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Broadcastingin SensorNetworks: The Role of
Local Information

SundarSubramanian,SanjayShakkottai andAri Arapostathis

Abstract— Flooding based strategies are conventionally em-
ployed to perform querying and broadcastingin sensornetworks.
These schemeshave low hop-delays of �( 1

M ( n ) ) to reach any
nodethat is a unit distanceaway, where M (n) is the transmission
range of any sensornode.However, in sensornetworks with large
radio ranges, �ooding basedbroadcasting schemescausemany
redundant transmissionsleading to a broadcaststorm problem.
Many approacheshave beenproposedto mitigate this problemby
utilizing broadcastschemesthat employ someknowledge of the
previous transmissionsto reducethe extraneoustransmissions.In
this paper, we study the role of geographicinformation and state
information (i.e. memory of previous messagesor transmissions)
in reducing the redundant transmissionsin the network.

We consider thr ee broadcasting schemeswith varying levels
of local information where nodes have: (i) no geographic or
state information, (ii) coarse geographic information about the
origin of the broadcast,and (iii) no geographic information, but
remember previously received messages.We also consider the
related problem of broadcastingto a set of “spatially uniform”
points in the network (lattice points) in the regime where all
nodes have only a local senseof dir ection. For each of these
networks, we compute the number of transmissionsrequired to
achieve broadcastdelaysthat are order-wiseequivalent to simple
�ooding algorithms, i.e. �( 1

M ( n ) ).
We �rst show that networks with no geographic or state

information require exponentially large number of transmissions
whereasnetworks with very little geographicor stateinformation
can utilize the knowledgeto signi�cantly reducethe transmission
overheads.Next, we show that networks with local information,
can reduce the congestion by spreading the messagesmore
uniformly thr ough the network. Finally, we show that networks
with only state information can also employ the information to
provide a radial drift to the transmitted packets. In the context
of lattice broadcasting, we again show that local information
results in signi�cant reduction of transmission overheads. We
quantitati vely compare the transmission overheadsof broadcast-
ing strategiesand validate our results using simulations.

I . INTRODUCTION

Advancesin Micro-embeddedcomputingsystems,coupled
with developmentsin wireless technologyhave enabledthe
massproductionof smallsensingdevicesequippedwith wire-
lesscommunicationcapabilities.It is envisagedthatin thenear
future sensorsnetworks formed by large-scaledeployment
of such devices would perform distributed sensing/control
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Fig. 1. Forwarding packets along straight lines - We require only one
transmissionper tile for broadcasting.

operations.Applications for sensornetworks include com-
mercialapplicationsinvolving macro-scalemeasurementsand
control, intrusiondetection,androbustcommunication.These
networks are characterizedby the absenceof any established
architectureandby constrainedenergy andcomputationalre-
sourcesat eachnode.Communicationbetweenany two nodes
in these networks is mainly accomplishedthrough packet
forwardingby intermediaryrelay nodes,wheremessagesare
relayedto neighbornodeswithin the radio range.

In many sensornetwork applications,broadcastingis a
commoncommunicationprimitive requiredfor variouscontrol
operations.Applicationsregularly requirebroadcastoperations
to updateglobal information and also to perform network
maintenancesuchas updatingtopology, route discovery and
propagatingalarm signals.Similarly, many sensingapplica-
tions needto periodically inform the sensorsto collect infor-
mation. Thus, an important communicationtask of a sensor
network is to disseminatemessages/instructionsinformation
to mostnodes.A relatedbroadcastingproblemariseswhena
node(say, acontrolleror a fusioncenter)needsto query/senda
controlmessageto a subsetof nodeswhich areapproximately
spatiallyuniform. Sucha scenariocanarisefor instancewhen
the controllerneedsa spatially uniform sampleof a physical
underlyingprocess.

In the presenceof energy and computationconstrained
nodes,we requirethat the communicationoperationsfor both
thesescenariosbe energy ef�cient, computationallysimple
and delay sensitive. Sincethe channelutilized by the sensor
nodesis a wirelesschannel,the messagesarebroadcastto all
nodeswithin theradiorangeof thetransmittingnode.Ef�cient
broadcaststrategies utilize the inherent broadcastnature of
the communicationchannelto minimize the total numberof
transmissions,while guaranteeingthereceptionof themessage
at all nodes.
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Fig. 2. Local Quadrantsin Sensornodes

Broadcastingin wired networks, is conventionally per-
formed by a simple �ooding algorithm, in which eachnode
forwardsthe message/queryonceto all its neighbors,whenit
�rst hearsthemessage,andignoresall furtherreceptionsof the
samemessage.Thus the nodesremember̀ state' information,
i.e, if a nodeshas previously heard a messageor not. An
advantagewith such a �ooding basedbroadcaststrategy is
that it achieveslow broadcastdelays,without any geographic
information at sensornodes.However, in denselyconnected
networks, such as sensornetworks with relatively large ra-
dio ranges,such simple �ooding basedquerying/broadcast
schemescreatemany redundanttransmissionscausingenergy
inef�ciency. Such algorithmslead to a broadcaststorm [14]
problem, where the same messageis received at a node,
multiple numberof times.

If all nodesin the network had perfect geographicinfor-
mation, it would be possibleto considerablyreducethe total
numberof transmissions.Ideally onecould useonly ( 1

M (n ) )2

transmissionsin the network, whereM (n) is the radio range
(in other words, one transmissionper tile, see Figure 1).
Whereaswith simple �ooding, the numberof transmissions
would scaleasn (thenumberof nodes),which couldbemuch
larger in densesensornetworks.

A simpleschemeto achieve a �( 1
M (n ) )2 numberof trans-

missions1 is by dispatchingpacketsalong“rays” asshown in
Figure1. This schemerequires“perfect” geographicinforma-
tion at the nodesin order to make sure that the rays do not
“bend” or loop back.

Similarly, underperfectstateinformation,whereall nodes
had knowledgeof pasttransmissionsand routing tables,it is
possibleto reducethe broadcastredundancy by constructing
a minimum spanningtree or creating an overlay network.
However, in many sensornetworks,it is impracticalto acquire
perfect geographicinformation, as it requires sophisticated
locationdevicesand/orcomputationalcapabilities.In networks
with simultaneousbroadcastsby many sources,nodes are
requiredto maintain routing information for messagesfrom
each source.Thus it is infeasible to store all routing state
information, in networks with meagerstorageresources.

In this paper, we studythe role of information(geographic
andstateinformation)on reducingthe broadcastredundancy,
while preservingthe delay ef�ciency of �ooding basedap-
proachesfor thecasesof (i) broadcastingover theentirespace,
and(ii) broadcastingover a lattice. In particular, we consider
ef�cient broadcaststrategies in networks with varying levels

1By g(n) = O(f (n)) , we note that there exists a positive constantc1
suchthat for n > N , g(n) � c1 f (n). We sayg(n) = 
( f (n)) , if f (n) =
O(g(n)) . g(n) = �( f (n)) if g(n) = O(f (n)) andf (n) = O(g(n)) .
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Fig. 3. Spatialsamplingin Sensornodes

of informationat the nodes:
1) Zero information: Nodes have no geographic infor-

mation or memory, and broadcastingis only through
randompacket forwarding.

2) SourceQuadrant Information:Nodeshavea localnotion
of four directions,not commonto all nodes,and know
the local quadrantin which the sourceis located(See
Figure2).

3) Transmissionstate Information: Nodes have no geo-
graphic information,but all nodesremembermessages
received previously. (i.e. stateinformation)

4) Local DirectionInformation:Finally, for theproblemof
spatialsampling(seeFigure3), we considernodesthat
have an approximatesenseof `East', `West', `North'
and`South', but have no othergeographicinformation,
sourceor receiver location informationor memory.

A. Main Contributions

We considerdensesensornetworks on a plane,whereeach
nodehasa large numberof neighbornodes,within its radio
range M (n) 2. We model this by a continuum of sensor
nodes,wherewe associatea sensornodeto every point in the
plane.We measurebroadcastdelay in terms of the number
of hops required to reach any given point on the network,
ignoring the queuingdelayat the nodes(for a similar model,
see[21],[11]). Under this network model, we quantitatively
analyze the ef�ciency of broadcaststrategies with varying
levels of informationat the sensornodes.

We �rst observethat�ooding-basedstrategiesleadto broad-
cast delays that are of the sameorder as optimal straight-
line broadcasting(althoughwith many more transmissions),
i.e., the broadcastdelay D(n) = �( 1

M (n ) ): Thus, in order
to comparebroadcastingin networks with varying levels of
information, we restrict the strategies to possessa broadcast
delay D(n) = �( 1

M (n ) ), i.e., are order-wise equivalent to
�ooding basedstrategies.For a broadcastto reacha node,it
is necessaryfor a transmissionto occurwithin the radio range
M (n) of the sensornode.However, if all the neighbornodes
within a radiusA(n) containrouting informationto direct the
transmissionto the intendednode,the transmissionsareonly
requiredto reacha ball of radius(advertisement)A(n) about
the node.

We measuredelay in termsof hop-count,and energy ef�-
ciency in termsof total transmissionspersearch/broadcastand
quantitatively analyzethe informationvs. ef�ciency trade-off

2The parametern roughly correspondsto the densityof the network.
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Information type TransmissionsT (n) Congestion

Zero Information c
1

M ( n ) ; c > 1 Heavy congestionaboutthe source
SourceQuadrantInformation ( 1

M ( n ) )2 Moderatecongestionaboutthe source

TransmissionStateInformation ( 1
M ( n ) )2 log 1

M ( n ) Low congestionthroughoutthe network

TABLE I

TRADE-OFFS IN BROADCASTING - NETWORKS WITH LIMITED INFORMATION

in networks.The trade-offs areprovided in Table I. We show
thefollowing resultson broadcastef�ciency for networkswith
varying levels of information.
(i) In networks with zeroinformation,we presentbroadcast

strategiesbasedon randompacket relaying.We show that
an exponentially large numberof transmissions(of the
orderof c

1
M ( n ) ; for somec > 1) is necessaryto ensurea

transmissionwithin a radiusM (n) of any givennodeat a
unit distancefrom thesourceof thebroadcast,to achieve
a broadcastdelay of �( 1

M (n ) ). Futher, we show that
exponentiallylargenumberof transmissionsaresuf�cient
for achieving this broadcastdelay. To demonstratethis,
we employ an inequality result on the concentration
of the probability measuresfor sums of i.i.d random
variables.We also show that there are a large number
of simultaneoustransmissionsin the region surrounding
the sourcenode,thuscausingcongestionin that area.

(ii) We considernetworks with sourcequadrantinformation,
and presenta broadcaststrategy basedon packet for-
warding that provides radial drift to the transmissions.
We show that the outward spreadof the transmissions
reduce the broadcastredundancy. We show that only
( 1

M (n ) )2 transmissionsare required to achieve a delay
D(n) = �( 1

M (n ) ).
(iii) In networks with stateinformation,we show that broad-

cast strategies can learn to inherently provide a radial
drift to the transmissions.The broadcaststrategies can
use the state information to suppresstransmissionsby
redundantnodesandadvancethe packetsaway from the
sourceof the broadcast.By consideringa strategy of
suppressionbasedon [9], we show thatthis implied radial
drift suf�ces to achieve optimal broadcastdelays with
T(n) = ( 1

M (n ) )2 log1=M (n); and negligible congestion
throughoutthe network.

(iv) For the problem of spatial sampling in networks with
local directioninformation,we presenta randomized-tree
basedbroadcaststrategy that providesa lower transmis-
sion overhead.We show that we cansampleon a “grid”
of a given size s(n) � 
( 1

log 1
M ( n )

) (seeFigure 3), as

long as the “bin” size (the local advertisementradius)
scalesas (M (n)) 
 ; 
 < :49: Sucha samplingrequires
thenumberof transmissionsto scaleasT(n) = ( 1

M (n ) )� ,
for a �nite � that dependson s(n).

Finally, we provide continuum model basedsimulations
which support the analytical results obtained in the paper.
From the above resultswe infer that broadcastingwith very
little geographicor state information is signi�cantly more
ef�cient than networks without any such“local” knowledge.

While strategies with local state information can provide
low transmissionoverheadsand low congestion,the memory
requirementscaleslinearly with the numberof simultaneous
broadcastmessages.Further, suchstrategiesalsorequirenodes
to comparethemessagesin their memorywith every received
broadcast.On the other hand, we note that strategies with
geographiclocation information also provide substantialre-
ductionsin the numberof transmissions,and the information
requirementsdo not increasewith simultaneousbroadcasts.
However, obtaininggeographicinformationat thesensornodes
might requiresigni�cant computationand/orhardware, such
asGPS.In practice,theseconsiderationscanbeusedto trade-
off betweenmemory, hardwareandenergy ef�ciency (number
of transmissions).

B. RelatedWork

There has been considerablework on broadcastingand
querying in sensornetworks [23], [19], [2], [20], [14], [16],
[4], [1], [13], [12], [17]. It wasdemonstratedin [14] that�ood-
ing basedbroadcasting/queryingschemessuch as [12], [13]
causemany redundanttransmissionsleadingto the broadcast
storm problem.As discussedin [24], many of the broadcast
schemesintroducedto mitigatethe“Broadcaststorm”problem
canbe classi�ed into the following categories:

(i) Probabilisticschemessuchas [9], [15] in which nodes
that receive the messagerebroadcastwith a �x ed prob-
ability. In these schemesthe nodes are assumedto
have stateinformationto rememberpreviously received
messagesandutilize themto suppresssecondarytrans-
missions.

(ii) Location basedschemesproposedin [14] where node
transmissiondecisionsare basedon the expectedarea
covered.

(iii) Neighborknowledgebasedmethodssuchas [2], [16],
[20] where the location of the neighborsor the two-
hop neighborsare known. In [23], perfect information
aboutthepositionof all nodesin thenetwork is utilized
to constructminimum energy broadcasttrees,whereas
in [2], the authorsprovide a constructionfor a similar
tree basedon local topology information. In [20], the
two-hop neighbor information is utilized for building
connecteddominatingsetsthat ef�ciently broadcastin-
formation.

Also, queryingin sensornetworks hasbeenstudiedin papers
suchas [17], [5]. The authorsin [1] proposerandomwalks
initiated by the sourcenode and the destinationnode.They
haveshown thatqueryingdelay, transmissionoverheadscanbe
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reducedby spreadingroutinginformationthroughthenetwork.
This phenomenonhasbeenquantitatively studiedin [18].

Although many of the broadcaststrategies previously dis-
cussedutilize somekind of local knowledge or state infor-
mation, we note that a systematicanalysis of the role of
information in broadcasting,and the relatedtrade-offs in the
numberof transmissions,delayandcongestion,hasnot been
exploredpreviously. In this paper, we studya sequenceof net-
workswith varyinglevelsof geographicandstateinformation,
andcomparebroadcasttrade-offs throughanalyticalmethods.
Furthermore,we provide simulation results to validate the
analyticalstudies.

I I . SYSTEM DESCRIPTION

A. NetworkModel

We considera sensornetwork in which the sensornodes
aredeployedover a planarregion. Eachof thesesensornodes
are assumedto have a commoncircular transmissionregion
and are connectedto all other sensornodesthat lie within
its transmissionradius.The transmissionradiusis setto scale
as M (n), where n is the scalingparameter. 3 In this paper,
we studybroadcaststrategies in densenetworks in the large-
n regime, (wheren ! 1 ). The resultsof [8] show that for

M (n) = 

� q

log n
n

�
, thenetwork formedby thecollectionof

sensornodesin a given region of �nite areais asymptotically
connected,andmore importantly the numberof nodesin the
transmissionradiusof eachnodein that givenregion tendsto
in�nity asymptotically. In this paper, we considerany M (n)
that scalesas O( 1

n p ); p 2 (0; 1
2 ), to model the growth of the

network sizerelative to the radio range.
Motivatedby the above results,in this paperwe assumea

continuummodelof the sensornetwork, whereany point in
theradiorangeof a transmittingnodeS canreceive thepacket
transmittedby thenode,andcanactasa retransmissionnode.
The neighborset (nodeswithin the radio range)of any node
S in the sensornetwork is de�ned as

NS;M (n ) = f X 2 R2 : d(X ; S) < M (n)g; (1)

where d is the Euclideandistance.Thus, there is a one-to-
onecorrespondencebetweennodesandtheir locationsandthe
discretizationeffectsdue to nodelocationsare ignoredin the
continuummodel. However, as mentionedabove, in densely
connectedsensornetworks, the numberof nodeswithin the
radio rangeof any particular node increasesto in�nity [8].
Thus,thecontinuummodelappearsreasonablein this regime.
We refer to [21] for a comparisonof analyticalresultsusing
a continuum model and simulation results with a discrete
model with a densenetwork of nodes,which indicate that
the discretizationeffectsarenot signi�cant.

B. BroadcastModel

Querying and Information spreading,are both studied as
a seriesof packet forwards in a sensornetwork. Since the
transmissionsin a wireless sensor network are inherently

3Thequantityn roughlycorrespondsto thedensityof nodesin thenetwork.

broadcasttransmissions,we assumethat whenever a node
transmitsa query, all nodesin its neighborsetcanpotentially
receive it without error.

To broadcasta query “m”, the originating node S0 sends
out a packet, to all its neighbors(in a single transmission)
and requestsa subsetS1 of its neighborsto retransmit it.
The repeatedapplication of this processdisseminatesthe
information/queryinto thenetwork. Let S0 = 0 betheposition
of the sourcenode,i.e., the positionof the nodeinitiating the
query. The setSi consistsof all points(nodesassociatedwith
the points) in the network that transmit the packet at the i th

iterationof the process,or arethe i th generationtransmitters.
In this setup,we de�ne the normalizedbroadcastdelay,

D (n) as follows. Let X be any given point (or the nodeat
positionX ), a unit distanceaway from the origin. We de�ne

D(n) = inf f i : d(Si ; X ) < M (n)g (2)

whered is the Euclideandistancemetric.That is, thenormal-
ized delayD(n) is de�ned asthe smallestiterationby which
there is a transmissionwithin the radio rangeof the given
point/nodeX . Note that the `unit' distancebetweenthe node
andthe origin is arbitrary. For any other distancer , the hop-
delaycanbe scaledaccordingly. Thus,we de�ne D(n) asthe
hop countof the minimum hop pathfrom the sourceto reach
any arbitrarily chosennodeX that is a unit distanceaway.

We note that in this de�nition, the medium accessdelay
has been ignored, and delay is measuredonly in terms of
the hop count. We note that the actual packet delay can be
decomposedinto thehopcountdelayandtheMAC delay. By
suitably scaling the packet size (see [6] for this approach),
we can achieve a MAC delay that is order-wise smallerthan
the hop-countdelay. Thus, in this regime, the hop-countwill
be representative of the packet delay. Even if sucha packet-
scaling was not employed, the delay with two broadcasting
schemescan be comparedusing a pair of metrics: (i) hop-
countdelay, and(ii) the“local” congestionabouta transmitting
node(i.e., the numberof transmissionsthat occur in a spatial
region) which clearly plays an importantpart in determining
the MAC delay. Thus, in addition to small hop-count, a
goodbroadcastingschemewill mitigatelocal congestion.This
observation motivatesus to later consider“branching” based
schemeswhere the number of transmissionsprogressively
increaseswith radialdistancefrom thesource,andhave(order-
wise)thesamehop-countasmore“concentrated”broadcasting
schemes.

In the caseof querying,the normalizeddelay corresponds
to the numberof iterationsrequiredto reachany given point
that is locateda unit distanceaway from the sourcenode.
In the context of informationspreading,the normalizeddelay
correspondsto theiterationsrequiredto spreadtheinformation
to a randomlychosenpoint which is a unit distanceaway from
the source.Thus, the above de�nition of delay allows us to
study the symmetricproblemsof information spreadingand
queryingwithin the sameframework.

We also de�ne the transmissionoverheadT(n) as the
total number of transmissionsby the iteration D(n), i.e.
T (n) =

P D (n )
k=1 jSk j; wherej:j denotesthe cardinality of the

set.Conventional�ooding basedstrategiesachievea broadcast
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delayof �( 1
M (n ) ) hopsin denselyconnectednetworks,asthe

minimum distanceof orderM (n) is coveredin eachiteration
alongall directions.In orderto comparethevariousbroadcast
strategies,we constrainthebroadcaststrategiesin all network
modelsto achieve order-wise optimal hop-delays.Further, if
thedelayis K

M (n ) ; K < 1 , for any arbitrarilypickednode,the
broadcastcanbe ef�ciently terminatedby settingTTL values
in the broadcastpackets appropriately. Thus, in the rest of
the paper, we only considerstrategies that have a delay of
�( 1

M (n ) ).

I I I . BROADCASTING IN NETWORKS WITH ZERO

INFORMATION.

In this section, we study the energy-delay trade-offs of
broadcasting,in networks with zero information.We assume
that the nodesin the network do not have any geographicor
stateinformation.That is, thenodeshave no knowledgeof the
locationsof their neighborsor of thebroadcastsource,andare
incapableof rememberingprevious messagesor transmission
routes.Since nodeshave no state information, decisionsto
retransmita received messagearemadeat the time of arrival
of the message.Thus, it is possiblefor the samemessageto
be received andtransmittedmultiple timesby a node.

To broadcastinformationin suchnetworkswith very limited
capability, we employ a simple broadcaststrategy basedon
randompacket forwarding,thatrequiresnostateor geographic
information. In this scheme,each transmitting node selects
only one retransmittingnoderandomlyfrom its neighborset
(the nodeswithin the radio rangeM (n)), and requeststhe
node to retransmitit. We study these“random walk” based
schemes,as they are a sequenceof simple communication
operationsand representative of broadcaststrategies possible
in networks with no information.

As discussedearlier in SectionII, to comparethe different
broadcastschemes,we requirethenormalizedbroadcastdelay,
D (n) = �( 1

M (n ) ). By randomlyforwardinga singlemessage,
it maynotbepossibleto achievetherequirednormalizeddelay
andhencewe initiatemultiplebroadcastsof thesamemessage,
correspondingto independentparallel randomwalks. That is,
we originateR(n) independentcopiesof the samebroadcast
messageat the sourcenode,and propagateeachmessageby
randompacket forwarding.

To analyzethe energy ef�ciency of the broadcaststrategy,
we choosea randomnodethatis a unit distanceaway from the
sourcenode,and computethe total numberof transmissions
T(n) that arerequiredto ensurethat the messageis received
by the chosennode,within �( 1

M (n ) ) iterations.The energy
ef�ciencies arestudiedin termsof the numberof broadcasts.

A. RandomPacket Forwarding

The packet forwarding based broadcast,with multiple
copiesof thebroadcastmessage,hasa simplecommunication
structure.ThesourcenodetransmitsR(n) independentcopies
of the broadcastmessage,i.e., for every copy of the message,
the sourcenode picks anothersensornode randomly from
its neighborset for retransmission.Every transmittingnode
has only one offspring node,and only one transmissionper

query/messageoccursat every iteration. That is, at the i th

iteration,thepositionof thetransmittingnodefor thek th copy
of the messageis

Sk
i = Sk

i � 1 + X k
i ; (3)

wheredenotesSk
l the position of the k th randomwalk after

l iterations and X k
i is the random displacementfrom the

nodetransmittingcopy k at iteration i � 1. We assumethat
X k

i are i.i.d random variables,with a common distribution
� . Sinceno geographiclocation information is available,we
assumethatthenext hopnodesarechosenuniformly randomly
from the neighborsetof eachtransmitterandassumethat the
distribution � is uniformly distributed over the compactset
BM (n ) (0), where B r (x) denotesa ball of radius r around
x. We use the following notation for n-fold convolutions of
� ,(i.e., thedistribution of n randomvariableswith distribution
� )

� (n +1) (A) :=
Z

� (n ) (A � x)� (dx) ; n 2 N; (4)

where� (1) := � .
For the above model of a network with Zero Informa-

tion, we show that the number of transmissionsincreasing
exponentiallywith 1

M (n ) (the network diameterin hops),are
necessaryandsuf�cient to ensureanoptimumbroadcastdelay.
Thefollowing theoremshows thatexponentiallylargenumber
of transmissionsare necessaryto achieve a delay D(n) =
�( 1

M (n ) ), using the broadcastingstrategy discussedearlier in
this section.We show that, even if the numberof pathsare
exponentiallylarge,theprobabilitythatnoneof thepathsreach
the radio rangeof the nodewithin �( 1

M (n ) ) stepsis high.
Theorem3.1: For any givenK < 1 , thereis a c > 1 such

that for R(n) = c
K

M ( n ) ,

P

 
\

l =1 ;:::;R ( n )

k=1 ;:::; K
M ( n )

Sl
k =2 B � (x)

!

� ! 1:

for some� > 0:
Proof:

P

 
\

l =1 ;:::;R ( n ) ;

k=1 ;:::; K
M ( n )

Sl
k =2 B � (x)

!

= P
� \

k=1 ;:::; K
M ( n )

S1
k =2 B � (x)

� R(n )

�
�

1 �

K
M ( n )X

k=1

P(S1
k 2 (B � (x))

� � R(n )

�
�

1 �
K

M (n)
max

k
P(S1

k 2 (B � (x))
� � R(n )

:

Note that P
�

S1
k 2 B � (x)

�
� P

�
S1

k 2 B c
1� � (0)

�
. By

Chernoff 's bound, P(S1
n 2 B c

1� � (0)) � e� nI ( � ) , for small
� > 0, whereI is theratefunctionassociatedwith therandom



6

variables.Hence,

P
� \

l =1 ;:::;R ( n ) ;

k=1 ;::: ; K
M ( n )

Sl
k =2 B � (x)

�

�
�

1 �
K

M (n)

�
e� K

M ( n ) I ( � )
�� R(n )

: (5)

Let R(n) = c
K

M ( n ) for any c < e� I ( � )=2 then,the R.H.S term
tendsto 1 asn ! 1 .

Thus, the total numberof requiredtransmissions,T(n) =
c

K
M ( n ) � 2

M (n ) , grows exponentiallywith thenetwork diameter
1

M (n ) .
We now show in following theoremthat it is also suf�-

cient to have exponentiallylarge numberof transmissions,to
achieve a delay of �( 1

M (n ) ), using the broadcastingstrategy
discussedearlier in this section.

Theorem3.2: Consider R(n) independentrandom walks
starting from S0 = 0 and any given point x = (x1; x2) on
the boundaryof the compactball B1(0). Then,thereexists a
c < 1 suchthat for R(n) � c

1
M ( n ) ,

lim
n !1

min
k2 1;:::;R (n )

jjSk
2

M ( n )
� xjj � M (n) � 0: (a:s)

That is, thereexists a randomwalk that is arbitrarily close
to x, after 2

M (n ) iterations.
Proof: We prove the above claim by using Borel-

Cantelli's lemmaand showing that, the probability that none
of therandomwalksare`close' to thepoint x is `exceedingly'
small. That is, to prove that mink2 1;:::;R (n ) jjSk

2
M ( n )

� xjj �

M (n), we show that
X

n

P(
\

k2 1;:::;R (n )

Sk
2

M ( n )
=2 BM (n ) (x)) < 1 :

P(
\

k2 1;:::;R (n )

Sk
2

M ( n )
=2 BM (n ) (x))

= f P(S1
2

M ( n )
=2 BM (n ) (x))gR(n ) (6)

= f 1 � � ( 2
M ( n ) ) (BM (n ) (x))gR(n ) ; (7)

Equation 6 is due to the independenceof the random
walks, and Equation7 follows, as S1

2
M ( n )

is the sum of i.i.d

randomvariables,with distribution � . To provide an upper
bound for P(S1

2
M ( n )

=2 BM (n ) (x)) (i.e. a lower bound on

� ( 2
M ( n ) ) (BM (n ) (x)) ), we needthe following claim.
Claim 1: Thereexists sub-probabilitymeasures� 1; � 2 and

constants� 1; � 2 > 1 suchthat
1) � 1� 1,� 2� 2 areprobabilitydistributions,symmetricabout

M (n )
2 x1 and M (n )

2 x2,
2) � 2

� 1
; � 2

� 2
> 0, with compact supportsB1; B2 � R

respectively,
3) � n (B � (x)) � (� 1� 2)� n � (n ) (B � (x)) , where� = � 1� 1 �

� 2� 2, i.e., the productdistribution.
We constructa sub-probabilitymeasure� suchthat � = �

on the setA � BM (n )(0) � R2 andzeroelsewhere,where

A = f y : jjy �
M (n)

2
xjjL 1 <

M (n)
10

g:

Thus, if (x1; x2) are the componentsof the vector x, the
measure� is de�ned on the productspace

A = [
M (n)

2
(x1 �

1
5

);
M (n)

2
(x1 +

1
5

)]

� [
M (n)

2
(x2 �

1
5

);
M (n)

2
(x2 +

1
5

)]:

Hence,the measure� over the set A can be expressedin
productform as follows:

� = � 1 � � 2;

where� 1 is a measureon B1 = [ M (n )
2 (x1 � 1

5 ); M (n )
2 (x1 + 1

5 )]
and� 1 is a measureon B2 = [ M (n )

2 (x2 � 1
5 ); M (n )

2 (x2 + 1
5 )]:

Now, let � 1; � 2 > 1 such that � 1� 1,� 2� 2 are probability
distributionsover their respective supports.Then,� = � 1� 1 �
� 2� 2 is a probability measureon A.

To prove Claim 1 (iii), we establishthe following lemma.
Lemma3.1: Let �; � and � be asde�ned above. Then

� ( l ) (x) � � ( l ) (x) =
1

(� 1� 2) l � ( l ) (x)

Proof: We prove this by induction.Clearly, for l = 1, we
have � (x) � � (x). Let us assumethat for l � 1, � ( l � 1) (x) �
� ( l � 1) (x). Since� ( l ) = � ( l � 1) � �; we have

� ( l ) (x) =
R1

�1 � ( l � 1) (y)� (x � y)dy

�
R1

�1 � ( l � 1) (y)� (x � y)dy

= � ( l ) (x) (8)

) � ( l ) (x) � � ( l ) (x) =
1

(� 1� 2) l � ( l ) (x) (9)

Werequirethefollowing corollaryof theresultin [7] Thm.1,
pg. 533, ontheconcentrationof thedistributionaboutits mean.

Lemma3.2: We assumethat  is a probability measure
with meant; variance� 2

 > 0, anda compactsupportB � R.
Then,for someK < 1 ,

 (n )
��

nt � "
2 ; nt + "

2

� �
�

K
p

n
; 8n > N0 2 N:

In our scenario,wherethe supportfor the distribution � is
not unit lengthbut within a c1M (n) lengthinterval, the result
canbe modi�ed to show that

� 2
M ( n )

�
[x1 � � 0M (n); x1 + � 0M (n)]

� [x2 � � 0M (n); x2 + � 0M (n)]
�

�
K M (n)

2
: (10)

To show Theorem3.2,we apply Lemma3.1 to Equation7,
to seethat

P(S1
2

M ( n )
=2 BM (n ) (x)) = 1 � � ( 2

M ( n ) ) (BM (n ) (x))

� 1 � (� 1� 2)� 2
M ( n ) � ( 2

M ( n ) ) (BM (n ) (x)) : (11)

Notice that

� ( l ) (BM (n ) (x))

� � 1� 1( l ) [l
M (n)

2
x1 � � 0M (n); l

M (n)
2

x1 + � 0M (n)]

� � 2� 2( l ) [l
M (n)

2
x2 � � 0M (n); l

M (n)
2

x2 + � 0M (n)]: (12)
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(ii) Radial Progress

0

q
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Fig. 4. Randompacket forwardingwith knowledgeof sourcelocation,and
local quadrants

Applying Lemma3.2 to thedistributions� 1� 1 and� 2� 2, we
seethat for a large enoughK ,

� ( l ) (BM (n ) (x)) �
K
l

8l 2 N: (13)

It follows by Equation11 that

f P(S1
2

M ( n )
=2 BM (n ) (x))gR(n )

= f 1 � � ( 2
M ( n ) ) (BM (n ) (x))gR(n ) ; (14)

� f 1 � (� 1� 2)� 2
M ( n )

K M (n)
2

gR(n ) ; (15)

Let c > (� 1� 2)2. Then, it is seenthat
X

f 1 � (� 1� 2)� 2
M ( n )

K M (n)
2

gc
1

M ( n )
< 1 (16)

Thus,for R(n) = c
1

M ( n ) , weshow, by usingBorel-Cantelli's
lemmathat

lim
n !1

min
k2 1;:::;R (n )

jjSk
2

M ( n )
� xjj � M (n) � 0: (a:s):

Remark3.1: Thus, the resultsin this sectionindicate that
exponentiallylargenumberof transmissionsarenecessaryand
suf�cient to successfullybroadcastin sensornetworkswith no
geographicor stateinformation.We alsonotethat,by employ-
ing multiple queries/messages,the numberof transmissions
by nodescloseto the sourcenodeincreaseslinearly with the
R(n). In networkswith Zero Information,this translatesto an
exponentially large numberof transmissionsin a small area
(areasof thesizeof the radio range)closeto thesourcenode,
causingnetwork congestion.

IV. BROADCASTING IN NETWORKS WITH SOURCE

QUADRANT INFORMATION

In this section,we study the ef�ciency of broadcastingin
networks with sourcequadrantinformation and computethe
numberof transmissionsrequiredto obtaina normalizeddelay
of �( 1

M (n ) ). We assumethat the nodeshave only a local
notion of four directionswhich are not necessarilycommon
to all nodes.That is, the nodesarecapableof groupingtheir
neighborsinto four differentquadrants,wheretheorientations
of the quadrantsarechosenindependentlyby differentnodes.
To modelthis,weassumethattheorientationsof thequadrants
are uniformly distributed betweenangles0 and 2� , and are

chosenindependentlyof the local quadrantsat other nodes.
We also assumethat there is some data embeddedin a
packet's headerthat enablesan intermediatenode to infer
coarsegeographicsource location w.r.t its local quadrants.
This could be implemented,for instance,if the packet has
the sourcelocation embeddedin its headerand nodeshave
possiblyfaulty GPS(see[21]). Thus, the nodesare assumed
to have Source Quadrant Information. However, we do not
assumethat the nodeshave any state information i.e., they
are incapableof rememberingany previous transmissionsor
messages.

To broadcastin networks with limited geographicinforma-
tion, we study broadcastingstrategies similar to the schemes
presentedin Section III. The broadcaststrategy follows the
random packet forwarding model, but utilizes the location
informationto directthepacketsradially away from thesource
node, reducingthe broadcastredundancy. We again use the
multiple independentquery model to achieve a normalized
delayof �( 1

M (n ) ). The broadcaststrategy is as follows:

1) The sourcenodepicks R(n) neighborsuniformly ran-
domly (i.e., R(n) points independentlychosenfrom its
neighborset),andsendsthebroadcastmessageto them.

2) Each of the nodes,on receiving a requestto transmit,
retransmitthemessageandchooseexactly oneneighbor
from the“local” quadrantoppositeto thesource's quad-
rant,andrequestthatneighborto retransmitthemessage.

A. BroadcastModel with Source Information

Let the sourcenodebe at 0, and considerany given copy
(indexed by k = 1toR(n)) of the broadcastmessage.We
denote the transmitting node at the i � 1th iteration to be
Sk

i � 1. Since the SourceQuadrantInformation is available to
all nodes,the transmittingnodefor the i th iteration (i � 2),
Sk

i = (Z k
i ; � k

i ) (in polarcoordinates)is chosenuniformly from
the quadrantoppositeto the source.Let us denotethe offset
angle(from the line joining the sourceand the node)by � k

i
and the offset lengthby X k

i , asshown in Figure4(i). Notice
that the sourcequadrantinformationat the nodesrestrictsthe
offset angleto be within [� � =2; � =2].

Theradialprogressin thei th jump is de�ned astherandom
variableY k

i = jjSk
i jj � jjSk

i � 1jj , with supportin [0; M (n)]. As
the initial direction of transmissionis uniformly distributed
over [0; 2� ],(the source node picks its transmitting nodes
uniformly from within its circular radio range),Sk

i are also
angularlyuniformly distributed(seeTheorem7.1 in Appendix
for a formal proof of this claim).

From the geometryof the paths,anddueto the availability
sourcequadrantinformation, we seethat the radial progress
is alwayspositive in every step.Further, in all steps,we have

Y k
i � X k

i cos� k
i : (17)

SeeFigure4(ii) for anillustrationof this property. Therandom
variablesX k

i cos� k
i are i.i.d randomvariables,with support

[0; M (n)] � R andE(X k
i cos� k

i ) = dM (n); d > 0:
Under theseconditions,the following theoremprovidesan

upperboundon thenumberof transmissionsrequiredto ensure
a delayof �( 1

M (n ) ).
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Theorem4.1: ConsiderR(n) randomwalks starting from
S0 = 0 and any given point x = (1; � � ) on the boundaryof
thecompactball B1(0). Let c = 2

d : Then,for R(n) � 1
M (n )

�
,

� > 1,

min
k2 1;:::;R (n ) ; i 2 1;:::; c

M ( n )

jjSk
i � xjj � M (n): (prob:)

Proof: We de�ne thehitting time � k asthe�rst time-step
the path k hits a ball of radius1 � M (n), i.e. the boundary
of the set B1� M (n ) (0). Notice that the event f � k = ig is
equivalent to the event that f Z k

i > 1 � M (n) & Z k
i � 1 <

1� M (n)g. By a ^ b, we denotethe minimum of the integers
a andb.

The probability that no path reachesthe point x,

P
� \

1� k � R (n ) ;1� i � c 1
M ( n )

Sk
i =2 BM (n ) (x)

�

= P
� \

k2f 1;��� ;R (n )g

Sk
� k ^ c

M ( n )
=2 BM (n ) (x)

�

=
n

P
�

S1
� 1 ^ c

M ( n )
=2 BM (n ) (x)

� oR(n )
(18)

as the paths1 � k � R(n) are independentand identically
distributed.

Considerthe probability that the 1st pathdid not reachthe
nodex in c

M (n ) steps.

P
�

S1
� 1 ^ c

M ( n )
=2 BM (n ) (x)

�

=
1X

k=1

P
�

S1
� 1 ^ c

M ( n )
=2 BM (n ) (x)jf � 1 = kg

�
P

�
� 1 = k

�

�

c
M ( n )X

k=1

P
�

S1
k =2 BM (n ) (x)jf � 1 = kg

�
P

�
f � 1 = kg

�

+ P(� 1 �
c

M (n)
): (19)

To show thatthesecondtermof Equation19,P(� 1 � c
M (n ) )

is exponentiallydecaying(with respectto 1
M (n ) ), we �rst note

that (seeEquation17) the radial progressof the �rst message
in c

M (n ) stepsis lowerboundedby
P c

M ( n )

1 X 1
i cos� 1

i . Thusthe
probability that the radial progresswas within the unit circle
after c

M (n ) steps,

P(� 1 �
c

M (n)
) � P(

c
( M ( n )X

i =1

X 1
i cos� 1

i � 1) � exp� 
 1
M ( n ) ;

(20)
for some
 > 0. Equation20 is by Chernoff 's Inequality for
sumsof randomvariablesX 1

i cos� 1
i , whosemeanis dM (n).

Now, given the equivalenceof the events f � 1 = kg and
f Z 1

k > 1 � M (n); Z 1
i � 1 < 1 � M (n)g, we demonstratean

upperboundfor the �rst term of Equation19. We have, for
1 � k � c

M (n ) ,

P
�

S1
� 1 ^ c

M ( n )
=2 BM (n ) (x)jf � 1 = kg

�

= P
�

S1
� 1 ^ c

M ( n )
=2 BM (n ) (x)jf Z 1

k > 1� M (n ) ; Z 1
i � 1 < 1� M (n )g

�
:(21)

Since� 1 is a hitting time, the path must be within an M (n)
distancefrom the boundary. Hence,

P
�

S1
k =2 BM (n ) (x)jf Z 1

k > 1� M (n ) ; Z 1
i � 1 < 1� M (n )g

�
�

P
�

f � 1
k 2 [� � � M (n )

4 ; � � + M (n )
4 ]gjf Z 1

k > 1� M (n ) ; Z 1
i � 1 < 1� M (n )g

�
:(22)

By the uniform distribution of � 1
� 1 (see Theorem7.1 in

Appendix for a proof of this assertion,and for independence
of � 1

� 1 and � 1), it follows that

P
�

f � 1
k 2 [� � � M (n )

4 ; � � + M (n )
4 ]gjf Z 1

k > 1� M (n ) ; Z 1
i � 1 < 1� M (n )g

�

=
M (n)

4�
: (23)

By Equations19,22,23andfor somek2 > 0

P
�

S1
� 1 ^ c

M ( n )
=2 BM (n ) (x)

�
� 1 � k2M (n): (24)

For R(n) = 1
M (n )

�
; 8� > 1,

P
� \

k2f 1;��� ;R (n )g

Sk
� 1 ^ c

M ( n )
=2 BM (n ) (x)

�

� f 1 � k2M (n)gR(n ) ! 0: (25)

Theorem4.1 thus follows.
Remark4.1: Thus, the total number of transmissions

T(n) = (R(n) � c1
M (n ) ) is less than ( 1

M (n ) )� for any � >
2. The results demonstratethat it is suf�cient for ( 1

M (n ) )2

transmissionsto broadcastto any randomlychosenpoint that
is a unit distanceaway from thesource,with local geographic
knowledge, even without any suppressionof transmissions.
However, we notethat thebroadcaststrategy causesa polyno-
mially large (of order 1

M (n ) ) numberof transmissionsaround
the sourcenode,causingsigni�cant congestion,althoughthe
congestionis substantiallylower, comparedto broadcasting
with Zero Information, where the number is exponentially
large.

V. BROADCASTING WITH L IMITED STATE INFORMATION

In this section,we analyzebroadcastingin networks with
limited state information. We assumethat the nodesin the
network arecapableof rememberingpreviously receivedmes-
sagesand their decision to transmit or to not transmit the
received message.However, we assumethat the nodeshave
no knowledgeof the position of the neighborsor the source
node.In suchnetworks with very little stateinformation,and
no location information, we study broadcaststrategies that
possessbroadcastdelaysof D(n) = �( 1

M (n ) ) and compute
thenumberof transmissionsrequiredto achievetheorder-wise
optimal delays.The broadcastschemewe study is a variation
of thegossipalgorithmpresentedin [9] wherea nodedecides
to retransmitthebroadcastmessagewith a probabilityp, upon
the �rst arrival of the message.The broadcastalgorithm we
employ is describedbelow.

1) In the �rst iteration, the source node S0 transmits
the message`m', to all its neighbors,and chooses
C log 1

M (n ) nodesrandomlyfrom its neighborset,and
requeststhemto retransmitthe message.
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Fig. 5. Branchingin Sensornodes.

2) In the next iteration, the chosennodestransmit their
messageand chooseC log 1

M (n ) nodesrandomly from
their neighbor sets, but nodesthat have received the
previousbroadcastof themessageignoreall subsequent
broadcastsof the samemessage.Thus, nodeschosen
from regions that hadpreviously heardthe messagedo
not transmit.

3) The processis repeatedlyiteratedto spreadthe query
over the network.

Thus,thealgorithmemploys thestateinformationto suppress
redundanttransmissionsin regions that have previously re-
ceived the broadcastmessage.For this “location-less”broad-
castscheme,we show that thedelayD(n) = �( 1

M (n ) ), while
thetotalnumberof transmissionsareO( 1

M (n )
�

); where� > 2.
In the following theorem,we �rst prove that the broadcast

algorithmdiscussedpreviously achievesa delayof �( 1
M (n ) ).

We show this , by choosingany nodeX , that is a unit distance
away from the SourcenodeS0 and demonstratingthat there
is a transmissionwithin the radio rangeof that given node
within �( 1

M (n ) ) iterations.
By our notationsin SectionII, we de�ne Si to be thesetof

transmittersin iterationi andPi to bethesetof all transmitters
till iteration i .

Theorem5.1: Let S0 = 0, X be any given point suchthat
jjX � S0jj = 1. Then,for some� > 0, thereexistsa 0 < C� <
1 , suchthat for C = C� ,

min
Y 2P 1

�M ( n )

jjX � Y jj � M (n) (prob:) (26)

Proof:
Consider tiles of size �M (n) � �M (n) about the line

connectingthesourcenodeandX , asin Figure5. We choose
� > 0 such that a transmission(of range M (n)) in any
tile covers the adjacenttiles as well (it can be seenthat for
any � < 1

3 , this condition is satis�ed). A tile is de�ned to
be `covered' if all nodeswithin the tile have received the
broadcastmessage;elseit is de�ned to be`uncovered'.Let A t

betheeventf Tile Tt coveredby timetg andlet theeventE t be
theevent f Somenodein Tile Tt waspickedasa transmitterg.
We requirethe following lemma.

Lemma5.1: The probability

P(E c
t =A t ) = P

�
No transmissionsin tile Tk jA t

�
� M (n)

C � 2
� :

(27)
Proof: Let W be any partitioningof the tile Tt . Let the

partition W be the union of disjoint setsFi ; i = 1; � � � ; f (n),

where the disjoint sets Fi correspondto the incrementally
coveredregionsof thetile Tt , overdifferenttransmissions(see
Figure 5 for an illustration). Let l (Fi ) denotethe fraction of
the areaof Fi in the tile, with

P f (n )
i =1 l (Fi ) = 1: Then,

P
�

E c
t jA t

�
=

Z
P

�
E c

t jA t ; W
�

d� A t (W); (28)

where � A t (W) is the probability that the partition W was
createdby thetransmissionprocess.Wenow deriveanuniform
upperboundonP

�
E c

t jA t ; W
�

(whichdoesnotdependonW),
andhence,provide an upperboundon L.H.S of (28).

Sincewe chooseC logM (n) nodesuniformly from anarea
of � (M (n))2, the probability

P
�

E c
t jA t ; W

�
=

f (n )Y

i =1

�
1 �

l (Fi )� 2

�

� C log 1
M ( n )

=
f (n )Y

i =1

M (n)

�
C log ( 1

1�
l ( F i ) � 2

�

)

�

;

= M (n)
� C

�
P f ( n )

i =1 log (1 � l ( F i ) � 2

� )

�

:(29)

As M (n) < 1; we now have from (29) P
�

E c
t jA t ; W

�
�

M (n)[C � � ]; where

� � = � max
x i :1� i � f (n )

f (n )X

i =1

g(x i ); s.t.
f (n )X

i =1

x i = 1;

g(x) = log(1 � (� 2=� )x)x i ; x 2 [0; 1]; (30)

It can be directly computedto show that g(x) is a negative
concave function with g(0) = 0; g(1) = log(1 � (� 2=� )) : By
usingLagrangeMultipliers, it canbeshown thatfor each�x ed
f (n), the maximum is achieved when x i = 1

f (n ) , for all i .
Thus,

� � = � max
f (n )

f (n)g(
1

f (n)
): (31)

Further, we have log(1 � (� 2=� )) � � (� 2=� ), and hence,
� � � (� 2=� ): The resultnow immediatelyfollows.

Now, theprobability that the tile Tt +1 wascoveredby time
t + 1

P(A t +1 ) � P(A t \ E t ); (32)

= P(A t )P(E t =A t ); (33)

= P(A t )
h
1 � P(E c

t =A t )
i
: (34)

Notethat the inequalityin (32) is dueto thefact that theevent
A t \ E t implies A t +1 , by construction.Utilizing Lemma5.1
in (34),

P(A t +1 ) � P(A t )
�

1 � (M (n))C � 2 =�
�

�
�

1 � (M (n))C � 2 =�
� t

(35)

Hence,it follows that

P(A 1
M ( n )

) �
�

1 � (M (n))C � 2 =�
� 2

M ( n )
! 1; (36)
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for C � 2

� > 1. Thus it is seenthat by iteration K
M (n ) , the tile

T K
M ( n )

is coveredwith high probability.

By our construction,we seethat in any tile T, the numberof
transmissionsis no greaterthanC log1=M (n). Sincethe total
numberof tiles is no greaterthanK ( 1

M (n ) )2, thetotal number
of transmissionsT(n) � K 1( 1

M (n ) )2 log1=M (n).
Remark5.1: The results in this section demonstratethat

“stateinformation” in thenetworkscanbeutilized to simulta-
neouslyreducethe numberof transmissions,andto distribute
thetransmissionsmoreuniformly over thenetwork. Theproof
in this sectionsshow that the state information inherently
provides a linear drift, emphasizingthe role of suppression
in ef�cient broadcasting.Further, the resultscanbe extended
to show that the branchingalgorithm can spreadinformation
uniformly in a two dimensionalregion. Moreover, uniformly
spacedtransmissionsconsiderablyreducethecongestionin the
network.

VI . BROADCASTING OVER A LATTICE WITH LOCAL

DIRECTION INFORMATION

In this section,we study the problem of broadcastingto
a set of spatially uniform nodes(lattice points) in networks
where nodeshave no “state” or geographicinformation, but
only a rudimentarysenseof local direction. That is, each
sensornode in the network has an approximatesenseof
`East', `West', `North' and`South', formally de�ned in VI.A.
Necessityfor sucha broadcastingschemecould arisewhena
spatiallyuniform sampleof an underlyingphysicalprocessis
requiredby anapplicationat thesourcenode(see�gure 3). For
example,a sensornetwork deployed for measuringair quality
might requiremeasurementsfrom thesensornetwork sampled
uniformly over the deployed region; and thus, will need to
senda query/messageto the appropriatesubsetof nodes.We
examineif suchqueries/messagescanbe broadcastef�ciently
with the availability of “local direction” information, and
proposea randomtree basedbroadcastprotocol that utilizes
the local information to spreadmessagesover the network.
Under this broadcastscheme,we compute the number of
transmissionsrequiredto reacha circularadvertisementregion
of radiusA(n) aboutthe destinationnode(a lattice point that
is a unit distanceaway) within a delayof �( 1

M (n ) ).

A. Broadcastand NetworkModel

We assume that sensor nodes in the network have
an approximate knowledge about four antipodal direc-
tions d(1) ; d( j ) ; d( � 1) ; d( � j ) ; In particular, the transmitting

nodes have a local estimate of four antipodal directions
�d(1) ; �d( j ) ; �d( � 1) ; �d( � j ) ; suchthat for all l 2 f 1; j; � 1; � j g

E(d( l ) : �d( l ) ) = c; c > 0 andE( �d( l ) ) = d( l ) : (37)

In other words, we assumethat the direction estimatesare
unbiasedandwith a positive projection.We note that the ex-
pectedprojectioncould be differ betweendirections,however
we choosea uniform projectionin all directionsfor notational
simplicity.

We also assumethat the packet containsinformation on
the direction of travel, and a counter, to keep track of the
numberof hopstraveledby a packet (Figure6). Without loss
of generality, we formally de�ne the four directions to be
d(1) = (1; 0), d( j ) = (0; 1), d( � 1) = (� 1; 0) and d( � j ) =
(0; � 1)(SeeFigure 6). Thus, in a transmissionby a node x
alongthedirectiondi , thedistancetraveledin thattransmission
is a randomvariableX , with support[0; M (n)]di � R2, and
E(X ) = cM (n)di ; c > 0.

For networks with local direction information, the ran-
domized tree (branchingwalk) basedbroadcaststrategy is
performedas follows (seeFigure7).

1) The source node S0 = 0 transmits a query to a
randomlychosenretransmissionnodein eachdirection.
Thepacketscontainthedata,thedirectionin which they
weresent,and the Time to Branch(TTB)counteris set
to p(n) (SeeFigure6).

2) The retransmissionnodes check the packet's TTB
counter. If TTB = 0, then the retransmissionnode
transmitsone query eachto the two orthogonaldirec-
tions to the previousstep,andsetsTTB = p(n), in the
newly createdquery packets. If TTB > 0, then TTB
value aloneis changedto TTB � 1, and the packet is
retransmittedalongthe samedirection.

Sincethe nodescreatetwo queriesat every branching,the
spatialdistribution of the query can be studiedas a process
indexedby a binary tree.Considera querysentby the source
nodealong the direction di . Let � denotean in�nite binary
tree, where the verticescorrespondto the queriesgenerated
by repeatedbranchingof the initial query. Let � ( l;k ) denote
the query at the kth vertex at depth l , with l 2 N, and k 2
J l := f 0; 1; : : : ; 2l � 1 � 1g. Let Z l

k bethepositionof thequery
� ( l;k ) , just beforethe i + 1th branching.Then,

Z l
k = Z l � 1

[ k
2 ]

+ Y l
k ; (38)

whereY l
k is the randomdistancetraveled by the query after

its l th branching.Hence,the randomvariable has a support
[0; p(n)M (n)]di andE(Y l

k ) = cp(n)M (n)di , wheredi is the
direction of travel of the query. As de�ned in SectionII, we
denoteby Si , the setof transmittersin the i th iteration.

Underthemodeldiscussedabove,we show that thenumber
of transmissionsto reach a circular advertisementregion
of radius A(n) = M (n) � ; � < 1

2 about any given point
x = (1; � � ) (in polar coordinates),with a normalizeddelay
of �( 1

M (n ) ) is 1
M (n )



; 8
 > 1. That is, we show that the

numberof transmissionsT(n) is only marginally greaterthan
an optimal numberof transmissions,if an advertising radius
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TTB =1

TTB =p(n) � 1

TTB =p(n) �1

TTB =1

Branching Node

d(�1)

d(j)

d

d

(1)

(j)

Source Node

TTB =1

Fig. 7. Illustrates the query branchingin sensornetworks. Note that the
branchesdo not follow straightlinesdueto approximatedirectionknowledge.

of A(n) = M (n) � ; � < 1
2 is allowed. We show this in the

following theoremfor rationalangles.
Theorem6.1: Consider any point X = (1; � � ) on the

boundaryof aunit ball aroundtheorigin. Considerabranching
queryprocessasdescribedabove.Then,thereexistsa 0 < b <
1 suchthat 8 < 1=2:

min
Y 2S b

M ( n )

jjY � X jjL 2 � M (n) � (prob:) (39)

Moreover,by iteration b
M (n ) , thetotal numberof transmissions

T(n) = O(
1

M (n)




); 8
 > 1: (40)

Proof: We �rst show Theorem6.1 for � � 2 [0; �
4 ] such

that tan � � is rational.The result follows for any � � 2 [0; �
4 ]

by the density of rationalsQ in R and by the continuity of
tan � � on [0; �

4 ]. For any other � � =2 [0; �
4 ], the result follows,

by symmetry.
The main stepsof the proof areas follows.

1) We employ a p(n) = 1
M (n ) log log 1

M ( n )
to createslowly

branchingtrees,
2) We show the existenceof a pathin the binary treewith

a meanangulardrift along� � .
3) We then show that the path lies within a radius

M (n) � ; � < 1
2 aboutthe destinationX .

Firstly, we describethe constructionof the path in the
binary tree.Let tan � � = r

q . Recall that the branchingoccurs
exactly once every p(n) = 1

M (n ) log log 1
M ( n )

hops in each

query. Further, notethatat eachbranching,exactly two queries
aresentalongthe two perpendiculardirectionsto the original
direction along which the query was traveling. That is, if a
query traveling along direction d(1) branched,the two new
querieswould be directedalongd( j ) andd( � j ) . Considerthe
initial queriessentalong the direction d( j ) and d( � j ) by the
sourcenodeS0.

1) We denote by D 1 := (d( j ) ; d(1) ; d( j ) ; d( � 1) ), a se-
quence of the directions of branchingsfollowed by
the query, as depictedin Figure 7(in dotted lines). In
particular (d( j ) ; d(1) ; d( j ) ; d( � 1) ) de�nes the path of a
query throughfour successive branchings;the direction
followedat eachbranchingprovidedby thesequenceof
directions.Similarly, we also de�ne anothersequence

of branchingsD 2 := (d( � j ) ; d(1) ; d( j ) ; d(1) ). From the
constructionof the tree, the expectedposition of the
query, after the branchings(d( j ) ; d(1) ; d( j ) ; d( � 1) ) is
cp(n)M (n)(2d( j ) ). The expectedposition of the query
after the sequenceof branchings(d( � j ) ; d(1) ; d( j ) ; d(1) )
is given by cp(n)M (n)(2d(1) ).

2) Considerthe sequenceof branchingsobtainedby fol-
lowing r branchings of type D 1, followed by q
branchings of type D 2, i.e., the sequenceD r q =
(D1; : : : ; D1| {z }

r terms

; D2; : : : ; D2| {z }
q terms

): The expected position of

the query after the sequenceof branchingsD r q is
cp(n)M (n)(2rd(1) + 2qd( j ) ).

3) We construct the sequenceof branchingsformed by
following l � branchingsof type branchingsD r q, where
l � = 1p

r 2 + q2 cp(n )M (n )
. That is,D � � = (D r q; : : : ; D r q| {z }

l � terms

).

Note that the expectedposition of the query after the
sequenceof branchingsD � � is

l � � cp(n)M (n)(2rd(1) + 2qd( j ) ) = (d(1) cos� � + d( j ) sin � � )

= (1; � � )(in polar coordinates.)

In effect, we constructa path with meandrift along � � , by
appendinga seriesof branchings.Note that the numberof
iterationsto reachthe end of the sequenceD � � is l � � (r +
q) � 4 � p(n) = b

M (n ) . Thus, by construction,we show the
existenceof apathsuchthatthemeanpositionafterb iterations
is the destinationnodeX . We now show that the position of
the path after the sequenceof branchingsD � � is within a
distanceM (n) � of its meanX = (1; � � ), for all � < :5, with
high probability.

Now, let � correspondto a binary tree createdby a query
alongthe directiond( j ) from the sourcenode.Notice that the
position of the path D � � is an elementof this tree, at depth
b. We denoteposition of the query after the sequenceD � �

by the randomvariable Z b
t , where t 2 f 1; � � � ; 2b� 1 � 1g.

Thus, the position of the query is given by (depthb, leaf t)
Z b

t =
P b� 1

i =0 Y b� i
[ t

2 i ] .

Let L 1 = f i : E (Y b� i
[ t

2 i ] ) = d(1) g, that is, the set of indices
suchthatthequeryis alongdirectiond(1) . Similarly, we de�ne
L 2 = f i : E (Y b� i

[ t
2 i ] ) = d( j ) g, L 3 = f i : E (Y b� i

[ t
2 i ] ) = d( � 1) g

andL 4 = f i : E (Y b� i
[ t

2 i ] ) = d( � j ) g.
Sincethesesetsareconstructeddeterministically, werewrite

sumin (??) as follows.

Z b
t =

X

i 2 L 1

Y b� i
[ t

2 i ] +
X

i 2 L 2

Y b� i
[ t

2 i ] +
X

i 2 L 3

Y b� i
[ t

2 i ] +
X

i 2 L 4

Y b� i
[ t

2 i ] (41)

Notice that Y b� i
[ t

2 i ] for i 2 f L r ; r = 1 to 4g are i.i.d. random

variables.Fox example,Y b� i
[ t

2 i ] ; i 2 L 1 is a randomvariable

correspondingto a queryalongthe directiond(1) . Thus,each
random variable in this set is a sum of p(n) hops along
directiond(1) . Thus,

Y b� i
[ t

2 i ] = d(1)

� p(n )X

m =1

Rm

�
; (42)



12

whereRm are i.i.d. randomvariableswith support[0; M (n)]
and mean cM (n). (See discussionin VI.A for the above
construction).SinceeachrandomvariableY b� i

[ t
2 i ] is a sum of

p(n) randomvariablesof kind Rm , we have the following
claim.

Claim 2: Let :5 < � < 1. Then,

P
�

jjY b� i
[ t

2 i ] � c(M (n)p(n))d(1) jj > M (n)(p(n)) �
�

� e� p(n )2� � 1 � ; (43)

for some� > 0.
Proof: By construction,

P
�

jjY b� i
[ t

2 i ] � (M (n)p(n)c)d(1) jj > M (n)(p(n)) �
�

� P
� p(n )X

m =1

(Rm � M (n)c) > M (n)(p(n)) �
�

: (44)

Let ~Rm = 1
M (n ) Rm : Then,note that

P
� p(n )X

m =1

(Rm � M (n)c) > M (n)(p(n)) �
�

= P
� p(n )X

m =1

( ~Rm � c) > (p(n)) �
�

= P
� 1

(p(n)) �

p(n )X

m =1

( ~Rm � c) > 1
�

� e� p(n )2� � 1 � ; � > 0: (45)

A similar inequality can be derived for the negative side as
well. We skip the details for brevity. The inequality in (45)
follows from the result ([3]) in moderatedeviationsaboutthe
mean,for sumsof randomvariables.

ConsiderthepathD � � . It is easilyseenthat thereare(2q+
r ) � l � queriesin the pathalongdirectiond(1) , (2r + q) � l � in
thepathalongdirectiond( j ) , (r ) � l � in thepathalongdirection
d( � 1) and(q) � l � in the pathalongdirectiond( � j ) . Note that
this implies that for the �rst term on the R.H.Sof (41)

P
�

(jj
X

i 2 L 1

Y b� i
[ t

2 i ] �
2q + r

p
r 2 + q2

d(1) jj > K (p(n)) � � 1
�

� e� p(n )2� � 1 � 1 ; (46)

for some� 1 > 0; andK < 1 . Using a similar boundfor all
the termson the R.H.Sof (41), andnoting that

X =
2q + r

p
r 2 + q2

d(1) +
2r + q

p
r 2 + q2

d( j )

+
r

p
r 2 + q2

d( � 1) +
q

p
r 2 + q2

d( � j ) ; (47)

we �nd that

P
�

jjZ b
t � X jj > K 1(p(n)) � � 1

�
� e� p(n )2� � 1 � 2 (48)

for some � 2 > 0, and K 1 < 1 . Since p(n) =
1

M (n ) log log 1
M ( n )

, the quantity K (p(n)) � � 1 = O(M (n) � ) for

all � < 1 � � , and thus,(39) follows.
The total numberof transmissionsin any binary tree by

iteration b
M (n ) is given by p(n) � 2K log log 1

M ( n ) , where

M(n) Sub-Critical Super-Critical
Parameter Prob. Parameter Prob.

0.11 c = 1.4 0.12 c = 2.0 0.99
0.09 c = 1.4 0.09 c = 1.9 0.93
0.07 c = 1.4 0.02 c = 2.0 0.99

TABLE II

ZERO INFORMATION - SUCCESS PROBABIL ITY WITH 15=M (n)

I TERATIONS

M(n) Sub-Critical Super-Critical
Parameter Prob. Parameter Prob.

0.11 
 = 1.5 0.25 
 = 3.0 1.00
0.09 
 = 1.5 0.2 
 = 2.7 0.97
0.07 
 = 1.5 0.07 
 = 2.7 0.97

TABLE III

SOURCE QUADRANT INFORMATION - SUCCESS PROBABIL ITY WITH

2=M (n) I TERATIONS

K log log 1
M (n ) is the depth of the binary tree. Notice that

we createfour binary trees,and hencethe total numberof
transmissionsT(n) = 4p(n) � log 1

M (n )
K

, which is order-wise
smallerthan 1

M (n )



for all 
 > 1.

Remark6.1: Thus,theresultsin this sectionshow thateven
with approximatelocal direction information, the numberof
transmissionsto reach an advertisementregion of

p
M (n)

is only �( 1
M (n )



). That is, a polynomialnumberof transmis-

sionsaresuf�cient to spreadqueriesef�ciently to latticepoints
in networks with approximatelocal direction.

VI I . SIMULATION RESULTS

In this section,we provide simulationresultsfor the strate-
gies consideredin this paper. In all the simulations, we
set the source location to be at (0; 0). For the �rst three
broadcaststrategies, the destinationis chosento be at (1; 0):
For spatial sampling (broadcastingon a lattice), we choose

M(n) Sub-Critical Super-Critical
Parameter Prob. Parameter Prob.

0.11 C = 1 0.26 C = 2.0 0.99
0.09 C = 1 0.25 C = 2.0 1.00
0.07 C = 1 0.12 C = 2.0 1.00

TABLE IV

STATE INFORMATION - SUCCESS PROBABIL ITY WITH 5=M (n)

I TERATIONS

M(n) Sub-Critical Super-Critical
Parameter Prob. Parameter Prob.

0.06 � = 0.8 0.18 � c = 0.4 0.94
0.04 � = 0.8 0.16 � c = 0.4 0.90
0.02 � = 0.8 0.20 � c = 0.4 0.98

TABLE V

SPATIAL SAMPLING BY BRANCHING - SUCCESS PROBABIL ITY WITH

15=M (n) I TERATIONS
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Fig. 8. SamplePathsof Broadcastsin Networks with Local Information

the destinationto be at (:7; :7) (for betterrepresentation).For
eachof the strategies,we provide simulationresultsto show
the probability of “success”(appropriatelyde�ned for each
strategy) for varying parametersand averagedover 50 runs.
The transmissionradius is chosensuch that the numberof
hopsbetweenthe sourceanddestinationis about10 – 15.

In Table II, we have provided the probability that a query
reacheswithin an M (n) distanceof the destination(success)
within �(1 =M (n)) for thecasewherethereis no information.
We have earliershown that an exponentialnumberof queries
are necessaryand suf�cient for broadcastingwithout infor-
mation.To illustrate this by simulation,we have chosentwo
constantsci ; i = 1; 2 and the numberof parallel queriessent
by the sourceis c1=M (n )

i : The tableshows that if c1 is chosen
small enough(but still resultingin an exponentialnumberof
queries),the probability of successis small, while a larger
valueof c2 resultsin a successprobability that is closeto '1',
aspredictedin SectionIII. A samplepathof theparallelquery
strategy is illustratedin Figure8.

In Table III, nodeshave source-quadrantinformation, thus
requiringonly a polynomialnumberof parallelqueries(with
the exponent being 2). In the table we have chosentwo
growth exponents
 1 < 2 < 
 2 (i.e, the numberof parallel
queriesis (1=M (n) 
 )), and the resultsdemonstratea “sub-
critical” rate anda “super-critical” rate (i.e., the probabilities
are close to '0' or '1' respectively). In Table IV, a similar
resulthasbeenplottedfor thesuppressionbasedstrategy (local
state-information),with upto C log(1=M (n)) new transmitters
chosen(prior to suppression).Again, we can see the sub-
critical and super-critical behavior. Finally, in Table V, we
haveshown a sub-criticalandsuper-critical behavior for lattice
�ooding, with an advertisementradiusA(n) = M (n) � : We
have chosen� 1 < 0:5 < � 2 to show that the advertisement
region needsto be large enoughfor success.Samplepathsof
all the strategiesdescribedabove are illustratedin Figure8.

APPENDIX

Considerthe spatial position (in polar coordinates)Sk
i =

(Z k
i ; � k

i ) of the kth packet after i steps, as describedin
Section IV. Under the model describedin that section,we
show herethat the radial progressof a packet is independent
of its angularposition,andtheangularpositionat themoment
it reachesthe unit ball is uniform in [0; 2� ].

Theorem7.1: Let (Z i ; � i ) be the polar coordinatesof the
kth packet after i steps,for any k. Then,Z i is independentof
� i 8 i . Also, � � is uniformly distributed in [0; 2� ].

f (1)

f (2)

z(2)

q(2)

|OA| = Z(1)

|OB| = Z(2)

|AB| = R(2)

O

B

A

Fig. 9. Independenceof the angleandradial progress.

Proof: We �rst prove that Z2 is independentof � 2, and
show that � 2 is uniform. We then extend this argument to
show the result for any Z i and � i .

ConsiderFigure 9. Initially, the packet choosesa random
neighbor A = (Z1; � 1) to retransmit. Notice that as the
point is uniformly chosenfrom within the whole circle, Z1

is independentof � 1, and� 1 is uniform in [0; 2� ]. In thenext
hop, it choosesa neighborB , from a local quadrantof A, the
quadrantoppositeto the sourceO. Since the orientationsof
thelocal quadrantsareuniformly distributedin [0; 2� ], andthe
point B is chosenuniformly from thequadrantoppositeto the
source,we have the angle� (2) to distributed (not uniformly)
between[� � =2; � =2]. More importantly, we noticethat � (2) is
independentof both Z1 and � 1, i.e., it is independentof the
positionof A. Now,

� (2) = tan � 1 R (2) sin � (2)

Z 1 + R (2) cos � (2) ; (49)

Z2 =
p

(Z1 + R(2) cos� (2) )2 + (R(2) sin � (2) )2: (50)

Notice that as� (2) is a function of variablesthat areindepen-
dentof � 1, � (2) is independentof � 1. This implies that

� 2 =
�
� 1 + � (2) �

mod 2� (51)

is uniform in [0; 2� ] irrespective of the distribution of � (2) .
In orderto show thatZ2 is independentof � 2, we show that

the distribution of the randomvariablef � 2 jZ 2 is alsouniform
in [0; 2� ]. Now, since� 1 is independentof both Z2 and � (2) ,
we seethat

f � 2 jZ 2 = f [� 1 + � (2) ] mo d 2� jZ 2

= f � 1 jZ 2 � f � (2) jZ 2 ;� 1

= f � 1 � f � (2) jZ 2 (52)

where “ � ” implies a wrap-aroundconvolution over the
domain[0; 2� ]. We de�ne this formally as follows.

(f � g) (t) =
Z 2�

0
f (� )g(f t � � gmod2� )d� : (53)
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Again, as � 1 is uniformly distributed in [0; 2� ], and in-
dependentof other randomvariables,it follows that f � 2 jZ 2

is uniformly distributed, thus implying that � 2 is indeed
independentof Z2.

For any stepi , theproof is similar. We constructa � ( i ) such
that � i = � 1 + � ( i ) . By meansof a similar argument,we
show that as f � i jZ i is uniformly distributedandequalto f � i ,
utilizing the fact that f � 1 is independentof other quantities,
and is alsouniformly distributed.

To show that � � is uniform in [0; 2� ], noticethat the event
� = k is equivalent to the event Zk � 1 � 1 � M (n); Zk �
1� M (n). Also, as� 1 is independentof � (k ) and(Zk ; Zk � 1),

f � k jZ k ;Z k � 1
= f [� 1 + � ( k ) ] mo d 2� jZ k ;Z k � 1

= f � 1 jZ k ;Z k � 1
� f � ( k ) jZ k ;Z k � 1 � 1

= f � 1 � f � ( k ) jZ k ;Z k � 1
: (54)

By Equation51, this implies that the distribution of � 1
k given

that � = k is uniform in [0; 2� ] for all k, andhenceit follows
that � � is uniform in [0; 2� ].
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