (n) Jj Sk X]j

M (n), we shav that
X

2
M (n)

P( St ; 2Bum()<1:
n k21;:5R (n) ™
\ k
P( Sp2 ZBwm ) (X))
k21;:5R (n)
= TP(SL; 2By ()" (6)
=fl (ﬁ)(BM(n)(X))gR(n); (7)

Equation 6 is due to the independenceof the random
walks, and Equation7 follows, as S, is the sumof i.i.d
. . C W) .
random variables,with distribution . To provide an upper
bound for P(S*, 2 Bwm (n)(x)) (i.e. a lower bound on

M (n)
(o zn))(BM (X)), we needthe following claim.
Ciaim 1: Thereexists sub-probabilitymeasures 1; , and
constants 1; » > 1 suchthat
1) 1 1, 2 2 areprobability distributions,symmetricabout

wxl and wxz,

2) 21; 22 > 0, with compactsupportsB1; B> R
respectiely,
3) n(B (X)) ( 1 2) n (n)(B (X))a where = 11

2 2, i.e., the productdistribution.
We constructa sub-probabilitymeasure suchthat =
onthesetA By (n)o) R? andzeroelsavhere,where

M (n) M (n)
2 10

A =fy:jy XjjL, < g

Thus, if (x1;x2) are the componentsof the vector x, the
measure is de ned on the productspace

Az [Mén)(xl % ;Mén)(xﬁ é)]
MV, 5 MW 4 Gy

Hence,the measure over the set A canbe expressedn
productform asfollows:

= 1 2,

where 1 isameasureonB; = [M{0(x; 1); M0 (x; + 1)]
and  is ameasureon B, = [MW (x, 1); M0 (x, + Ly:
Now, let ;; 2 > 1 suchthat ; 1, 2 2 are probability
distributions over their respectie supportsThen, = 1 ;
2 2 is a probability measureon A.
To prove Claim 1 (iii), we establishthe following lemma.

Lemma3.1: Let ; and beasde ned abore. Then

1
mx) ) = o1 a1 (X)
Proof: We prove this by induction.Clearly, for | = 1, we

have (x) (x). Letusassumehatfor I 1, ( 1(x)
(« 1)(X). Since M= 01 ; we have
m(x) = a ply) (x y)dy
Lo p) (xy)dy
= mX) (8)
) X)) (X)) = L T (X) 9)
(12)
|

We requirethefollowing corollary of theresultin [7] Thm.1,
pg. 533 ontheconcentratiorof thedistribution aboutits mean.

Lemma3.2: We assumethat is a probability measure
with meant; variance 2 > 0, anda compactsupportB  R.
Then,for someK < 1,

. . K
(my Nt Znt+ 5 p—ﬁ; 8n > Ng 2 N:

In our scenariowherethe supportfor the distribution is
not unit lengthbut within ac;M (n) lengthinterval, the result
canbe modi ed to show that

s I M@)ixe+ M ()]
ke M@+ M) S0 ao)

To shov Theorem3.2, we apply Lemma3.1to Equation7,
to seethat

P(S% ZBum() =1 (2 (Bum(X)
L (12) 77 (2 Bum00): (1)
Notice that
) (Bwm (n) (X))
. 1(|)[|M§n)xl OI\/I(n);IMén)xl+ M ()]
) 2(.)[|M§”)x2 Ol\/l(n);lwx2+ M (n)]: (12)



X‘\//f S,
S,
2 riﬁ:,&;inCoq
Yi= S-S0

Cls
Quadrant to chogse S from

(i) Choice of Quadrant (i) Radial Progress
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Applying Lemma3.2 to thedistributions ; ; and , 2, we
seethat for a large enoughK ,

K
(I)(BM (n)(X)) |_ 8l 2 N: (13)

It follows by Equation11 that

fP(Sl(;) 2 By (n)(x) g™
M (n
=f1 (an))(BM(n)(X))gR(n)i (14)
1 (1) wln MO gm, (15)
Letc> ( 1 2)2. Then,it is seenthat
1

1 (1) rr MWt o g

Thus,for R(n) = CW,WeshoN, by usingBorel-Cantellis
lemmathat
M(n) O:

X]j (a:s):

lim n
nll  k21;:;5R (n)
[ |
Remark3.1: Thus, the resultsin this sectionindicate that
exponentiallylarge numberof transmissionsirenecessarand
sufcient to successfullyproadcasin sensometworkswith no
geographior stateinformation.We alsonotethat, by employ-
ing multiple queries/messagethe numberof transmissions
by nodescloseto the sourcenodeincreasedinearly with the
R(n). In networks with Zero Information,this translatego an
exponentially large numberof transmissionsn a small area
(areasof the size of theradio range)closeto the sourcenode,
causingnetwork congestion.

IV. BROADCASTING IN NETWORKS WITH SOURCE
QUADRANT INFORMATION

In this section,we study the ef ciency of broadcastingn
networks with sourcequadrantinformation and computethe
numberof transmissionsequiredto obtaina normalizeddelay
of ( wt=7). We assumethat the nodeshave only a local
notion o% %our directionswhich are not necessarilycommon
to all nodes.Thatis, the nodesare capableof groupingtheir
neighborsnto four differentquadrantswherethe orientations
of the quadrantsare chosenindependenthby differentnodes.
To modelthis, we assumehatthe orientationsof the quadrants
are uniformly distributed betweenanglesO and 2 , and are

chosenindependentlyof the local quadrantsat other nodes.
We also assumethat there is some data embeddedin a

paclet's headerthat enablesan intermediatenode to infer

coarsegeographicsource location w.r.t its local quadrants.
This could be implemented,for instance,if the paclket has
the sourcelocation embeddedn its headerand nodeshave

possiblyfaulty GPS (see[21]). Thus,the nodesare assumed
to have Souce Quadmnt Information However, we do not

assumethat the nodeshave ary stateinformation i.e., they

are incapableof rememberingary previous transmissionor

messages.

To broadcastn networks with limited geographidnforma-
tion, we study broadcastingtrateies similar to the schemes
presentedn Sectionlll. The broadcaststratgy follows the
random paclet forwarding model, but utilizes the location
informationto directthe pacletsradially away from the source
node, reducingthe broadcastredundang. We again use the
multiple independentquery model to achieve a normalized
delayof ( g{sy)- The broadcasstratey is asfollows:

1) The sourcenode picks R(n) neighborsuniformly ran-
domly (i.e., R(n) pointsindependentlychosenfrom its
neighborset),andsendsthe broadcastmessagé¢o them.

2) Eachof the nodes,on receving a requestto transmit,
retransmithe messag@ndchooseexactly oneneighbor
from the “local” quadranbppositeto the sources quad-
rant,andrequesthatneighborto retransmithe message.

A. BroadcastModel with Source Information

Let the sourcenodebe at 0, and considerary given copy
(indexed by k = 1toR(n)) of the broadcastmessageWe
denotethe transmitting node at the i 1™ iteration to be
Sk . Sincethe SourceQuadrantinformation is available to
all nodes,the transmittingnodefor the i iteration(i  2),
Sk = (zk; ¥) (in polarcoordinatesjs choseruniformly from
the quadrantoppositeto the source.Let us denotethe offset
angle (from the line joining the sourceand the node)by ¥
andthe offset lengthby X ¥, as shawn in Figure 4(j). Notice
thatthe sourcequadrantinformation at the nodesrestrictsthe
offsetangleto be within [ =2; =2].

Theradial progressn thei™ jumpis de ned astherandom
variableY;* = jjSKjj jjSK ,jj, with supportin [0; M (n)]. As
the initial direction of transmissionis uniformly distributed
over [0;2 ],(the source node picks its transmitting nodes
uniformly from within its circular radio range),S¥ are also
angularlyuniformly distributed(seeTheorem?7.1in Appendix
for a formal proof of this claim).

From the geometryof the paths,and dueto the availability
sourcequadrantinformation, we seethat the radial progress
is always positive in every step.Further in all steps,we have

Yk  XKXcos k: (17)

SeeFigure4(ii) for anillustrationof this property Therandom
variablesX K cos ¥ arei.i.d randomvariables,with support
[O;M(n)] R andE(XKcos K)=dM(n); d>0:

Undertheseconditions,the following theoremprovidesan
upperboundon thenumberof transmissionsequiredto ensure
adelayof ( ﬁ).



Theoem4.1: ConsiderR(n) randomwalks starting from
So = 0 andary given point x = (1; ) on the boundaryof

the compactball B1(0). Letc = %: Then,for R(n) M%n) ,
> 1,

jisf M (n): (prob)

Proof: We de ne thehitting time ¥ asthe rst time-step
the pathk hits a ball of radius1 M (n), i.e. the boundary
of the set B; y (n)(0). Notice that the event f K =igis
equvalentto the eventthat fzX > 1 M(n) & zk | <
1 M (n)g. By a” b, we denotethe minimum of the integers
a andh.

The probability that no pathreacheghe point x,

Xjj

\
P SK 2By (ny(X)
1k RN 0 gy
\
=P SkkAW 2By (n)(X)
k2f 1; ;R(n)g
n L OR(n)
= PS IAW z BM(n)(X) (18)
asthe paths1 k R(n) areindependentind identically
distributed.
Considerthe probability that the 15* path did not reachthe
nodex in ﬁ steps.
p s, - ZBy (n)(X)
X .
= P Sll,\m 2BM(n)(X)Jf 1=kg P =k
k=1
Q)
P St 2By (Xt 1=kg P f *=kg
k=1
+P(1 o) (19)
M (n)”"

To shaw thatthe secondermof Equation19, P( ! W)

is exponentiallydecaying(with respecto ﬁ), we rst note

that (seeEquation17) the radial pg)grgssof the rst message
in 5= stepsis lowerboundedby ;™ X! cos . Thusthe
probability that the radial progresswas within the unit circle

after W steps,

c (@) .
) P( Xlcos !
M (n) - I |

P( !

(20)
for some > 0. Equation20 is by Chernof's Inequality for
sumsof randomvariablesX ! cos !, whosemeanis dM (n).

Now, given the equivalenceof the eventsf ' = kg and

fzl>1 M(n);z, <1 M(n)g, we demonstratean
upperboundfor the rst term of Equation19. We have, for
1 kK <

M (n)’

P Sll/\m 2BM(n)(X)jf t=kg

=p Ssh, .
M

(n

- ZBmm)(itzi>1 M) zi <1 m(ng (21)

Since ! is a hitting time, the path must be within an M (n)
distancefrom the boundary Hence,

P Si 2Bmm)(Nitzi>1 M)zt ,<1 M(n)g

P f % 2 [ m; + m]gjfzkbl M (n);Z! ;<1 M(n)g (22)
By the uniform distribution of ', (see Theorem7.1 in

Appendixfor a proof of this assertionand for independence

of 1, and 1), it follows that

Pfg2 [ M.+ W]gjfzkln M(n);Z} <1 M(n)g
M (n)
= : 23
2 (23)
By Equationsl19,22,23andfor somek, > 0
P slmﬁzswn)(x) 1 koM (n): (24)
— 1 .
ForR(n) = gy 8 > 1,
\
P Skll\ﬁ ’&*BM(n)(x)
k2f 1; ;R(n)g
f1 koM (n)gR™ 1 0 (25)
Theorem4.1 thus follows. ]

Remark4.1: Thus, the total number of transmissions
T(n) = (R(n) g%y) is lessthan (gisy) foray >
2. The resultsdemonstratehat it is sufcient for (M%n 2
transmissiongo broadcasto any randomlychosenpoint that
is a unit distanceaway from the source with local geographic
knowledge, even without ary suppressiorof transmissions.
However, we notethatthe broadcasstratgy causesa polyno-
mially large (of orderﬁ) numberof transmissionground
the sourcenode, causingsigni cant congestionalthoughthe
congestionis substantiallylower, comparedto broadcasting
with Zero Information, where the numberis exponentially

large.

V. BROADCASTING WITH LIMITED STATE INFORMATION

In this section,we analyzebroadcastingn networks with
limited state information. We assumethat the nodesin the
network are capableof rememberingreviously receved mes-
sagesand their decisionto transmitor to not transmitthe
receved messageHowever, we assumethat the nodeshave
no knowledge of the position of the neighborsor the source
node.In suchnetworks with very little stateinformation,and
no location information, we study broadcaststratgies that
possessdroadcastelaysof D(n) = ( ﬁ) and compute
thenumberof transmissionsequiredto achiese the orderwise
optimal delays.The broadcasschemewe studyis a variation
of the gossipalgorithmpresentedn [9] wherea nodedecides
to retransmithe broadcasmessagevith a probability p, upon
the rst arrival of the messageThe broadcastlgorithm we
employ is describedbelow.

1) In the rst iteration, the source node Sy transmits
the message'm’, to all its neighbors,and chooses
Clog ﬁ nodesrandomlyfrom its neighborset, and
requestshemto retransmitthe message.
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2) In the next iteration, the chosennodestransmit their
messageand chooseC log ﬁ nodesrandomly from
their neighbor sets, but nodesthat have receved the
previous broadcasbf the messagégnoreall subsequent
broadcastf the same messageThus, nodeschosen
from regionsthat had previously heardthe messagelo
not transmit.

3) The processis repeatedlyiteratedto spreadthe query
over the network.

Thus,the algorithmemploys the stateinformationto suppress
redundanttransmissiondn regions that have previously re-
ceived the broadcastmessageFor this “location-less”broad-
castschemeywe shaw thatthe delayD (n) = ( W), while

thetotal numberof transmissionareO(ﬁ ); where > 2.

In the following theorem,we rst prove that the broadcast
algorithmdiscussedreviously achievesa delay of ( W).
We shaw this, by choosingany nodeX , thatis a unit distance
away from the Sourcenode Sy and demonstratinghat there
is a transmissionwithin the radio range of that given node
within ( M ) iterations.

By our notatlonsm Sectionll, we de ne S; to bethe setof
transmittersn iterationi andP; to bethesetof all transmitters
till iterationi.

Theoem5.1: Let Sp = 0, X beary given point suchthat
jiX Spjj = 1. Then,for some > 0, thereexistsa0< C <
1, suchthatfor C = C,

,min - XY M(n) - (prob) (26)
Proof: n

Consider tiles of size M (n) M (n) about the line
connectinghe sourcenodeand X , asin Figure5. We choose

> 0 such that a transmission(of range M (n)) in ary
tile coversthe adjacenttiles as well (it can be seenthat for
ary < % this condition is satis ed). A tile is de ned to
be “covered' if all nodeswithin the tile have receved the
broadcastnessageelseit is de ned to be “uncovered'.Let A;
betheeventf Tile T; coveredby timetg andlet theeventE; be
the eventf Somenodein Tile T; waspicked asa transmitteg.
We requirethe following lemma.

Lemmab.1: The probability

c 2
M(n)—:
(27)
Proof: Let W be ary partitioning of the tile T;. Let the
partition W be the union of disjoint setsF;;i = 1, ;f(n),

P(Ef=A;) = P No transmissionsn tile TyjA;

where the disjoint sets F; correspondto the incrementally
coveredregionsof thetile T;, over differenttransmissiongsee
Figure 5 for an illustration). Leg | (F;) denotethe fraction of
the areaof F; in thetile, with ,f:(f) [(Fi) = 1: Then,

P EFjAr = P EJA;W d A, (W); (28)
where A, (W) is the probability that the partition W was
createdby thetransmissiomprocessWe now derive anuniform
upperboundonP EfjA:; W (whichdoesnotdependnW),
and hence provide an upperboundon L.H.S of (28).
Sincewe chooseC logM (n) nodesuniformly from anarea
of (M (n))?, the probability
fyen)

I(F) 2 Coa st

P ESA;W 1

i=1
) Clog (—777)
= M (n) e
i=1
WF) 2y

P
c  Miga

= M(n) :(29)

As M (n) < 1; we now have from (29) P EfjA;; W
M (n)€ 1. where

i) fxn)
gxi); st x =1
i=1
( 2= )x)xi;x 2 [0; 1];

max
xi:l i f(n) i=1
g(x) = log(1

It can be directly computedto showv that g(x) is a negative
concae function with g(0) = 0;g(1) = log(1 ( 2= )): By
usingLagrangeMultipliers, it canbe shavn thatfor eachx ed

(30)

f (n), the maximumis achiezed when x; = T for all i.
Thus,
= maxf (n)g( ( ) (31)
Further we have log(1 ( °=)) ( ?=), and hence,
( ?=): The resultnow immediatelyfollows. [ ]

Now, the probability thatthetile Ti+; wascoveredby time
t+1

P(At+1) P(At\ Et); (32)
= P(A)R(E=AY; (33)
= P(A) 1 P(Ef=Ay) : (34)

Notethattheinequalityin (32) is dueto the factthatthe event
A:\ E; implies A;+1 , by construction.Utilizing Lemma5.1
in (34),

P(At1)  P(A) 1 (M(n)© =
1 (M(n)C ™= (35)
Hence,it follows that
PA ) 1 M@ T @)



‘ Data ‘ p(n) ‘\West'

Message Timeto Direction
branch

Fig. 6. Branchingin Sensometworks with Local Direction Information

K__ thetile

for €2 > 1. Thusit is seenthat by iteration My

Tﬁ is coveredwith high probability.

[ |
By our constructionwe seethatin ary tile T, the numberof
transmissionss no greaterthanC log 1=M (n). Sincethe total

numberof tiles is no greaterthanK (ﬁ)z, thetotal number
of transmissiond (n) K 1(ﬁn))2 log1=M (n).

Remark5.1: The resultsin this section demonstratethat
“stateinformation” in the networks canbe utilized to simulta-
neouslyreducethe numberof transmissionsandto distribute
the transmissionsnoreuniformly over the network. The proof
in this sectionsshowv that the state information inherently
provides a linear drift, emphasizingthe role of suppression
in efcient broadcastingFurther the resultscan be extended
to showv that the branchingalgorithm can spreadinformation
uniformly in a two dimensionalregion. Moreover, uniformly
spacedransmissionsonsiderablyeducethe congestiorin the
network.

VI. BROADCASTING OVER A LATTICE WITH LOCAL
DIRECTION INFORMATION

In this section,we study the problem of broadcastingo
a set of spatially uniform nodes(lattice points) in networks
where nodeshave no “state” or geographicinformation, but
only a rudimentary senseof local direction. That is, each
sensornode in the network has an approximatesense of
“East’, "West', "North' and South’, formally de ned in VI.A.
Necessityfor sucha broadcastinggchemecould arisewhena
spatially uniform sampleof an underlyingphysicalprocesds
requiredby anapplicationatthe sourcenode(see gure 3). For
example,a sensometwork deployed for measuringair quality
might requiremeasurementsom the sensometwork sampled
uniformly over the deployed region; and thus, will needto
senda query/messag the appropriatesubsetof nodes.We
examineif suchqueries/messagesanbe broadcasef ciently
with the availability of “local direction” information, and
proposea randomtree basedbroadcastprotocol that utilizes
the local information to spreadmessage®ver the network.
Under this broadcastscheme,we compute the number of
transmissionsequiredto reacha circularadwertisementegion
of radiusA(n) aboutthe destinationnode(a lattice point that
is a unit distanceaway) within a delay of ( ﬁ).

A. Broadcastand NetworkModel

We assume that sensor nodes in the network have
an approximate knowledge about four antipodal direc-
tions dyy;dgy;d¢ 1);d¢ jy; In particulay the transmitting

10

nodes have a local estimate of four antipodal directions
diy:dgysde 1);d¢ jy; suchthatforall 12 f1;; 1, jg

E(d(|):d(|)) =c;c>0 andE(d(|)) = d(|): (37)

In other words, we assumethat the direction estimatesare
unbiasedand with a positive projection.We note that the ex-
pectedprojectioncould be differ betweendirections,however
we choosea uniform projectionin all directionsfor notational
simplicity.

We also assumethat the paclet containsinformation on
the direction of travel, and a counter to keep track of the
numberof hopstraveledby a paclet (Figure 6). Without loss
of generality we formally de ne the four directionsto be
d(]_) = (1, O), d(j) = (0, 1), d( 1) = ( 1 O) and d( i =
(0; 1)(SeeFigure 6). Thus, in a transmissionby a node x
alongthedirectiond;, thedistancdraveledin thattransmission
is a randomvariable X , with support[0; M (n)]d; R?, and
E(X)=cM(n)di;c> 0.

For networks with local direction information, the ran-
domized tree (branchingwalk) basedbroadcaststrateyy is
performedasfollows (seeFigure 7).

1) The sourcenode Sp = 0 transmitsa query to a
randomlychosenretransmissiomodein eachdirection.
The pacletscontainthe data,the directionin which they
were sent,and the Time to Branch(TTB)counteris set
to p(n) (SeeFigure6).

The retransmissionnodes check the paclet's TTB
counter If TTB = 0, then the retransmissiomode
transmitsone query eachto the two orthogonaldirec-
tions to the previous step,andsetsTTB = p(n), in the
newly createdquery paclets.If TTB > 0O, thenTTB
value aloneis changedo TTB 1, andthe paclet is
retransmittecalong the samedirection.

Sincethe nodescreatetwo queriesat every branching,the
spatial distribution of the query can be studiedas a process
indexed by a binary tree. Considera query sentby the source
node along the directiond;. Let denotean in nite binary
tree, where the verticescorrespondo the queriesgenerated
by repeatedbranchingof the initial query Let () denote
the query at the kth vertex at depthl, with | 2 N, andk 2
Ji:=10;1:::;2 1 1g. LetZ] bethepositionof the query

(k)» just beforethei + 1™ branching.Then,

2)

Zi= Zpg + Yo (38)
where YkI is the randomdistancetraveled by the query after
its 1" branching.Hence, the randomvariable has a support
[0; p(n)M (n)]di andE(Y,) = cp(n)M (n)d;, whered; is the
direction of travel of the query As de ned in Sectionll, we
denoteby S;, the setof transmitterdan the ith iteration.
Underthe modeldiscussedbove, we shawv thatthe number
of transmissionsto reach a circular adwertisementregion
of radiusA(n) = M(n) ; < % about ary given point
X = (1; ) (in polar coordinates)with a normalizeddelay
of ( ﬁ) is ﬁ :8 > 1. Thatis, we shawv that the
numberof transmissiond (n) is only mamginally greaterthan
an optimal numberof transmissionsif an adwertising radius
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Fig. 7. lllustratesthe query branchingin sensornetworks. Note that the
brancheglo not follow straightlines dueto approximatedirectionknowledge.

of A(n) = M(n) ; < % is allowed. We shaw this in the
following theoremfor rationalangles.

Theoem6.1: Considerary point X (2; ) on the
boundaryof aunit ball aroundthe origin. Considerm branching
gueryprocessasdescribedabove. Then,thereexistsa0 < b<

1 suchthat8 < 1=2:

min
Y2s 4

M (n)

Y  Xijj, M(n) (prob) (39)

Moreover,by iteration -, the total numberof transmissions

M(n)’

T(n) = O( ())8 > 1 (40)
Proof: We rst shorv Theorem6.1for 2 [0; 4] such
thattan is rational. The resultfollows for ary 2 [0; 4]

by the density of rationalsQ in R and by the continuity of
tan  on|[0; z]. For ary other 2 [0; 7], the resultfollows,
by symmetry

The main stepsof the proof are as follows.

1) We employ a p(n) = to createslowly

branchingtrees,

2) We shaw the existenceof a pathin the binary tree with
a meanangulardrift along

3) We then showv that the path lies within a radius
M(n) ; < 1 aboutthe destinationX .

Firstly, we describethe constructionof the path in the
binary tree. Let tan Recallthat the branchingoccurs
exactly once every p(n) m hops in each

query Further notethatat eachbranchingexactly two queries
aresentalongthe two perpendiculadirectionsto the original
direction along which the query was traveling. That is, if a
query traveling along direction d(;y branched,the two new
querieswould be directedalongd;) andd, ;. Considerthe
initial queriessentalong the directiondjy andd, ;) by the
sourcenodeSp.

1) We denote by D, = (d(j);d(]_) ; d(j);d( 1)), a se-
qguence of the directions of branchingsfollowed by
the query as depictedin Figure 7(in dotted lines). In
particular (dgjy;dy; dijy: d¢ 1)) de nes the path of a
qguerythroughfour successie branchingsthe direction
followed at eachbranchingprovided by the sequencef
directions. Similarly, we also de ne anothersequence

—1_
M (n) log log My
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of branchingsD, = (d; j);dq);d):da)). From the
constructionof the tree, the expectedposition of the
query after the branchings(dy;duy;dgy:d¢ 1)) is
cp(n)M (n)(2d(j)). The expectedposition of the query
after the sequencef branchings(d, j);dq);dgj);day)
is given by cp(n)M (n)(2d1) ).

Considerthe sequenceof branchingsobtainedby fol-
lowing r branchings of type D, followed by q
branchingsof type Dz, ie the sequenceDrq =

r terms q terms
the query after the sequenceof branchingsD,q is

cp(n)M (n)(2rd(1) + ZQd(j)).
3) We constructthe sequenceof branchingsformed by

following I branchingsof type branchingsqu, where
— 1
ST

Note that the expectedposition of the query after the
sequencef branchingsD s

| cp(n)M (n)(2rd(1) + ZQd(j)) = (d(]_) cos + d(j) sin )
= (1; )(in polarcoordinates.)

In effect, we constructa path with meandrift along , by
appendinga seriesof branchings.Note that the number of
iterationsto reachthe end of the sequence® s | (r+
g 4 pn) = M(n) Thus, by construction,we shav the
existenceof a pathsuchthatthe meanpositionafterbiterations
is the destinationnode X . We now show that the position of
the path after the sequenceof branchingsD is within a
distanceM (n) ofitsmeanX = (1; ),forall < :5, with
high probability.

Now, let correspondo a binary tree createdby a query
alongthe directiond;, from the sourcenode.Notice thatthe
position of the pathD is an elementof this tree, at depth
b. We denoteposition of the query after the sequenceD
by the randomvariable Z°, wheret 2 f1; ;2° 1 1g.
Thus ,gne posmon of the queryis given by (depthb, leaf t)
zp= Y ]

Let L1 = f| E(Y[t ]) da) 9, thatis, the setof indices

suchthatthequeryls azlongdlrecnond(l) S|m|larly, wede ne
L, = fi: E(Y[1])— d(])g, Ly = fi: E(Y[E‘r])_ d( 1)g
andL4 = fi: E(Y[‘ ]) =d /o

S|ncethesesetsareconstructedjetermrmstlcallywe rewrite
sumin (??) asfollows.

X X

b i b i b i
Yt Yt Yt

i2L, i2L> i2Ls i2L4

Ybl

2= [5]

(41)

Notice that Y[tLi fori 2 fL,;r = 1to 4g arei.i.d. random
o1

variables.Fox example, Yb ]' i 2 L, is a randomvariable
correspondingo aqueryafongthe directiondyy . Thus,each
random variable in this setis a sum of p(n) hops along

directiondy) . Thus,

YPh

5 (42)

= d



whereRy, arei.i.d. randomvariableswith support[0; M (n)]
and mean cM (n). (See discussionin VI.A for the above
construction).Since eachrandomvariable Y[b‘_]' is a sum of

p(n) randomvariablesof kind Ry, we have the following
claim.

Claim2: Let:5< < 1. Then,

c(M (n)p(n))dg)jj > M (n)(p(n))

e P()?

P Y
BN C5)
for some > 0.

Proof: By construction,

P J'J'Y[;l]i (M (n)p(n)c)d, jj > M (n)(p(n))

M (n)c) > M (n)(p(n)) (44)

Let Ry = R : Then, notethat

)
P (Rm

m=1

1
M (n)
M (n)c) > M (n)(p(n))
%)
(Rm

m=1

¢) > (p(n))

1 XV
(p(n))

A similar inequality can be derived for the negative side as
well. We skip the detailsfor brevity. The inequality in (45)
follows from the result([3]) in moderatedeviationsaboutthe

= P e p(n)z

(Rm ©>1 > 0: (45)

m=1

mean,for sumsof randomvariables. [ |
ConsiderthepathD . It is easilyseenthatthereare (2q+
r) | queriesin the pathalongdirectiondyy, (2r +q) | in

the pathalongdirectiondjy, (r) | in thepathalongdirection
d 1 and(q) | inthepathalongdirectiond, j,. Notethat
this implies that for the rst termon the R.H.Sof (41)

X » 20+ r .
PG vhl ptl gyji> Ky *
L [5r] r2+ @
1 1

e p(n)? * 1 (46)
for some ; > 0; andK < 1 . Usinga similar boundfor all
the termson the R.H.Sof (41), and noting that

_ . 2q+r L2r+q
X= P W+ P g
r q _
By N A “n
we nd that
Piiz? Xji>Kapm) * eP™ "= (48)
for some , > 0, and K; < 1. Since p(n) =

S L= oM (n) ) for

1 .
M (") 105 1o 5 1o the quantity K (p(n))
al <1

, andthus, (39) follows.
The total numberof transmissionsgn ary binary tree by

iteration % is given by p(n) 2 log log (ay | where
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M(n) Sub-Critical SuperCritical
Parameter| Prob | Parameter| Proh
0.11 c=14 0.12 c=20 0.99
0.09 c=14 0.09 c=19 0.93
0.07 c=14 0.02 c=20 0.99
TABLE Il
ZERO INFORMATION - SUCCESS PROBABILITY WITH 15=M (n)
ITERATIONS
M(n) Sub-Critical SuperCritical
Parameter| Prob | Parameter| Proh
0.11 =15 0.25 =3.0 1.00
0.09 =15 0.2 =27 0.97
0.07 =15 0.07 =27 0.97
TABLE Il

SOURCE QUADRANT INFORMATION - SUCCESS PROBABILITY WITH
2=M (n) ITERATIONS

K loglog ﬁ is the depth of the binary tree. Notice that
we createfour binary trees,and hencethe total number of
transmissiond (n) = 4p(n) log ﬁK , which is orderwise
smallerthan - forall > 1.
[ |
Remark6.1: Thus,theresultsin this sectionshav thateven
with approximatelocal direction information, the mﬁ‘nberof
transmissiongo reach an adwertisementregion of ~ M (n)
is only ( W ). Thatis, a polynomialnumberof transmis-
sionsaresufcient to spreadjueriesef ciently to lattice points
in networks with approximatdocal direction.

VII. SIMULATION RESULTS

In this section,we provide simulationresultsfor the strate-
gies consideredin this paper In all the simulations, we
set the sourcelocation to be at (0;0). For the rst three
broadcasstratgies, the destinationis chosento be at (1; 0):
For spatial sampling (broadcastingon a lattice), we choose

M(n) Sub-Critical SupetCritical
Parameter| Prob | Parameter| Prob
0.11 CcC=1 0.26 cC=20 0.99
0.09 c=1 0.25 cC=20 1.00
0.07 C=1 0.12 C=20 1.00
TABLE IV
STATE INFORMATION - SUCCESS PROBABILITY WITH 5=M (n)
ITERATIONS
M(n) Sub-Critical SuperCritical
Parameter| Prob | Parameter| Prob
0.06 =0.8 0.18 c=04] 094
0.04 =0.8 0.16 c=04 | 0.90
0.02 =0.8 0.20 c=04 | 098
TABLE V

SPATIAL SAMPLING BY BRANCHING - SUCCESS PROBABILITY WITH
15=M (n) ITERATIONS
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Fig. 8. SamplePathsof Broadcastsn Networks with Local Information

the destinationto be at (:7;:7) (for betterrepresentation)-or
eachof the stratgyies, we provide simulationresultsto shov
the probability of “success”(appropriatelyde ned for each
stratgyy) for varying parametersand averagedover 50 runs.
The transmissionradius is chosensuch that the number of
hopsbetweenthe sourceand destinationis about10 — 15.

In Tablell, we have provided the probability that a query
reacheswithin an M (n) distanceof the destination(success)
within (1 =M (n)) for the casewherethereis no information.
We have earlier showvn that an exponentialnumberof queries
are necessaryand sufcient for broadcastingwithout infor-
mation. To illustrate this by simulation,we have chosentwo
constants;;i = 1;2 andthe numberof parallel queriessent
by the sourceis Ci1=rv| (). The table shaws that if ¢, is chosen
small enough(but still resultingin an exponentialnumberof
gueries),the probability of successs small, while a larger
valueof ¢, resultsin a succesprobability thatis closeto "1,
aspredictedin Sectionlll. A samplepathof the parallelquery
stratgy is illustratedin Figure 8.

In Tablelll, nodeshave source-quadranhformation, thus
requiring only a polynomialnumberof parallelqueries(with
the exponent being 2). In the table we have chosentwo
growth exponents ; < 2 < , (i.e, the numberof parallel
queriesis (1=M (n) )), and the resultsdemonstratea “sub-
critical” rate and a “supercritical” rate (i.e., the probabilities
arecloseto '0' or 'l' respectrely). In Table IV, a similar
resulthasbeenplottedfor the suppressiobasedstrateyy (local
state-information)with upto C log(1=M (n)) new transmitters
chosen(prior to suppression)Again, we can see the sub-
critical and supercritical behaior. Finally, in Table V, we
have shavn a sub-criticalandsupercritical behavior for lattice
ooding, with an adwertisementradiusA(n) = M (n) : We
have chosen ; < 0:5 < 5, to shaw that the adwertisement
region needsto be large enoughfor successSamplepathsof
all the stratgiesdescribedabore areillustratedin Figure 8.

APPENDIX

Considerthe spatial position (in polar coordinates)S; =
(ZK; ¥) of the k™" paclet after i steps,as describedin
Section V. Under the model describedin that section,we
shav herethat the radial progressof a paclet is independent
of its angularposition,andthe angularpositionat the moment
it reacheghe unit ball is uniformin [0;2 ].

Theoem7.1: Let (Z;; i) be the polar coordinatesof the
k" paclet afteri stepsfor ary k. Then,Z; is independenof

i 8i.Also, is uniformly distributedin [0;2 ].

(c) Statelnformation (d) SpatialSampling- Local Direction

|OA| = Z®

|0B| = Z®
|AB| = R®

Fig. 9. Independencef the angleandradial progress.

Proof: We rst provethatZ, is independenbf », and
shav that , is uniform. We then extend this argumentto
shaw the resultfor ary Z; and ;.

ConsiderFigure 9. Initially, the packet choosesa random
neighbor A = (Z1; 1) to retransmit. Notice that as the
point is uniformly chosenfrom within the whole circle, Z;
is independendf 4, and 1 isuniformin [0;2 ]. In the next
hop, it chooses neighborB, from a local quadrantof A, the
guadrantoppositeto the sourceO. Sincethe orientationsof
thelocal quadrantareuniformly distributedin [0; 2 ], andthe
point B is choseruniformly from the quadranioppositeto the
source,we have the angle () to distributed (not uniformly)
between{ =2, =2]. Moreimportantly we noticethat () is
independentf bothZ; and 4, i.e., it is independenbf the
positionof A. Now,

@ R@ sin @

o Z1+R® cos @ (49)
Z; = (Z1+ R® cos @)2+ (R sin @)2: (50)

=tan !

Noticethatas @ is a function of variablesthat areindepen-
dentof 1, @ isindependenbf ;. Thisimplies that

1+ @ mod2 (51)

is uniform in [0; 2 ] irrespectve of the distribution of @ .

In orderto shaw thatZ; is independentf », we shav that
the distribution of the randomvariablef ;z, is alsouniform
in [0;2 ]. Now, since ; is independenbf bothZ, and @,
we seethat

2:

f 2iZ> f[ 1t @] mod2 jZ;
f 1iZ> f @1Z2; 1
= f, f @ iZ2 (52)

where “ implies a wrap-aroundconvolution over the
domain[0; 2 ]. We de ne this formally asfollows.
2

(f 9= F()oft  gmod2 )d : (53)



Again, as 1 is uniformly distributed in [0;2 ], and in-
dependenbf other randomvariables,it follows thatf ;z,

is uniformly distributed, thus implying that

> IS indeed

independentf Z,.
For ary stepi, the proofis similar. We constructa ;) such

that

1+ (- By meansof a similar agument,we

shaw thatasf jz, is uniformly distributedandequalto f ,
utilizing the factthatf , is independenbf other quantities,

and

To shaw that

is also uniformly distributed.
is uniformin [0; 2 ], noticethatthe event

k is equialentto the event Zy 1 1 M(n);Z

1 M(n). Also,as ; isindependenof (, and(Zg;Zk 1),

f KiZkiZx 1 f[ 1+ (] mod 2 jZy;Zyk 1

f 1iZx:Zk 1 f ®)IZkiZk 11

fof ©0iZkZi 1 (54)

By Equation51, this implies that the distribution of } given

that
that

(1]

(2]

(3]

(4]

(5]

(6]

(7]
(8]

El
[20]

[11]

[12]

[13]

[14]

[15]

= k is uniformin [0; 2 ] for all k, andhenceit follows
is uniformin [0; 2 ]. ]
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