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Abstract

Let g be a finite-dimensional simple Lie algebra over C. We classify the homomorphisms

between g-modules induced from one-dimensional modules of maximal parabolic subalgebras.
1

§ 0. Introduction

In this article, we consider the existence problem of homomorphisms between generalized Verma
modules, which are induced from one dimensional representations (such generalized Verma mod-
ules are called scalar, cf. [Boe 1985]). Our main result is the classification of the homomorphisms
between scalar generalized Verma modules with respect to the maximal parabolic subalgebras.

A sufficient condition for the existence of the homomorphisms between Verma modules is
given by [Verma 1968]. Bernstein, I. M. Gelfand, and S. I. Gelfand proved the condition of
Verma is also a necessary condition. ([Bernstein-Gelfand-Gelfand 1975])

Later, Lepowsky studied the problem for the generalized Verma modules. In particular, Lep-
owsky ([Lepowsky 1975a]) solved the existence problem of nontrivial homomorphisms between
scalar generalized Verma modules associated to the parabolic subalgebras which are the com-
plexifications of the minimal parabolic subalgebras of real rank one simple Lie algebras (so-called
the real rank one case).

Lepowsky also obtained a sufficient condition for the existence of the homomorphisms be-
tween scalar generalized Verma modules associated to the complexification of the minimal
parabolic subalgebras of (not necessarily rank one) real semisimple Lie algebras. His condi-
tion is quite similar to that of Verma and he conjectured it is also a sufficient condition in the
setting of complexified minimal parabolic algebras ([Lepowsky 1975b]).

Boe ([Boe 1985]) solved the existence problem in the case of parabolic subalgebras whose
nilradical is commutative (so-called the Hermitian symmetric case).

The existence problem for maximal parabolic algebras is, in principle, reduced to the Kazdhan-
Lusztig algorithm. Casian and Collingwood ([Casian-Collingwood 1987]) proposed a direct
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method of computing the Kazdhan-Lusztig data involving the generalized Verma modules. Ap-
plying the Kazdhan-Lusztig algorithm works very well in some cases. The structures of the
(not necessarily scalar) generalized Verma modules in the real rank one case and in the Hermi-
tian symmetric case are studied precisely ([Boe-Collingwood 1985], [Boe-Enright-Shelton 1988],
[Collingwood-Irving-Shelton 1988]). Boe and Collingwood ([Boe-Collingwood 1990]) studied the
case that all the (not necessarily scalar) generalized Verma modules are multiplicity free. The
cases treated by Boe and Collingwood is more general than the real rank one case and the
Hermitian symmetric case (so-called the multiplicity free case). In that case, they studied the
structures of the (not necessarily scalar) generalized Verma modules precisely. In particular, they
solved the existence problem of the non-trivial homomorphisms for regular integral infinitesimal
characters in the multiplicity free case.

However, I surmise it is not easy to give the explicit answer to the existence problem by the
Kazdhan-Lusztig algorithm in the general setting. Our central dogma is “Consider the most
singular parameter, then everything turns to be easy.” Our approach to the problem consists of
the following three main ingredients.

(1) The translation principle

The translation principle has a long history. In [Vogan 1988|, Vogan proposed an idea on
translation principle in order to establish the irreducibility of a discrete series representation of
a semisimple symmetric space in some case. His idea is extremely useful for the study of the
existence problem. Depending Vogan’s idea, we formulated a version of translation principle in
[Matumoto 1993] Proposition 2.2.3. In some cases, this enable us to reduce the existence of a
non-trivial homomorphism to the most singular case in which the problem is often trivial.

(2) Jantzen’s irreducibility criterion

Applying a version of the translation principle, we can often reduce the nonexistence of
a non-trivial homomorphism to the irreducibility of a particular generalized Verma module.
In [Jantzen 1977|, Jantzen gave a sufficient and necessary condition for the irreducibility of a
generated Verma module. His result is extremely useful for our purpose and we can establish
the nonexistence of nontrivial homomorphisms in many cases.

(3)  The Kazdhan-Lusztig theory ([Kazdhan-Lusztig 1979], [Brylinski-Kashiwara 1981],
[Beilinson-Bernstein 1993])

Although we do not compute Kazdhan-Lusztig polynomials, the existence of the Kazdhan-
Lusztig algorithm plays an important role in our approach. The point is that the definition of
the Kazdhan-Lusztig polynomials only depends on Coxeter systems. In some cases, this enable
us to reduce the problem to that of a different maximal parabolic subalgebra of a different simple
Lie algebra, which is easier than the original problem.

In the most of the cases we can solve the existence problem by the above three ideas. However,
in some cases we need extra arguments.

This article consists of five sections.

We fix notations and introduce some fundamental material in §1.

In §2, we introduce sufficient conditions for the existence problem.

In §3, we treat the case of the classical algebras. The type A case is in the Hermitian
symmetric case. So, we only consider the case of the type B,C, and D. The main theorems are
Theorem 3.2.1, 3.2.2, and 3.2.3.

In §4, we treated the case of the exceptional algebras.

In §5, using a comparison result, we explain how to construct a homomorphism between scalar
generalized Verma modules associated to a general parabolic subalgebra from a homomorphism



between scalar generalized Verma modules associated to a maximal parabolic subalgebra. We
call such a homomorphism an elementary homomorphism.

I would like to propose:

Working Hypothesis An arbitrary nontrivial homomorphism between scalar generalized
Verma modules is a composition of elementary homomorphisms.

The working hypothesis in the case of the Verma modules is nothing but the result of
Bernstein-Gelfand-Gelfand. The first statement of the Lepowsky conjecture ([Lepowsky 1975b]
Conjecture 6.13) means that, in the case of complexified minimal parabolic subalgebras of real
semisimple Lie algebras, the above working hypothesis is affirmative.

The result of this article solves the existence of edge-of-wedge type embeddings in the case
of the maximal parabolic subgroups of complex reductive groups ([Matumoto 2003]).
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§ 1. Notations and Preliminaries

1.1 General notations

In this article, we use the following notations and conventions.

As usual we denote the complex number field, the real number field, the ring of (rational)
integers, and the set of non-negative integers by C, R, Z, and N respectively. %N means the
set {%‘ n e N}, and % + N means the set {% —I—n‘ n e N}. We denote by () the empty set. For
any (non-commutative) C-algebra R, “ideal” means “2-sided ideal”, “R-module” means “left
R-module”, and sometimes we denote by 0 (resp. 1) the trivial R-module {0} (resp. C). Often,
we identify a (small) category and the set of its objects. Hereafter “dim” means the dimension
as a complex vector space, and “®” (resp. Hom) means the tensor product over C (resp. the
space of C-linear mappings), unless we specify. For a complex vector space V', we denote by V*
the dual vector space. For a,b € C, “a < b” means that a,b € R and a < b. We denote by A— B
the set theoretical difference. card A means the cardinality of a set A.

1.2 Notations for reductive Lie algebras

Let g be a complex reductive Lie algebra, U(g) the universal enveloping algebra of g, and b a
Cartan subalgebra of g. We denote by A the root system with respect to (g,h). We fix some
positive root system AT and let II be the set of simple roots. Let W be the Weyl group of the
pair (g,b) and let ( , ) be a non-degenerate invariant bilinear form on g. For w € W, we denote
by ¢(w) the length of w as usuall. We also denote the inner product on h* which is induced from
the above form by the same symbols ( , ). For o € A, we denote by s, the reflection in W with
respect to a. We denote by wg the longest element of W. For a € A, we define the coroot & by
&= éz), as usual. We call A € h* is dominant (resp. anti-dominant), if (\, &) is not a negative
(resp. positive) integer, for each o € AT. We call A € h* regular, if (), a) # 0, for each a € A.
We denote by P the integral weight lattice, namely P = {\ € b* | (\,&) € Z for all o € A}.




If A € h* is contained in P, we call A an integral weight. We define p € P by p = %ZQGA+ Q.
Put g, ={X cg|VH e€bh [H,X]=a(H)X}, u=>  ca+08a, b =b+u Then b is a Borel
subalgebra of g. We denote by Q the root lattice, namely Z-linear span of A. We also denote by
Q7 the linear combination of IT with non-negative integral coefficients. For A\ € h*, we denote
by W the integral Weyl group. Namely,

Wy={weW|w\—-XeQ}.
We denote by Ay the set of integral roots.
Ay={acA|(\a)eZ}.

It is well-known that W) is the Weyl group for A). We put A:{ = AT N A,. This is a positive
system of Ay. We denote by II the set of simple roots for A;\r and denote by @, the set of
reflection corresponding to the elements in IIy. So, (W), ®,) is a Coxeter system. We denote
by Q) the integral root lattice, namely Q) = ZA:{ and put Q;f = NII,.

Next, we fix notations for a parabolic subalgebra (which contains b). Hereafter, through
this article we fix an arbitrary subset © of II. Let © be the set of the elements of A which are
written by linear combinations of elements of © over Z. Put ag = {H € h | Vo € © «a(H) = 0},
lo = b+ 0co0a> o = Za€A+\@ ga, Po = lo + ng. Then pg is a parabolic subalgebra of
g which contains b. Conversely, for an arbitrary parabolic subalgebra p O b, there exists some
© C II such that p = po. We denote by Wg the Weyl group for (lg,h). We is identified with
a subgroup of W generated by {s, | @« € ©}. We denote by wg the longest element of Weg.
Using the invariant non-degenerate bilinear form ( , ), we regard ag™* as a subspace of h*. It is
known that there is a unique nilpotent (adjoint) orbit (say Op,) whose intersection with ng is
Zarisky dense in ng. Oy is called the Richardson orbit with respect to pe. We denote by @p@
the closure of Oy, in g. Put pg = %(p — wep) and p® = %(p +wep). Then, p® € ag*.

1.3 Generalized Verma modules

Define

PET={ ep" |[Vaeo (
P ={rebh*|VaeO (

Aa) €{1,2,...}}
A a) =1}
We easily have

P&t ={pe + | € ap}.

For p € h* such that u+p € PJ@r+, we denote by og(u) the irreducible finite-dimensional [g-
representation whose highest weight is u. Let Eg(u) be the representation space of og(p). We
define a left action of ng on Eg(u) by X -v =0 for all X € ng and v € Eg(u). So, we regard
Eo(p) as a U(pe)-module.

For p1 € PET, we define a generalized Verma module ([Lepowsky 1977]) as follows.

Me(p) = U(g) @u(pe) Folp — p)-

For all A € h*, we write M (\) = My(X). M(]) is called a Verma module. For € PE™, Mg(u)
is a quotient module of M (u). Let L(u) be the unique highest weight U(g)-module with the



highest weight p — p. Namely, L(p) is a unique irreducible quotient of M (u). For p € PE™, the
canonical projection of M (u) to L(u) is factored by Mg(u).

dim Fg(u — p) = 1 if and only if p € °Pg+. If pe °Pg+, we call Mg(p) a scalar generalized
Verma module.

For a finitely generated U(g)-module V, we denote by Dim(V) (resp. ¢(V)) the Gelfand-
Krillov dimesion (resp. the multiplicity) of V. (See [Vogan 1978]). We easily see Dim(Meg(p)) =
dimng and ¢((Mg(n)) = dim Eg(p — p).

The following result is one of the fundamental results on the existence problem of homomor-
phisms between scalar generalized Verma modules.

Theorem 1.3.1. ([Lepowsky 1976])
Let p,v € °PET.
(1) dim Homy () (Me (1), Me(v)) < 1.
(2)  Any non-zero homomoorphism of Me(p) to Me(v) is injective.

Hence, the existence problem of homomorphisms between scalar generalized Verma modules
is reduce to the following problem.
Problem Let pu,v € °P&T. When is Mo () C Mg(v) ?

1.4 Homomorphisms associated with Duflo involutions

Herafter we assume © C II, 4 € Png and p is dominant and regular. Then, we easily have
WewWolt € Pg+. and Mg (wewou) is irreducible. Here, we consider the following problem

Problem 1.4.1. When is Mg (wewop) — Mo (p)?

Concerning to Problem 1.4.1, a necessary and sufficient condition is known.

Theorem 1.4.2. (/Matumoto 1993]) Let © C Il and p € PE™. If p is dominant and regular,
then the following two conditions (1) and (2) are equivalent.

(1)  Me(wewou) — Me(p).

(2)  wewy is a Dulfo involution for the Coxeter system (W, ®,,).

In particular, the answer of Problem 2.1.1 only depend on the Coxter system (W,,®,).
(In fact, this fact is a conclusion of the Kazdhan-Lusztig conjecture.) We can find a complex
reductive Lie algebra whose Weyl group (with a set of the simple reflections) are isomorphic to
(Wy, ®,). So, we can deduce Problem 1.4.1 to the following special case.

Problem 1.4.3. When is Mg(wewop) — Me(p)?
We also remark that the following easy fact.

Lemma 1.4.4. Let © C Il and )\ € OPg"’ such that wewy = wowe and wewy € Wy. We denote
by wy, be the longest element of Wy with respect to ILx. Then, wy = w(, and wew| = wHwe.



1.5 Translation principle and its application

We denote by Z(g) the center of U(g). It is well-known that Z(g) acts on M () by the Harish-
Chandra homomorphism xy : Z(g) — C for all A\. x» = x, if and only if there exists some
w € W such that A = wp. We denote by Zy the kernel of x in Z(g). Let M be a U(g)-module
and A € h*. We say that M has an infinitesimal character X if and only if Z(g) acts on M by
X We say that M has a generalized infinitesimal character A if and only if for any v € M there
is some positive integer n such that Z,"v = 0. We say M is locally Z(g)-finite, if and only if
for any v € M we have dim Z(g)v < co. We denote by Mz¢ (cf. [Bernstein-Gelfand 1980]) the
category of Z(g)-finite U(g)-modules. We also denote by M[\| the category of U(g)-modules
with generalized infinitesimal character A\. Then, from the Chinese remainder theorem, we have
a direct sum of abelian categories Mz; = @ Ach* M(A]. We denote by P the projection functor
from Mz to M[X]. For i € P, we denote by V,, the irreducible finite-dimensional U (g)-module
with an extreme weight pu. Let p, A € h* satisfy p — A € P. Let M be an object of M[\].
Then, from a result of Kostant we have that M ® V),_ is an object of Mz;. So, we can define
translation functor T%' from M[A] to M|u] as follows.

T)%(M) = BPu(M @ Vy»).
The translation functors are exact.

We put
W(©)={weW|wb =06}

Then, W(©) is a subgroup of W. Moreover, wpe = pe and wew = wwe hold for all w € W(O)
and W (O) preserves ag. In particular, W(©) C W,

We say that X € a, is strongly ©-antidominant if and only if (A, a) < 0 for alla € QTNQ g+ 1.
(Cf. [Matumoto 1993])

Next, we consider the images of generalized Verma modules under certain translation func-
tors.

Lemma 1.5.1. (Cf. [Matumoto 1993] Lemma 1.2.3) Assume that p, X\ € a§ are strongly ©-
antidominant and that A\ — p is dominant and integral. Let w € W(0©). Then, we have

T~ro N (Mo (po +wp)) = Me(pe + wA).

§ 2. Sufficient conditions

For almost all (g, h, AT, ©), the necessary and sufficient condition given in Theorem 1.4.2 is hard
to check. So, we consider sufficient conditions, which we can check easily.

2.1 A sufficient condition

We fix the notations for characters. (Cf. [Dixmier 1977] 7.5.1, [Knapp 2002] V. 6) Let C"" be
the C-vector space of all functions from h* to C. For f € C"", we define supp(f) = {\ € h* |
f(A\) # 0}. For A € b*, we define e* the member of C"", that is 1 at A and 0 elsewhere. Let
C < h* > be the set of all f € CY such that supp(f) is contained in the union of a finite number

of sets v; — QT with each v; in h*. We introduce the structure of C-algebra on C"" as in [Knapp
2002] (5.65).



Let V be a U(g)-module. For A € h*, we define the weight space with respect to A as follows.
W={veV|VH ebh Hv=XH)v}

We say that V has a character if V is the direct sum of its weight spaces under § and if
dim V), < oo for all A € h*. In this case, the character is

V] = Z (dim V).

A€bh*

For example, for A € Pg+, the following formula is well-known.

Mo(W)] =D 3 (~1)fem,
weWg

Here, we denote by D the Weyl denominator, namely D = e” [[ ca+(1 —e™®). In particular,
we have [M()\)] = D~ tel.

We put By = {[M(wp)] | w € W} and denote by C the subspace of C?" spanned by Byg;.
We also put By, = {[L(wp)] | w € W}. Then, By and By, are bases of C. We identify
the group algebra C[W] with C via the correspondence W > w «~ [M(wwgp)] € Bgy. We
can introduce a W-module structure on C identifying C and the right regular representation on
C[W]. We consider the equivalence relations L and £ on W defined in [Kazdhan-Lusztig 1979].
The representation theoretic meanings of these equivalence relations are as follows.

Theorem 2.1.1. ([Joseph 1977], [Vogan 1980]) Let x,y € W. Then we have
L . .
(1) =~y if and only if Annyg)(L(zwop)) = Anng () (L(ywop))-
(2) = Z y if and only if there exist some finite-dimensional U(g)-modules FEy and FE,

such that L(xwop) and L(ywop) are irreducible constituents of E1 @ L(ywop) and Es ® L(xwgp),
respectively.

For x € W, we denote by VI the C-vector space with a basis B, = {[L(ywop)] | ¥ £ x}.
If we identify V,F with a subquotient of C appropriately, we may regard V. a W-module. (For
example, see [Barbasch-Vogan 1983]). V. is called a right cell representation.

We denote by H the space of W-harmonic polynomials on h*, which can be regarded as a
W-module in a usual manner (cf. [Vogan 1978]).

We quote:

Theorem 2.1.2. ([Vogan 1978, [Joseph 1980a 1980b])

For x € W, there is a W-homomorphism ¢, of V.t to H satisfying the following conditions.

(1)  The image ¢.(V,.E) C H is an irreducible representation.

(2)  The image ¢,(V,F) is the special representation corresponding to the unique open dense
nilpotent orbit in the associated variety of Anny g (L(zwop)) via the Springer correspondence.
In particular, gi)w@(VwR@) is the special representation corresponding to the Richardson orbit Oy, .

(8) Fory,z e W such thaty EaX, y L2 if and only if ¢, ([L(ywop)]) and ¢, ([L(zwop)])
are proportional to each other.

Now, we state a sufficient condition.



Proposition 2.1.3. Assume that © C II satisfy weowy = woweg. Moreover, we assume that VwR@
is irreducible as a W-module. Then, we have Mg (wowop) € Me(p).

Proof. We put I = Anng g (Me(wewop)). I is primitive, since Meg(wewop) is irreducible.
Since wewy = wowe, we have wowg € W(S). So, from [Borho-Jantzen 1977] 4.10 Corollary, we
have I = Anng g (Me(p)). Since c(Me(p)) = 1, Me(p) has a unique irreducible constituent of
maximal Gelfand-Killirov dimension (say L(cop)). Here, o is an element of W. (In fact we we
easy to prove L(op) is the unique irreducible submodule of Mg(p). ) Assuming that o # wewy,
we shall deduce a contradiction.

When we regard a U(g)-module E as a U(pg)-module, we write it by E|p,. Since Mg(p) ®
E=2U(g) ®u(pe) (Fo(p — p) ® Elpg) holds, we easily see that owo £ we.

From [Borho-Kraft 1976] 3.6, we see I = Anngg)(L(0p)). From Theorem 1.6.1, we have
we X owp.

Hence, from Theorem 1.6.2, ¢, is not injective. This contradicts our assumption that Vqﬁa
is irreducible.  Q.E.D.

The multiplicity of a special representation ¢, (V,%) in a right cell V,/? is one. Moreover, any

irreducible constituents in the right cell V,/* belongs to the same family (see [Lusztig 1984] p78)
as ¢, (V.])). So, we have:

Corollary 2.1.4. Assume that © C II satisfy wewy = wowe and that the family of the special
representation corresponding to the Richardson orbit Oy, does not contain any other element.
Then, we have Mg(wewop) € Mo (p).

We denote by 2 the equivalence relation on W generated by L and £. The following result
is well-known and follows from Theorem 2.1.1.
Corollary 2.1.5. Let z,y € W be such that x LB y. Then Dim(L(xwop)) = Dim(L(ywop)).

From [Barbasch-Vogan 1983] Corollary 2.24 implies that L y if and only if zwq L Ywp.
Hence, we have:

Lemma 2.1.6. Let x,y € W be such that % y. Then Dim(L(zp)) = Dim(L(yp)).

2.2 Maximal parabolic subalgebras

Hereafter we fix a € II. Put © = II — {a}. aga is one-dimensional and spanned by p®°.
Moreover, we have

PET = {pee +1tp°" | t € C}.

We denote by w, the fundamental weight corresponding to . For any g € ©¢ =11 — {a},
we have (3, p®") = 0. Hence there exists some d, € R such that d,w, = p®°. Since 2p°° is
integral, we have d, € %N.

Fir simplicity, for ¢t € C, we write Mga[t] for Mge(poa + twy). We have:

Lemma 2.2.1. Let s and t be distinct complex numbers such that Mea[s] C Mealt]. Then,
s = —t.



Proof. Since Mego|s] and Mege[t] have the same infinitesimal character, there exists some w € W
such that pge 4 twe = w(pee + swy). Hence, (poa + twy, pee + twa) = (pee + Swa, poo + Swa ).
From (W, pee) = 0, we have t2 = s2. So, s = —t. O

We easily have:

Lemma 2.2.2. (1) If wgewy = wowea, then woawy(pea + twy) = pea — twy for all t € C.
(2) If weawy # wowee, then weawy(pea + twy) = pee — twy if and only if t = d,.

We put
co = min{c € R | 2cw, € Q).

Clearly 2c¢,, is a positive integer.

Lemma 2.2.3. If wgawy = wowege, then either c, =1 or cq = %

Proof. We have only to show ¢, < 1. We may assume g is simple. If g is a simple Lie algebra
of the type other than A,,, Do, 1, and Fg, then the exponent of Q/P is 1 or 2. So, in this case
2w, € QT for any o € II. For the case of the type A,, Da,1, or Eg, we can check 2w, € QT
under the assumption wgewy = wowe« by the case-by-case analysis. O

If Mga|—t] C Mee|t] holds, then 2tw, = (poe + twa) — (poa — twy) is in Q. So, we have:

Corollary 2.2.4. If wgawy = wowee and if Mga|[—t] C Mea|t] holds, then t € %N. Moreover,
if co = 1, then Mga[—t] — Mega[t] implies t € N.

Definition 2.2.5. Ift € %N and pea + twy s not integral, we say pee + twq, is half-integral.

We examine behavior of the translation functors in the setting of this subsection.
First, Lemma 1.5.1 and the exactness of the translation functor imply:

Lemma 2.2.6. Assume woawg = wowee. Lett € R and n € N be such thatt —n > 0. Then,
Moo [—t] € Mg |[t] implies Mga[—t 4+ n] C Mga[t — n].

From the translation principle, we also have:

Lemma 2.2.7. Assume weewy = wowea. Let t € R be such that pee + tp®° is dominant
reqular. Let n € N. Then, Mgo[—t] C Mga[t] implies Mga[—t —n] C Mgt + n].

In case pee +tp®” is not dominant regular, the corresponding statement to Lemma 1.7.6 is
not necessarily correct. In fact, we need an extra assumption.

Let G be a complex connected reductive Lie group, whose Lie algebra is g. Let Pg be
the parabolic subgroup of G corresponding to po. We consider the generalized flag variety
Xo = G/Pg. Since the holomorphic cotangent bundle 7" Xg has a natural symplectic structure,
we can construct the moment map meg : T*Xg — g¢*. Using (, ), we identify g and g*. Then,
we regard the moment map as a surjective map of T*Xg to the closure of the Richardson orbit
Oypo -

We easily see the number N;(Pg) defined in [Hesselink 1978] 1.4 Step3 is the degree of the
moment map mg : 1% Xg — ine. So, N1(Pg) = 1 if and only if mg is birational. For classical
Lie algebras, Ni(Pg) is obtained in [Hesselink 1978] 7.1 Theorem.

Lemma 2.2.8. ([Matumoto 1993] Proposition 2.2.3) Assume wegawy = wowee and the moment
map me : T* Xga — Opg. is birational. Letn € N. Then, Mga[—t] C Mga[t] implies Mga[—t —
n] € Mga[t + n).




Since Mg« [0] € Mga[0], we have

Corollary 2.2.9. ([Matumoto 1993] Corollary 2.2.4)
Assume weewy = wowee and the moment map me : T*Xga — Opy. s birational. Then,
we have Mgo[—n| C Mga|n| for all n € N.

Next, we introduce Jantzen’s criterion for the irreducibility of a generalized Verma module.
For any A € h*, we define an element of C < h* > as follows.

You(A)=D7' > (—1)fWem,

’LUGW@OL
Of course, for A € P&, we have Tou(n) = [Mea(N)].
Put Age =Z0%N A and (A@a)Jr = AT — Aga. We immediately have:

Corollary 2.2.10.
(1) 1If X € b* satisfies (B,\) =0 for some € Aga, then Yoo ()

= O
(2) For X € b* and w € Wea, we have Toa(A) — (=1)!®) T ga(w)) =
The following result is a special case of [Jantzen 1977] Satz 3.

Theorem 2.2.11. (Jantzen)
For X\ € PEY, the following (1) and (2) are equivalent.
(1)  Mea(N) is irreducible.
(2)  We have

Z Toa(ss\) = 0.
ﬂe(A@a)+
(\8Y)eN—{0}

Remark The above statement is slightly different from that in Jantzen’s paper. However,
we consider maximal parabolic subalgebras. In this case, we can easily see the above condition
(2) is equivalent to the condition of Jantzen.

§ 3. Classical Lie algebras

Throughout this section, n means a positive integer such that n > 2 (resp. n > 4) whenever we
consider the simple Lie algebra of the type B, or C,, (resp. Dy,).

3.1 The root systems

We retain the notations in §1 and §2.
(Bn type)  We consider the root system A for g = s0(2n + 1,C). Then we can choose an
orthonormal basis eq, ..., e, of h* such that

A={te;tej|1<i<j<n}U{xe|1<i<n}
We choose a positive system as follows.

t={eitej|1<i<ji<niU{e |1<i<n}.
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If we put a; = e; —e;41 (1 <i<n)and a, = ey, then IT = {ay, ..., }.

For simplicity, we write ©F for ©% for 1 < k < n. Then [g: is isomorphic to gl(k,C) x
s50(2(n — k) +1,C). Since wy is contained in the center of W, we have wowgr = wgrwg for any
1<k <n.

We write wy, ¢k, and di, for wq,, cq,, and da, , respectively. Then, for 1 < k < n, we have
wp=e€e1+-+e cp = %, and dk:n—g. If K =n, then w, = %(€1+"'—|—€n), ¢, = 1, and
d, = n.

Assume k is even or k = n. Then, pgr + twy is integral if and only if ¢ € Z.

Assume k is odd and 1 < k < n. Then, pgr + twy, is integral if and only if ¢t — % €.

(Cn type)

We consider the root system A for g = sp(n,C). Then we can choose an orthonormal basis
e1, ..., e, of h* such that

A={xe;te;|1<i<j<n}U{E2e |1<i<n}
We choose a positive system as follows.
At ={e;+te; | 1<i<j<n}U{2;|1<i<n}.

If we put a; = e; —e;+1 (1 <i<n)and a, = 2e,, then I1 = {ay,...,a,}.

For simplicity, we write ©F for ©% for 1 < k < n. Then lgx is isomorphic to gl(k, C) x sp(n —
k,C). Since wy is contained in the center of W, we have wowgr = wgrwp for any 1 < k < n.

We write wy, ¢, and dj, for wy,, cq,, and dg,, respectively. Then, for 1 < k < n we have
wp=¢€e1+--+e,and dp, =n— % If k is even (resp. odd), then ¢; = % (resp. ¢ = 1).

Assume k is odd. Then, pgr + twy is integral if and only if ¢ € Z.

Assume k is even. Then, pgr + twy, is integral if and only if ¢t — % €.

(D, type)

We consider the root system A for g = s0(2n,C). Then we can choose an orthonormal basis
€1, ..., e, of h* such that

A={xe;te;|1<i<j<n}
We choose a positive system as follows.
AT ={e;+e;|1<i<j<n}.

If we put a; = e; —e;41 (1 <i<n)and a, =e,—1 + ey, then IT = {ay, ..., }.

For simplicity, we write ©F for ©% for 1 < k < n. Since the case of k = n — 1 is essentially
same as the case of k = n, since pgrn—1 and pen are conjugate under an automorphism of g. So,
when we consider the type D case, we omitt the case of k =n — 1.

Then, [gx is isomorphic to gl(k,C) x so(2(n — k),C). We have wowgr = wgrwg for any
1 < k < n. However, wowgrn = wenwy if and only if n is even.

We write wy, ci, and dj, for wy,, cq,, and d,,, respectively. Then, for 1 < k <n —1, we
have wy = e1 +---+e and d, = n — % If k is even (resp. odd) and k # n, then ¢ = % (resp.
cp =1).

For k = n, we have w,, = %(61 +---+eyn), cn =1, and d, = n. If n is even (resp. odd), then
cn =1 (resp. ¢ = 2).

Assume k is odd or k = n. Then, pgr + twy is integral if and only if ¢t € Z.

Assume k is even and 1 < k < n. Then, pgr + twy, is integral if and only if ¢ — % €.
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3.2 Statements of the main results

Here, we describe the existence of homomorphisms between scalar generalized Verma modules
with respect to the maximal parabolic subalgebras of classical Lie algebras. For simple Lie
algebras of type A, the answer is given in [Boe 1985]. So, we treat the case of the types of B,C,
and D.

Theorem 3.2.1. (B, -type)
Consider the case of g = s0(2n + 1,C). Let k be a positive integer such that k < n.
(1)  We consider the case that 3k < 2n+ 1. Then, Mgr[—t] C Mgk[t] if and only if t € N.
(2) We consider the case that 3k > 2n + 1.
(2a) Assume k is odd and k # n. Then, Mgr[—t] C Mgg[t] if and only if t € %N.
(2b) Assume n is odd. Then, Mon[—t] C Men|t] if and only if t € N.
(2c) Assume k is even. Then, Mgr[—t] C Mgk[t] if and only if t = 0.

Remark The case of k =1 is due to [Lepowsky 1975a]. The cases of k = 1,2,3,n are in
the multiplicity free case in [Boe-Collingwood 1990].

Theorem 3.2.2. (C,,-type)
Consider the case of g = sp(n,C). Let k be a positive integer such that k < n.
(1) We consider the case that 3k < 2n.
(1a) Assume k is odd. Then, Mgr[—t] C Mgk[t] if and only if t = 0.
(1b) Assume k is even. Then, Mgr[—t] C Mgx[t] if and only if t € $N.
(2) We consider the case that 3k > 2n. Then, Mgr|—t] C Mgr[t] if and only if t € N.

Remark The case of k = 2 is due to [Lepowsky 1975a]. The case of k = n is due to [Boe
1985]. The cases of k = 1,2, 3, n are in the multiplicity free case in [Boe-Collingwood 1990].

Theorem 3.2.3. (D, -type)
Consider the case of g = so(2n,C). Let k be a positive integer such that k <n—2 or k =n.
(1)  We consider the case that 3k < 2n. Then, Mgr[—t] C Mgx[t] if and only if t € N.
(2) We consider the case that 3k > 2n.
(2a) Assume k is odd. Then, Mgr[—t] C Mgk[t] if and only if t = 0.
(2b) Assume k is even and k # n. Then, Mgr[—t] C Mgk[t] if and only if t € 3N.
(2¢) Assume n is even. Then, Mgn[—t] C Mon[t] if and only if t € N.

Remark The case of k =1 is due to [Lepowsky 1975a]. The case of k = n is due to [Boe
1985]. The cases of k = 1,2, n are in the multiplicity free case in [Boe-Collingwood 1990].

We give proofs of the above theorems in the subsquent sections.

3.3 Richardson orbits

We consider a partition 7 = (p1, ..., px) of a positive integer m such that 0 < p; < py < -+ < pg
and p1 +p2 + -+ pr = m. We put «[i] = card{j | p; = i} for any positive integer i. Let
{h1,....;h} = {i € N| i > 0,w[i] > 0}. Then, we write h;r[hﬂ---hff[hr] for . For example,
5-3%.1°% means (1,1,1,1,1,3,3,5).

Type B,  The nilpotent orbits in g = so(2n + 1,C) are parametrized by partitions 7 of
2n + 1 such that, for any even number 2i, 7[2i] is even. (For example see [Carter 1985] p394)

From [Collingwood-McGovern 1993] 7 and [Hesselink 1978] 7.1, we have:
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Lemma 3.3.1. Let g = s0(2n+ 1,C).

(1) If3k < 2n+1, then the Richardson orbit Op@k corresponds to the partition 3k.12n+1-3k
In this case, the moment map mgx is birational.

(2) If3k > 2n+1 and k is odd, then the Richardson orbit Op@k corresponds to the partition
32nt1=2k . 93k=2n=1 " In this case, the moment map mer is birational.
(8) If 3k > 2n + 1 and k is even, then the Richardson orbit Opek corresponds to the

partition 32nt1=2k . 93k=2n-2 12

From Corollary 2.2.9, and Lemma 3.3.1, we have:

Lemma 3.3.2. Let g = so(2n + 1,C). Assume that 3k < 2n + 1 or k is odd. Then, we have
Mgk[—t] C Mgr[t] for all t € N.

Type C,, The nilpotent orbits in g = sp(n, C) are parametrized by partitions 7 of 2n such
that, for any odd number 2i 4+ 1, 7[2 + 1] is even. (For example see [Carter 1985] p394) From
[Collingwood-McGovern 1993] 7 and [Carter 1985] Chapter 13, we have:

Lemma 3.3.3. Let g = sp(2n,C).

(1) If 3k < 2n and k is even, then the Richardson orbit OP@k corresponds to the partition
3k . 12n=3K In this case the moment map mgk is birational.

(2) If 3k < 2n and k is odd, then the Richardson orbit Opek corresponds to the partition
3k71 . 22 . 12n73k71_

3) If 3k > 2n, then the Richardson orbit O corresponds to the partition 3272k .23k=2n,
In this case, the moment map mgr ts birational.

From Corollary 2.2.9, and Lemma 3.3.3, we have:

Lemma 3.3.4. Let g = sp(2n,C). Assume that 3k > 2n or k is even. Then, we have Mgr[—t] C
Mgk [t] for all t € N.

Type D, We can associate a nilpotent orbit in g = so(2n,C) with a partition = =
(p1, ..., px) of 2n such that, for any even number 2i, 7[27] is even. If there is at least one odd
number in py, ..., pg, there is a unique nilpotent orbit associated with (p1, ..., px). The exceptional
orbits are so-called very even nilpotent orbits. If py, ..., pr are all even, there are two nilpotent
orbits associated with the partition (pi,...,px). (For example see [Carter 1985] p395) From
[Collingwood-McGovern 1993] 7 and [Hesselink 1978] 7.1, we have:

Lemma 3.3.5. Let g =50(2n,C) and let 1 <k <n—2 ork=n.
1 If 3k < 2n, then the Richardson orbit O corresponds to the partition 3F-127=3k In
p@k
this case, the moment map mgr s birational.

(2) If 3k > 2n and k is odd, then the Richardson orbit Opek corresponds to the partition
32n72k . 23]@*27),71 . 12.

(3) If 3k > 2n and k is even, then the Richardson orbit Op,,. corresponds to the partition
32n=2k . 93k=2n " In this case, the moment map mer 15 birational.

From Corollary 2.2.9, and Lemma 3.3.5, we have:

Lemma 3.3.6. Let g = s0(2n,C). Assume that 3k < 2n or k is even. Then, we have Mgr[—t] C
Mgk [t] for all t € N.
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3.4 Existence results via comparison

In this subsection, we prove the following result.

Lemma 3.4.1.

(1)  Assume that g = sp(n,C) and that k is an even positive integer such that 3k < 2n.
Then, we have Mgr[—t] C Mgr[t] for all t € 3+ N.

(2) Assume that g = so(2n+1,C) and that k is an odd positive integer such that 3k > 2n+1
and k # n. Then, we have Mgy[—t] C Mgr[t] for all t € 3 + N.

Proof  We prove (1). We can prove (2) in a similar way.

Let k be an even positive integer such that 3k < 2n. At first, we consider the case that
g =50(2n+1,C). In this case p2" = dpwy, = (n— g)wk from 3.1. Therefore, p = pgr + (n— %)wk
and wgrwop = pgr — (N — g)wk Since n—% € N, Lemma 3.3.2 implies Mgk (wgrwop) C Mgk (p).
From Theorem 1.4.2, wgrwp is a Duflo involution in the Weyl group for (g,h), where g =
s0(2n + 1,C). However, the Weyl group of the B,,-type and that of the C,-type are isomorphic
to each other as a Coxeter system. Since the notion of the Duflo involutions only depends on
the structure of the Coxeter system, we see that as an element of the Weyl group for sp(n,C),
wegrwp is a Duflo involution. From Theorem 1.4.2 implies Mgk (wgrwop) € Mgk (p) holds for
the case that g = sp(n,C). Namely, Mgx[—dy] € Mgk [dx]. In this case, d =n — 251 € 3 + N.
So, from Lemma 2.2.6 and Lemma 2.2.7, we have Mgr[—t] C Mgx[t] forallt € $+N.  Q.E.D.

3.5 Irreducibility of a right cell

In this subsection, we treat the remaining case that nontrivial homomorphisms exist. Namely,
we show:

Lemma 3.5.1. Assume that g = s0(2n,C) and that k is an even positive integer such that
3k >2n, k <n, and k #n — 1. Then, we have Mgk[—t] C Mgx[t] for allt € 3 +N.

Proof. If k = n, then ngs is abelian. This case is treated in [Boe 1985]. So, we assume that k is
an even positive integer such that 3k > 2n, k <n —1. Put s = % As in [Carter 1985 p376, we
can associate an irreducible representation of the Weyl group of the type D,, with a so-called
symbol. A symbol is a pair of strictly increasing sequence of non-negative integers of the same
length. We identify two symbols;

( ALy ooy Ak > and ( Ky ooy Pk > '
M1y ooy Uk )\1,...,)%
As in [Carter 1985] 13.3, we can associate the partition 327~2F . 23527 to a pair of partitions as

follows.
1,2,3,....,3s—n,3s—n+2,3s—n+3,3s—n+4,....,s+2
1,2,3,...,.3s—n,3s—n+1,3s—nmn+2,3s—n+3,....s+1

This is the symbol associated with the special representation (say mj) corresponding to the
Richardson orbit Op@k via the Springer correspondence. (Lusztig, Shoji)
As in [Carter 1985] 13.2, two irreducible representation with symbols:

/ /
< ALy ooy Ak > and ( /1""’)\5“ )
K1y -eey Bk Mla"'?:uk
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are contained in the same family if and only if {Ai,..., Ag, g1, oo i} = {N], ooy Ao s oo 13-
So, we easily see the family of m; consists of only one element. From Corollary 2.1.4, we have
Mgk (werwop) € Mer(p). In this case, dy = n — 52 € L + N. So, from Lemma 2.2.6 and
Lemma 2.2.7, we have Mgx[—t] C Mgx[t] forallt € 3 +N.  Q.E.D.

Remark  We can prove Lemma 3.4.1 in a similar way to Lemma 3.4.2.

3.6 Irreducibility of some generalized Verma modules
We have:

Lemma 3.6.1.

(1)  Assume that g = so(2n + 1,C) and that k is an even positive integer such that k < n.
Then, Mgy (3) is irreducible.

(2)  Assume that g = so(2n + 1,C) and that n is even. Then, Men (1) is irreducible.

(3)  Assume that g = so(2n,C) and that k is an even positive integer such that 3k < 2n.
Then, Mgk (3) is irreducible.

(4) Assume that g = so(2n+1,C) and that k is an odd positive integer such that 3k < 2n+1.
Then, Mgk (3) is irreducible.

(5)  Assume that g = sp(n,C) and that k is an even positive integer such that 3k > 2n.
Then, Mgk (3) is irreducible.

(6)  Assume that g = sp(n,C). Then, Mgi(1) is irreducible.

Proof. For 2 <r <k, weputr*=k+2—r.
First, we prove (1). We put s = £. Then, we see

2s n
1

1
p@k+§Wk:Z(8—i+1)€i+ Z (n—j+§)ej.
=1 Jj=2s5+1

We easily see

{pe @y

{por + %wk,m eN-— {0}}

={e; |1 <i<stU{e;+e;|1<i<yi<2s525+2>i+j}.

For2 <i <'s, (e,—€25—i+2, Se; (pek+%(ﬂ]€)> = 0. Hence, Corollary 2.2.10 implies Yoo (s¢, (pgr+
3wr)) = 0.

Next, we assume that 1 < ¢ < j < 2s and that 2s +2 > i+ j. Since i < j, 2s+2 > i+ j
implies 7 < s. If 2 <4, then we see j # i* and (ej — €, Se; e, (Por + %wk» = 0. So, Corollary
2.2.10 implies Yoo (Se,4e;(por + swi)) = 0. If i = 1 and j # s+ 1, then j # j* # 1 and
(e1 — €jx, Se,+e, (Por + 3wi)) = 0. So, Corollary 2.2.10 implies Y ox (Se,+e, (Por + swi)) = 0.

Hence, we have

1 1 1
Z Tor(sg(per + iwk)) = Tor(se, (por + 50%)) + Yok (Serteorr (Por + 5‘%))-
BG(A@'“)+
(Pok+3wk,BY)EN—{0}
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Since (€541, por + 3wi) = 0, we have s, (por + 5Wk) = Sei—e, 11 Ser+esrs (Por + swi). Hence
from Corollary 2.2.10, we have

1
S Terssloer t S =0
Be (A@k "
(pok+iwr,BY)eEN—{0}

From Jantzen’s criterion (Theorem 2.2.11), Mgk [3] is irreducible. So, we get (1).
(2) is proved in the same way as (1).

Next, we prove (3).

We put s = % Then, we see

2s n

1 . .
pok + SWk = Z(s —i+1)e; + Z (n—j)ej.

i=1 Jj=2s+1

We easily see

{6 e (a®)" ‘<p@k + g, B) €N {0}}

:{6i+6j’1<’i<j
U{ei:i:ej|

25,25 +2> i+ 4}

<
<i<2s<j<n,(s—i+1)x(n—j) >0}

+
Since 3k < 2n, we have 2s <n —s. Let § € <A6k> be such that (pgr + swi, 3Y) € N — {0}

Moreover, we assume (3 is neither e; 4+ es41 nor e; + e,—s. Then, we can easily see there exists
some v € Agx such that (sg(per + 3wi),7") = 0. From Corollary 2.2.10, we have

1 1 1
> Tor(sp(per + 5wk)) = Tor(seiten (Por + 5wr)) + Teon(serte,—. (Por + 5wi)).
pe(act)”
(pok+3wi,BY)EN—{0}

However, Se, e, (Por T 5Wk) = Sei—eqs1Sen_s—enSen_stenSeitens (Por + 3wi) holds. So, Corol-
lary 2.2.10 implies

1
> Tor(ss(per + 5wi)) = 0.
Be (A@k>+
(pok+2wi,BY)eEN—{0}

From Jantzen’s criterion (Theorem 2.2.11), Mgk [3] is irreducible. So, we get (3).
Next, we prove (4). We put s = % Then, we see

1 2s+1 3 n 1
p@k+§wk:§: (s—i+2)ei+ Z (n—j+2>ej.

=1
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We easily see

L\ T 1
{5 (4% [tror + gor ) e - (0}
={eit+e |1<i<j<2s+1,25+3>i+j}

3 1
U{eiiej 1<i<2s<j<n7<s—i+2>i(n—j+2>>0}.

_l’_
Since 3k < 2n+ 1, we have S—i—% <n—2s— % Let B € <A6k> be such that (pgr + %wk,6v> €

N —{0}. Moreover, we assume (3 is neither e; nor e; + e, _s. Then, we can easily see there exists
some 7 € Agx such that (sg(per + 3wi),7") = 0. From Corollary 2.2.10, we have

1 1 1
Z Tor(ss(per + §wk)) = Tor(Se, (por + §Wk)) + Yor(Ser+en (Por + 5%))-
+
Be <A9k)
(pok+3wi,BY)EN—{0}

However, s, (por + 5Wk) = Se,_, Se+en_ (Por + swi) holds. So, Corollary 2.2.10 implies

1
S Torlssloer + s =0.
Be (A@k)+
(pok+2wi,BY)eEN—{0}

From Jantzen’s criterion (Theorem 2.2.11), Mgk [3] is irreducible. So, we get (4).
(5) and (6) is due to [Gyoja 1994] p394. They are proved similarly. Q.E.D.
Lemma 3.6.1 and Lemma 2.2.6 imply:

Lemma 3.6.2. (1) Assume that g = so(2n+1,C) and that k is an even positive integer such
that k < n. Then, Mgr|—t — 3] € Mgkt + 3] for all t € N.

(2)  Assume that g = so(2n + 1,C) and that n is even. Then, Mgr[—t] € Mgk[t] for all
t e N.

(3)  Assume that g = so(2n,C) and that k is an even positive integer such that 3k < 2n.
Then, Moxr|—t — 3] € Mgkt + 3] for all t € N.

(4) Assume that g = so(2n+1,C) and that k is an odd positive integer such that 3k < 2n+1.
Then, Moxr|—t — 3] € Mgkt + 3] for all t € N.

(5)  Assume that g = sp(n,C) and that k is an even positive integer such that 3k > 2n.
Then, Mgk|—t — 3] € Mgr[t + 3] for all t € N.

(6)  Assume that g = sp(n,C). Then, Mgi[—t] € Mg:[t] for allt € N.

3.7 Nonexistence results for the remaining cases

First, we assume that g = s0(2n, C), n is odd, and k = n. This case is treated in [Boe 1985]. In
fact, his result contains:

Lemma 3.7.1. (Boe) Assume g = s0(2n,C) and n is odd. Then, Mgn|—t] C Menlt] if and
only if t = 0.
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Hereafter we do not consider the above case. Therefore, from 2.1, we have wgrwy = wowegr.
The results in 3.3-3.6 and Corollary 2.2.4 imply that Theorem 3.2.1-3.2.3 is reduced to the
following lemma.

Lemma 3.7.2.

(1)  Assume that g = so(2n + 1,C) and that k is an even positive integer such that 3k >
2n+1 and k < n. Then, Mgr|—t — 1] € Mgkt + 1] for all t € N.

(2)  Assume that g = sp(n,C) and that k is an odd positive integer such that 3k < 2n and
1 < k. Then, Mgk[—t — 1] € Mgk[t + 1] for all t € N.

(3)  Assume that g = s0(2n,C) and that k is an odd positive integer such that 3k > 2n.
Then, Mgr|—t — 1] € Mgkt + 1] for all t € N.

Proof. From Lemma 2.2.6, we have only to show that Mg [—1] € Mgr[1].

We put Q = W (pgr +wi) N ng. Then, in the settings of (1), (2), and (3) above, €2 consists
of four elements (say A1,...Aq). We can write Ay = pgr +wi and Ay = pgr — wg. The remaining
two elements are as follows.

If g =s0(2n+ 1,C) and if £k = 2s is an even positive integer such that 3k > 2n + 1 and
k < n, then we may write:

2s n
1 1 . 1
>\2:(s+2>e1+§ <8+2_'L>€z’+ g <n+2—3>€j,

=2 J=2s+1
2s—1 1 1 n 1
A3 = Z <s+2—i> e; + (—2—s> €9s + Z <n+2—j> €j.
=1 7j=2s+1

If g =sp(n,C) and if £ = 2s 4+ 1 is an odd positive integer such that 3k < 2n and 1 < k,
then we may write:

2s5+1 n
o= (st ety (s+l-det+ Yy, (m+l-je,
i=2 j=2542
2s n
>\3:Z(5+1—i)€i+(—1—3)62s+1+ Z (n+1-j)e;.
i—1 J=2s5+2

If g = s0(2n,C) and if K = 2s+ 1 is an odd positive integer such that 3k > 2n+1 and k < n,
then we may write:

2s+1 n
)\2:(5+1)€1—|—Z(8+1—Z)€Z+ Z (n_])ej)
=2 Jj=2s+2
2s n
Aa=D (s +1—i)e+(~1—s)eapit Y. (n—j)e
i=1 j=2s+2

Claim 1 Mgx(A3) is reducible.
Proof of Claim 1~ We apply Jantzen’s Criterion of irreducibility (Theorem 2.2.11).
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If g =s0(2n+ 1,C) and if k = 2s is an even positive integer such that 3k > 2n + 1 and
k < n, then we have

D TYer(ssAs) = Ter(se Az) = —[Mer(Aa)] # 0.
pe(ae” "

(A3,8")eEN—{0}

If g =sp(n,C) and if £ = 2s + 1 is an odd positive integer such that 3k < 2n and 1 < k,
then we may have

Z TG)k (Sﬂ)‘3) = TG)"‘ (561)‘3) + T@"‘ (561+€s+1)‘3) + T@’C (S€1+€n—s+1 )‘3)
Be(Aek)+
(A3,8Y)eN—{0}
= [Mgr(A1)] — [Mer(A1)] — [Mer(Aa)] = —[Mgr(A4)] # 0.

If g = s0(2n,C) and if K = 25+ 1 is an odd positive integer such that 3k > 2n+1 and k < n,
then we have

> Tor(ssAs) = Tor(Ses ten_opiA3) = —[Mer ()] #0.
g€ <A9k)+
(A3,8Y)EN—{0}
Therefore we have Claim 1. O
Claim 2  There is a non-trivial U(g)-homomorphism ¢ : Mgr(A2) — Mgk (A1).

Proof of Claim 2  We remark that neither A3 — A\; nor A3 — Ay are contained in Q™. So,
Claim 1 implies that Mgk (A1) € Mgr(A3). On the other hand, Zuckerman’s duality theorem
([Boe-Collingwood 1985] 4.9, [Collingwood-Shelton 1990] Theorem 1.1, [Gyoja 2000]) implies

dim HomU(g) (M@k ()\4), M@k ()\3)) = dim HOIHU(g) (M@k ()\2), M@k ()\1))

Hence there is a non-trivial ¢ € Homy (g (Mgr(X2), (Mgr(A1)). O
We need:

Claim 3 Dim(L(\2)) = dimngk.

Since the multiplicity (the Bernstein degree) of any scalar generalized Verma module is one,
Claim 2 and Claim 3 imply L(A2) is a unique irreducible constituent of Mgk (A1) = Mgr[1]
whose Gelfand-Kirillov dimension is dimngr. On the other hand, Dim(Mgr[—1]) = dimngsk
and Mgr[—1] is irreducible. Hence, Mgr[—1] € Mgr[1] and we have Lemma 3.7.2. So, we have
only to show Claim 3.

Proof of Claim 8

Let 0 € W be the longest element (with respect to the length ¢(-)) in

{w € W | Az is dominant with respect to wA™}.
Then, op and A9 are contained in the same closed Weyl chamber and we can regard L(\2)

as a limit of L(op). Namely, T;‘pQ(L(O'p)) = L(\2). Since Dim(L(op)) = Dim(A2), Claim 3 is
reduced to the following Claim 4. (Cf. Lemma 2.1.6.)
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. LR
Claim 4 o0 ~ wgrwyp.

Proof of Claim 4 Claim 4 is obtained by the algorithm described in [Barbasch-Vogan
1982] p171-175.

First, we assume g = sp(n,C) and that k is an odd positive integer such that 3k < 2n and
1< k.

We put § = 1072, (In fact, § can be any real number such that 0 < § < %) Put
Ay = Ao —dwy. We also put a; = (e;, \y) for 1 <4 < n. Namely, \; = > 7" ;| a;e;. Then, we easily
see |ai], ....,|a,| are distinct. Let by, ..., b, be positive real numbers such that by > by > --- > b,
and {b1,...,bn} = {la1l,....,an|}. So, there is a permutation 7 € &, such that |a;| = b, ;) for
1<i<n Forl<i<mn, weput¢ = ﬁ—z'(n — 7(i) + 1). Then, we have op = Y1 | cpen.
Barbasch and Vogan attach o to the sequence (ci, ..., ¢p, —Cp, ..., —c1) ([Barbasch-Vogan 1982]
pl73). Applying the Robinson-Schensted algorithm to this sequence, we get a pair of Young
tableaux. (These Young tableaux have the same shape.) Remark that the Robinson-Schemsted
algorithm in [Barbasch-Vogan 1982] is a little bit different from the usual one (see [Barbasch-
Vogan 1982] p171). For our purpose, the important information is the shape of these Young
tableaux. In order to obtain such a Young diagram, we need not compute ¢y, ...,c,. In fact,
applying the Robinson-Schensted algorithm to the sequence (ay,...., an, —an, ..., —a;) directly,

we have the same Young diagram. In this case, the Young diagram corresponds to the partition
k-1
k-1 —k+1

of 2n, (2n — 2k, k + 1,k — 1). It corresponds to the symbol ( 2 B4l n—k+ )

2
On the other hand, wgrwp corresponds to the partition of 2n, (2n — 2k, k, k). It corresponds

LE2% n—k+1
k

to the symbol < 2 . Hence, from [Barbasch-Vogan 1982] Theorem 18, we

k-1
2
have o <& Wk WQ.
Next, we consider the case of g = so0(2n + 1,C). We define A}, a;, (1 < i < n), b
(1<i<n),7€6,,and ¢ (1 <i<n)in the same way as the case of g = sp(n,C). In the
Barbasch-Vogan algorithm, W is regarded as the Weyl group of the type C,, rather than B,. So,

o is attached to (¢, ..., ¢ny, —Cp, ..., —c1). Again, we may apply the Robinson-Schensted algorithm
to the sequence (ay, ..., an, —ap, ..., —ap) directly and obtain a partition (k+ 1,k —1,2n — 2k) of
—k k
2n. It corresponds to a symbol < " kot 2 ) On the other hand, wgrwy corresponds
2

_ k
to the partition of 2n, (k, k,2n —2k). It corresponds to a symbol ( n—k PR +1 > Hence,
2

from [Barbasch-Vogan 1982] Theorem 18, we have o i Wk W .

Finally, we consider the case of g = s0(2n,C). In this case, we put X, = Ao — dwy, + gen.
Here, ¢ is a fixed real number such that 0 < § < % We definea; (1<i<n),b (1<i<n),
T € 6,, and ¢; (1 < ¢ < n) in the same way as the case of g = sp(n,C). o is attached to
(c1y ey Cpy —Cny ooy —c1). Again, we may apply the Robinson-Schensted algorithm to the sequence
(a1, ..., Qn, —ap, ..., —aq) directly and obtain a partition (k+1,k—1,2n—2k) of 2n. It corresponds

k+3
to a symbol ( " g K E ) On the other hand, wgrwy corresponds to the partition of 2n,
i n—k kl
(k,k,2n — 2k). It corresponds to a symbol < 0 é ) Hence, from [Barbasch-Vogan

2
1982] Theorem 18, we have o La wgrwy.  Q.E.D.
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§ 4. Exceptional algebras

As in §3, we write OF = I1 — {ay.}, W = Way, Ck = Cay, Ak = da,,, ete.

4.1 Even parabolic subalgebras

Let u € g be a nilpotent element. From the Jacobson-Morozov theorem, there is an sly-triple
(v, h,u) in g. Namely, we have [u,v] = h, [h,u] = 2u, and [h,v] = —2v. It is well known that any
eigenvalue of the operator ad(h) € End(g) is an integer. u is called an even nilpotent element if
each eigenvalue of ad(h) is an even number. Put p, = > ,o{X € g | [h, X] =X}

Definition 4.1.1. A parabolic subalgebra p is called even, if there exists an even nilpotent
element u such that p = p,,.

For an even parabolic subalgebra p,,, the Richardson orbit Oy, contains u.
The following result is well-known. For example, it is an easy consequence of [Hesselink 1978|
p218 and [Yamashita 1986] Lemma 3.5.

Lemma 4.1.2. Let po be an even parabolic subalgebra of g. Then, the moment map mg :
T*Xe — Opg is birational.

4.2 Go

In the regular integral case, homomorphisms between (not necessarily scalar) generalized Verma
modules are classified for G in [Boe-Collingwood 1990].

I imagine in the case of G2 the classification of the homomorphisms between scalar generalized
Verma modules is well-known, but I would like to state the result for the completeness.

Let g be a simple Lie algebra of the type Gy. Then, we may write II = {a1, as} such that
<a1,a1> > <042, 042>.

Theorem 4.2.1. Let g be a simple Lie algebra of the type Go and let k be 1 or 2. Then,
Mgk [—t] C Mgk [t] if and only if t € N.

Proof. We see ¢; = ¢y = %, dy = %, and do = % Thus, for k = 1,2, pgr + twy, is integral if and
only if t — % € Z. For k = 1,2, it is easy to see that wgrwy = wowgr but they are not a Duflo
involution of W. Moreover, we have:

Lemma 4.2.2. Let k be 1 or 2. If pgr +twy, is singular and integral, then Mgx[t] is irreducible.
In particular, Mgx[3] is irreducible.

Proof. g has only three special nilpotent orbits, namely the regular nilpotent orbit, the subreg-
ular nilpotent orbit, and {0}. (Cf. [Carter 1985]) Hence, the Gelfand-Kirillov dimension of any
infinite-dimensional irreducible constituent of Mgk [t] is dimngr = Dim(Mgk[t]), if pgr + twi
is integral. On the other hand, the multiplicity (the Bernstein degree) of Mgk|t] is one. So, if
pek + twy, is integral and singular, Mgy [t] is irreducible. O

We continue the proof of Theorem 4.2.1. From Lemma 4.2.2 and Lemma 2.2.6, we have
Mgr[—% —t] € Mgx[3 + 1] for all t € N.

For t € Z, pgr + twy, is half-integral and its integral Weyl group is of type As x Ag. This
case, we easily see wgrwp is a Duflo involution of the integral Weyl group. Since pgr + twy is
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dominant and regular if ¢ € N — {0}, Theorem 1.4.2 implies Mgx[—1 — t] C Mgx[1 + ¢t] for all
teN. Q.E.D.

4.3 F4u

For the simple algebra of the type Fjy, [Boe-Collingwood| treated the regular integral case. The
half-integral case is somewhat easier, but I would like to mention the results for the completeness.

We consider the root system A for a simple Lie algebra g of the type Fy. (For example, see
[Knapp 2002] p691.) We can choose an orthonormal basis ey, ..., e4 of h* such that

1
A:{ﬂ:eiﬂ:ej|1<i<j<4}U{:|:€i|1<i<4}U{2(:|:61:|:€2:|:€3:|:€4)}.
We choose a positive system as follows.
1
A+—{€Z‘:|:€j’1<i<j<4}U{ei’1§i<4}U{2<61i62:|:63:|:64)}.

Put o = %(61 —ey—e3—ey), ay = ey4, a3 = e3 — ey, and ag = eg — eg. Then, IT = {1, ..., a4}.
1 — 2 <« 3 — 4

Since P = Q in this case, we have ¢, = % for 1 <k <4
The result is:

Theorem 4.3.1. ((1) is due to [Lepowsky 1975a].)

(1)  Megi[—t] C Meu[t] if and only if t € IN.
(2) Mg2[—t] C Mg2[t] if and only if t € N.
(3) Mgs|—t] C Mgs|t] if and only if t € N.
(4) Mes|—t] C Mgs[t] if and only if t € $N.

Proof. (1) is proved in [Lepowsky 1975a] (Theorem 1.2). So, we consider the other cases.

Since ¢, = 3 for k = 1,2,3,4, Mgr[—t] C Mgx[t] implies ¢ € AN.

For each k = 1,3,4, pgr is an even parabolic subalgebra. (Cf. [Carter 1985] p401.) Hence,
Mgi[—t] C Mgr[t] for t € N for k =1,3,4.

We consider the case of k = 2. pg2 + twy is half-integral for ¢ € Z. The integral root system
Ay, for pgz +twsy (¢ € N) is of the type Ay x Bs. ©? corresponds to the set of the long simple
roots in the By factor of A,_, and the simple root in the A;-factor. Hence, Theorem 3.2.1 (2a),
Lemma 1.4.4, and Theorem 1.4.2 imply that wg2wq is a Duflo involution in the integral Weyl
group. So, Theorem 1.4.2 implies Mg2[—t] C Mg2]t] for t € N.

For k = 2,3, we can prove that M@k[%] is irreducible using Jantzen’s criterion (Theorem
2.2.11). Hence, Lemma 2.2.6 implies that Mgr[—3 — t] £ Mgx[3 +t] for t € N and k = 2,3.

For k = 4, pgr + (% + t)wy is half-integral for ¢ € N. The integral root system A, , for
pe2 +twy (t € N) is of the type A; x Bs. In this case wga is the non-trivial element of the
Aj-factor of the integral Weyl group. So, it is a Duflo involution in the integral Weyl group and
we have Mga[—3 —t] C Mea[3 +t] for t e N.  Q.E.D.
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4.4 Eg

We consider the root system A for a simple Lie algebra g of the type Fg. Put x = 2—\1/3 We can

choose an orthonormal basis ey, ..., eg of h* such that
A={ei—e;|1<i,j<6,i# ]}

6
i In(i) =1 orn(i) =0 for 1 <i<6, n(z’)zS}
1

We choose a positive system as follows.

At ={e;—¢;|1<i<j<6}

U {26: (n + (—1)"(");) ei

i=1

6
n(i) =1orn(i)=0for 1 <i< G,Zn(i):?)}

Put o = e, —e;41 (1 < <5)and ag = Z?:l (K— %) e; + 2?24 (/{+ %) e;. Then, II =
{al,...,a(;}.
1 - 2 -3 — 4 — 5

In this case, wq is not contained in the center of the Weyl group. So, wewy = wowg may
fail for some © C II. In fact, wgrwoy = wowgr holds for k = 3,6, but it fails for k = 1,2,4,5.

Since the Dynkin diagram of Eg has a symmetry, the cases of ©* and ©° are similar to ©2
and ©', respectively. So, we only consider ©', ©2, ©3, and ©6.

We have:

Theorem 4.4.1. ((1) is due to [Boe 1985].)
(1) t CM@1[]ifand0nlyift:0.

o1[—t]
(2) M@2[ t] C Meg2[t] if and only if t = 0.
(8) Mga|—t] C Meg [t] if and only if t € N.
(4) Mge|—t] C Mgs|t] if and only if t € N.

Proof. (1) is proved in [Boe 1985]. So, we consider the other cases.

First, we prove (2). In this case, we have ,0@2 = 3ws. We also have p@2 € Qand ¢y = %
Hence, Mg2[—t] C M@Q[ ] implies ¢ € 3N. If t € 3N, then pg2 + tws is integral.

Assume that t — 2 E 3N. Then, the integral root system of pg2 + tws is of the type A1 x As.
The set of simple roots is {a1, a6, a3,04,a5,8}. Here, § = a1 + 209 + 2a3 + a4 + ag =
Z?:l (K, + %) e; + 2?23 (m - %) e; + (/1 + %) e6. Among them, o is the simple root in the A;-
factor.
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For t € %N, we denote by W the integral Weyl group of pg2 + tws. Let wl be the longest
element of the integral Weyl group. We easily see that wg2w is not an involution. We also see
pe? + tws is dominant regular for ¢t € 3N — {0}. Since wez2(pez — tws) = —(pe2 + tws), one of
the following two conditions must hold.

(a)  There is no w € Wy, such that w(pgz + twsz) = pe2 — tws.

(b)  werwh(pe2 + tws) = pg2 — tws.

If (a) holds, then Mg:2[t] has an infinitesimal character different from that of Mg2[—t]. Hence,
we have Mgz[—t] € Mg:2[t].

Assume (b) holds. Then, Theorem 1.4.2 implies that Mgz2[—t] € Mg:2|t], since wg2w} is not
an involution.

Next, we prove (3) and (4). Let k be either 3 or 6. Then we have wgrwy = wowgr and py
is an even parabolic subalgebra (see [Carter 1985] p402). Hence, Lemma 4.1.2 and Corollary
2.2.9 imply Mgx[—t] C Mgx[t] for all ¢ € N. Since ¢, = 5 in these case, we have only to show
Megz2[—3 — t] € Mg2[5 +t] for all t € N. In this case, we can check the irreducibility of Mg [3]
via Jantzen’s criterion (Theorem 2.2.11). So, from Lemma 2.2.6, we have the desired result. We
describe the computation briefly.

First, we consider the case of k£ = 3. In this case d3 = % and pgs + %Wg), is integral. We put

v = E?:l 2ke; and o = Z?:l (k+ %) e; + Z?:4 (k— %) €;-
3\
Put= = {ﬁ S (A93> ‘ <p@3 + %w3>ﬁv> eN-— {O}} Thena 71,72 € E. FOI',B € E_{’YlvaQ}a
we can find n € Ags such that (3,m) = 0. Hence, we have Ygs3(sg(pes + 3ws)) = 0. Moreover,

we have T3 (s, (pes + 3w3)) = —Yes (pes — sws) and Tos (s, (pes + sw3)) = Tes(pes — 5ws)-
Hence, we have

1
Z T@3(Sﬁ(p@3 + 50(.)3)) = 0.
pe=

This means that Jantzen’s criterion is satisfied.
Finally, we consider the case of £ = 6. In this case dg = % and pgs + %wg is integral. We

put 71 = 30, 2, and 1 = 0, (5 (~1) 13 e
+
Put = = {ﬁ € (A96) ‘ {pes + gwe, BY) € N — {0}}- Then, 71,72 € E. For § € E—{71,72},

we can find n € Ags such that (3,1) = 0. Hence, we have Tgs(sg(pes + 3ws)) = 0. Moreover,
we have Tgs (54, (pes + 3w6)) = Yes(pes — swe) and Tes (54, (pes + 3w6)) = —Tes (pes — 5ws)-
Hence, we have
1
Z Tgs (Sg(p@6 + 5(&.}6)) = 0.
BEE

This means that Jantzen’s criterion is satisfied. Q.E.D.
Remark In the case of & = 6, the non-existence of the homomorphism is proved in
[Boe-Collingwood 1990] for the regular integral case.

4.5 E,
Let g be a simple Lie algebra of the type Ex.
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We fix an orthonormal basis e1, ..., eg in R%. We identify h* with {v € R® | (v,e; — eg) = 0}
so that

A:{:I:(el—i—eg)}u{:l:eizl:ej\3<i<j<8}

8

1 .

U {12 (61 +eax+ E (—1)"(Z)ei> ‘n(z) is either 0 or 1 for 3 < < 8 and 2?23 n(i) is even.}
i=3

We choose a positive system as follows.

AT ={(e1+ex)}U{este; | 3<i<j<8}

8
1 .
U {2 <61 +eg + g (—1)”(’)ei> ‘n(z) is either 0 or 1 for 3 <i < 8 and Y50, n(i) is even.}
i=3

Put a; = ejuo—ejyzfor 1 <i <5, ag = er+eg, and ay = %(61—1—62—63—64—65—66—67—68).
Then, IT = {ay, ..., a7} is the set of simple roots in AT,
1 -2 -3 -4 - 6 - 7
|
5
We have:

Theorem 4.5.1. (The case of k =1 is due to [Boe 1985].)
(1) Assume k € {1,3,5,6,7}. Then, Mgr[—t] C Mgr[t] if and only if t € N.
(2)  Assume k € {2,4}. Then, Mgr[—t] C Mg t] if and only if t € 3N.

Proof. For the simple Lie algebra of the type Fr, wq is contained in the center of the Weyl group.
Moreover, all the maximal parabolic subalgebras are even. (See [Carter 1985] p403-404.) So,
Lemma 4.1.2 and Corollary 2.2.9 imply that, for all 1 < k < 8, t € N implies Mgx[—t] C Mg [t].
Hence, we have only to take care of the case of t — % e N.

The case of k =1 is due to [Boe 1985]. In fact Mgi[—t] € Meut] for t — 3 € N.

For the case k = 2, we have do = 7 and wy € Q. The integral Weyl group for pg2 + twsy
(t € 3 +N) is of the type A; x Dg. In fact, we have My ottw, = {e3+ea} U ©2. From Theorem
1.4.2 and Theorem 3.2.3, we have wg2wg is a Duflo involution of the integral Weyl group for
po2 + tws. So, Theorem 1.4.2, Lemma 2.2.6 imply that Mgz[—t] C Mege|t] for t — 3 € N.

For the case k = 3, we have d3 = 5 and w3 = %(61 +e9) +e3+es+e5 € Q. So, we have
c3 = 1. Hence, Mgs[—t] £ Megslt] for t — 1 € N.

For the case k = 4, we have dy = 4 and wy € Q. The integral Weyl group for pgs + twy
(t € 3 +N) is of the type A; x Dg. In fact, we have My sttws = {e5 + €6} U ©*. From Theorem
1.4.2 and Theorem 3.2.3, we have wgawg is a Duflo involution of the integral Weyl group for
pot + twy. So, Theorem 1.4.2, Lemma 2.2.6 imply that Mga[—t] C Meult] for t — J € N.

For the case k = 5, we have d5 = 7 and w7 = 61+€2+%(€3+64+€5+66+67—68) ¢ Q.
So, we have c5 = 1. Hence, Mgs[—t]  Mgs[t] for t — 3 € N.

For the cases k = 6 and k = 7, we have dg = % and dy = % In this case, we can show the
irreducibility of Mgr[3] (k= 6,7) via Jantzen’s criterion (Theorem 2.2.11). So, from Lemma
2.2.6, for k = 6,7, we have Mgr[—t] € Mgr[t] for t — % € N. We describe the computation
briefly.
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First, we consider the case of £ = 6. We remark that ng NW(pgs + %wg) consists of the 3
elements (say A1, A2, A3). We put A\ = pgs + %wG and A3 = pgs — %w(g. The remaining element is
Ay = %81—{—%82—{—263—64—86—267—368. Weput y1 = e1+e2, 2 = —%61—%624-63-1—265—266—
3er—eg, y3 = —%el—%eg+63+3e4+265—266—68, and y4 = %61+%€2+2€3+€4—66—267—368. Put

+
== {ﬁ € (AQG) ’ (pgs + %w(a,ﬂ\/) eN-— {0}} Then, v1,...,74 € 2. For f € E — {71, ..., 74},

we can find n € Ags such that (3,1) = 0. Hence, we have Yo (sg(pes +3ws)) = 0. Moreover, we

have Yo (54, (pes +3w6)) = —Tes(X3), Teo (51, (pes +5w6)) = Yes (Az), Tes (545 (pes + 3ws)) =
—T@(s()\g), and Tge (574([)@6 + %WG)) =Tgs ()\2) Hence, we have
1
>~ Teo(ss(pes + 5ws)) = 0.
ez

This means that Jantzen’s criterion is satisfied.
First, we consider the case of K = 7. We put 71 = e; + e2 and v, = %(el + e +e3—eyq+
es — €g +67+€8).

+
Putz = {ﬂ € (A@g) ‘ <p@8 + %w876v> €eN-— {0}} Then7 V1,72 € =. FOI',B € E_{fylu’YQ}a

we can find 7 € Ags such that (3,m) = 0. Hence, we have Yeos(sg(pes + sws)) = 0. Moreover,
we have Ygs (84, (pos + 3ws)) = Yeos(pes — sws) and YLes(s+, (pes + 3ws)) = —Teos(pes — sws).
Hence, we have

1
Z T@S (Sﬁ(pgs + 5&)8)) = 0.
BEE
This means that Jantzen’s criterion is satisfied.
Q.E.D.
Remark In the case of & = 7, the non-existence of the homomorphism is proved in
[Boe-Collingwood 1990] for the regular integral case.
4.6 Eg

We fix an orthonormal basis ey, ..., eg in h* such that

A={teite|1<i<j<8}
8
1 .
U {iz ( g (—1)”(’)ei> ‘n(z) is either 0 or 1 for 3 <1 < 8 and 22323 n(i) is odd.}

i=1

We choose a positive system as follows.

8
U { <el + Z(—l)"(i)ei> ‘n(z) is either 0 or 1 for 2 <4 < 8 and Z?:z n(i) is odd.}
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Put o; = ejy1—e40 for 1 <i <5, a7 = er+es, and ay = %(61—62—63—64—65—66—67—68).
Then, IT = {aq, ..., ag} is the set of simple roots in AT,
1 -2 -3 -4 -5 - 7 - 8
!
6

We have:

Theorem 4.6.1.
(1) Assume k € {1,2,4,6,8}. Then, Mgr[—t] C Mgr[t] if and only if t € N.
(2) Assume k € {3,5,7}. Then, Mgr[—t] C Mgx[t] if and only if t € 3N.

Proof. For any k, we have wgrwy = wowgk since wy is contained in the center of W. Hence,
Lemma 2.2.3 implies that Mgk [—t] € Mgk[t], only if ¢ € IN.

Next we consider the case of t € N. For k € {1,2,3,4,6,8}, por is even (cf. [Carter 1985
p405-406). In this case, Corollary 2.2.9 and Lemma 4.1.2 imply Mgr[—t] € Mgx|t] for ¢t € N.
If £ = 5, we have d5 = %. So, pes is not integral. A basis of integral root system for pgs is
©% U {e5 + eg}. We see that the integral root system is of the type A; x E7. So, the problem
is reduced to the case of k = 3 in the type E7. Hence, Mgs[—t] C Mgs[t] for ¢ € N such that
pes +tws is dominant and regular. From Lemma 2.2.6, we have Mgs[—t] C Mgs[t] for all t € N.
The case of kK = 7 is similar to the case of £k = 5. This time, a basis of the integral Weyl group
of pg7 is O7 U {%(el —eg—e3—eq+e5+ eg+ er+eg)} and the integral root system is of the
type A1 X E7. Hence, the problem is reduced to the case of k =5 in the type E7.

Next, we consider the case of ¢ € % + N.

First, we consider the case of kK = 3. In this case, pgs + tws is not integral for ¢ € % +N. A
basis of integral root system for pgs + %wg is ©° U {e3 + e4} and the integral root system is of
the type Dg. This time, the problem is reduced to the case of k = 3 in the type Ds.

Next, we consider the case of k = 5,7. In this case, pgr + twy, is integral for ¢ € % + N. The
special representation corresponding to a Richardson orbit can be constructed as a MacDonald
representation ([MacDonald 1972]). If k = 5 (resp. k = 7), then the numder of positive roots in
the Levi part of pgr is 14 (resp. 22). Hence, the special representation occurs as component of
S'(h*) (resp. S?2(h*)) but not of S¢(h*) for d > 14 (resp. d > 22). Hence, from [Carter 1985]
p417-418, we see the family of the special representation consists of a single element. Hence,
Corollary 2.1.4, Lemma 2.2.6 and Lemma 2.2.7 inply that Mgk [—t] C Mgx[t] for t € 3 +N.

If £k =1,2,4,6,8, we can prove that M@k[%] is irreducible via Jantzen’s criterion. So, we
have Mgk [—t] € Mgx[t] for t € 3 +N. We describe the computation briefly.

First, we consider the case of £ = 1. In this case d; = % and pg1 + %wl is integral. We put
Y1 =e1 +eo and o = %(61+62+63—€4+€5—66+67—68).

+
Put= = {ﬁ € <A91> ‘ <p®1 + %w17ﬁv> eN- {O}} Then, 71,72 € E. For 3 € E_{’71772}7

we can find n € Ag: such that (3,m) = 0. Hence, we have Ye1(sg(per + 3w1)) = 0. Moreover,

we have Y1 (s4, (po1 + 2w1)) = Yei(per — swi) and Ye1(sy,(per + sw1)) = —Ye1(per — sw1).
Hence, we have

Z Toi(sg(per + %wl)) =0.

BEE
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This means that Jantzen’s criterion is satisfied.

Next,we consider the case of k£ = 2. In this case dy = % and pg2 + %wg is integral. We remark
that ngJr NW(pe2 + %wg) consists of the 3 elements (say A1, A2, A\3). We put \; = pg2 + %wg
and A3 = pg2 — %wz. The remaining element is Ao = 4e; — 3ea — bes + 4ey + 3es + 2eg + e7. We
put 71 = e1+ea, 72 = e1+€3, 73 = €1 — €6, and 4 = (€1 + ey —e3+ €4 —e5 —eg+e7+eg). Put

E= XN lws,BY) € N— {0} ¢. Th = T =
E B € (pe2 + qwa, BY) € {0} ¢. Then, 71,...,74 € E. For B € E— {71, ..., 74},

we can find 7 € Age such that (3,1) = 0. Hence, we have Yg2(sg(pe2+3w2)) = 0. Moreover, we
have T2 (54, (pe2 +3w2)) = —Te2(A3), Te2 (51, (pe2 +5w2)) = Te2(Aa2), Te2 (545 (pe2 +3w2)) =
Toz(A3), and Yoo (sy,(pe2 + sw2)) = —Te2(A2). Hence, we have

1
Z T@Q (Sﬁ(pe? + 50&)2)) = 0.
pe=

This means that Jantzen’s criterion is satisfied.

Next, we consider the case of K = 4. In this case dy = % and pgs + %w4 is integral. We
remark that Pgi NW(pes + %w4) consists of the 7 elements Aj,...,\7. They are characterized
as follows. <)\1,w4) = 10, <)\2,w4> = 5, </\3,(,U4> = 2, <)\4,w4> = O, <)\5,W4> = —2, <)\6,w4> = —5,
and (A7,ws) = —10. We have A\; = pgs + %w4 and A7 = pga — %w4. We put 71 = e1 + eg,
Y2 =€1+e3, 73=€1+e4, y4a=¢€r+e5 V5 =e€1+e6 YVg=€ —€5 V=€ —er, V3 = €] — €s,
Yo = (e1+ex+e3—es—es+es+er—eg), 10 = 3(e1+ea—e3 —eq —e5 + €6+ e7 + ex),

1 =3(e1+eateztes—es+es+ertes), and yig = z(er+ex+ez—es—es+es—er+es).

+
Put = = {66 (A94) '(p@4+%w4,ﬁv> EN—{O}}. Then, ~vi,...,72 € 2. For 8 €

E—{71,...,712}, we can find 7 € Aga such that (3,7) = 0. Hence, we have Yo1(sg(pes+3ws)) =
0. Moreover, Wle have Tg1(sy, (per + tws)) = —T1@4()\7), Toi (s, (per + tws)) = '11“94(/\6),
You(sr,(po1 + 1)) = ~Yor (M), Ter(ssy(pr + b)) = Tor0h), Tos (s (pos + hun)) =
?@4()\7)’ Toi(sq(por + gwa)) = —T?4()\6), To1(sy, (pes + jwa)) = T®4g)\3), To1(sqs(per +
3wa)) = —To1(Xs), Toi(sy(per + swi)) = Te1(M), Tei(sy,(per + 3wi)) = —Tei(Aa),
Tou (5311 (ot + 3w1)) = Tes(X5), and Tes(sy,, (pes + 5w1)) = —Tes(A3). Hence, we have
1
Z Toa (Sg(p@4 + 5&14)) = 0.
BeE

This means that Jantzen’s criterion is satisfied.
Next, we consider the case of k = 8. In this case dy = % and pg1 + %Wg is integral. We put
v1=e1+erand vy = %(614-62+€3—64—€5+66+€7—68).

+
Putz = {ﬂ € (A68> ‘ <p@8 + %w87ﬁv> e N-— {0}} Thena V1,72 € E. FOI'ﬁ € E_{’YL’YQ}a

we can find 7 € Ags such that (3,m) = 0. Hence, we have Yeos(sg(pes + sws)) = 0. Moreover,
we have Tgs (54, (pos + sws)) = Tos(pes — sws) and Yes(sy,(pes + sws)) = —Tes(pes — sws).
Hence, we have

1
D Tes(sa(pes + 5ws)) = 0.
BEE

This means that Jantzen’s criterion is satisfied.
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Finally, we consider the case k£ = 6. In this case, we choose the following basis of the

root system in order to make computation easier. a; = ey —eg, as = eg — ey, a3 = e5 — eg,
1

Qy = eq4 —e5, a5 = €3 — €4, O = (—€1 —ez —e3+es+e5+eg +er+eg), ar = ez — ez,

and ag = e; — eo. In this case dg = % and pge + %w6 is integral. We put 71 = e; + e5 and

+
Y2 = 3(e1+eat+eztestes—es—er—es). Put 2 = {ﬁ € <A®6) ‘ (pes + 3we, BY) € N — {0}}-

Then, 71,72 € E. For § € E — {v1,7}, we can find n € Ags such that (3,7) = 0. Hence, we
have Yoo (s3(pes + swe)) = 0. Moreover, we have Yes (s, (pes + 3ws)) = Yoo (pes — 3we) and
Y6 (s, (pes + 3ws)) = —Yes(pes — swe). Hence, we have

1
Z T@G (Sﬁ(p@b‘ + 50)6)) = 0.
BEE

This means that Jantzen’s criterion is satisfied. Q.E.D.
Remark In the case of K = 1, the non-existence of the homomorphism is proved in
[Boe-Collingwood 1990] for the regular integral case.

§ 5. Elementary homomorphisms

Here, we explain that we can construct homomorphisms in the setting of general parabolic
subalgebras from the case of maximal parabolic subalgebras.

5.1 A comparison result

Here, we review some notion in [Matumoto 1993] §3. Hereafter, g means a reductive Lie algebra
over C and retain the notations in §1. We fix a subset © of II. For o € A, we put

Ala)={feA|TceR Plog = ct|ae},
At(a) = Ala) N AT,
U,=CS+ Ca C h*.

Then (U, A(a), ( , ))is asubroot system of (h*, A, ( , )). The set of simple roots for A*(«)
is denoted by II(«). If afq, # 0, then there exists a unique & € A" such that II(a) = © U {a}.
If @ € A satisfies alq, # 0 and a = @, then we call @ O-reduced. For a € AT, we denote by
Weo(a) the Weyl group of (h*, A(«)). Clearly, Wo C Wg(a) C W. We denote by w® the longest
element of We (). We call o € A ©-acceptable if wwe = wew®. We denote by A® the set of
O-reduced O-acceptable roots. Put (A9)T = AT NAQ. For a € AD, we define

00 = wWwe = wew®.
Clearly, 0,2 = 1. For a € A, we put
Va={A€ag | (N a) =0}

We denote by w, € ag C h* the fundamental weight for a with respect to the basis II(a) =
O U {a}. Namely w, satisfies that (wa,) = 0 for 8 € ©, (8,4) = 1, and walpe(g(a)) = O-
Here, ¢(g(«)) is the center of g(c). We see that there is some positive real number a such that
Wa = aQ|gg, Since alyne(ga)) = 0. Hence, we have Vi, = {\ € ag | (A, wa) = 0}

We can easily see:
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Lemma 5.1.1. Let a € A®. Then, we have
(1) o preserves ag.
(2) 04 € W(O). In particular, oope = po.
(8) Oowa = —Wq-
(4)  0alag is the reflection with respect to V.

For a € (A9)*, we define

g@)=h+ 3 g5 pola) =ga)Npe.
BEA(a)

Then, g(«) is a reductive Lie subalgebra of g whose root system is A(a) and pe(«) is a maximal
parabolic subalgebra of g(«).

Put p(a) = %ZBEA+(04) B, For v € ag, we denote by C, the one-dimensional U(pe(«))-
module corresponding to v. For v € af we define a generalized Verma module for g(a) as
follows.

ME (po +v) = U(8(@)) Bu po(a)) Co—p(a:

Then, we have:

1
5.
Mg)(a)(p@ — newy) C M(g(a)(p@ + ncwy) for all n € N. Then, we have Mg(pe + v — ncwy) C
Me(pe + v + ncwy) for allm € N. (We call the above homomorphism of Mg (pe + v — ncwy,)

into Mo (pe + v + ncwy) an elementary homomorphism. )

Theorem 5.1.2. Let v be an arbitrary element in V., and let ¢ be either 1 or Assume that

Proof. Assume that Mg(a)(p@ —ncwy) C M(g)(a) (pe +ncwy) for all n € N. Remark that o, (pe +
NCwy) = pe — NCwy. From Theorem 1.4.2, this implies that o, is a Duflo involution of the
integral Weyl group Wg 4new, for a sufliciently large n.

Put Qan = {v € Vo | A(®)pgtnewa = Dpotv+news t- From Theorem 1.4.2, for sufficiently
large n € N and v € Qq,n, we have Mg(pe + v — ncwy) € Me(pe + v + ncw, ), since we have
oa(po + v+ ncwy) = pe + v — ncw,. We easily see v — ncw, is strongly ©-antidominant for all
n € N. Applying Lemma 1.5.1 and the exactness of the translation functor, we can remove the
extra assumption that n is sufficiently large.

On the other hand Qg is Zarisky dense in V,, (Cf. [Matumoto 1993] Lemma 3.2.2 (1)).
Moreover, we can prove that {v € ag | Meg(pe + v — ) € Me(pe + v)} is Zarisky closed in ag
for each p1 € af in the same way as [Lepowsky 1975b] Lemma 5.4. Hence, for each v € V,, and
each n € N, we have Mg(pe + v — ncw,) C Mo(pe + v + naw,).  Q.E.D.

Remark Taking this opportunity, I would like to fix an error in [Matumoto 1993]. In page
269 line 18, the definitions of g(a,c) and ps(a,c) are incorrect. g(c,c) should be an abstract
reductive Lie algebra associated with the pair (h, Ay ¢). ps(a, ) should be the standard parabolic
subalgebra corresponding to ©. Since A, . need not be closed under the addition in A, g(c, ¢)
need not be a subalgebra of g.
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5.2 C, case

As an example, we describe elementary homomorphisms in the C), case. Let g = sp(n,C). We
use the notation in the root system in 3.1.

Let k = (k1, ..., ks) be a finite sequence of positive integers such that ky + - -- + ks < n. We
put kj = ki +---k; for 1 <i < s and kj = 0. We define a subset ©F of II as follows.

oF — H—{ek;—ek;+1|1<i<s} ifk:;"<n,
IT— ({err —err41|l <i<s—1}U{2e,}) fk;=n

Then the corresponding standard Levi subalgebra lg« is isomorphic to gl(ki, C) & gl(ks, C) &
- @ gl(ks,C) @ sp(n — k%, C). Here, we regard sp(0,C) as a trivial Lie algebra {0}. Obviously
any proper subset of II is written as the form of ©F.

We put a; = Z?;l exr_,+; (1 <i < s)). Then, ai,...,as form a basis of ag,.. We write
Mox[ty, ..., ts] for Mor(per + tra1 + -+ - + tsas) for tq,...,ts € C.

We easily have:

Lemma 5.2.1.
(1) If k¥ <n, then

(AP = {ex: — €kl 11<i<j<ski=kjptU{err —epzq1 |1 <i< s}
(2) If k¥ =n, then
(AP =fens —ensn |1 <0 <j < s,hki = kjpa} U{2ep: [ 1< < s}
Combining [Boe 1985] 4.4 Theorem, Theorem 3.2.2, and Theorem 5.1.2, we have

Proposition 5.2.2. (1) Let1 <p < q< s be such that k; = k;. Ift, —t, € N, we have

Mor | por + Y tiai+tqay +tpag | € Mox | por + > tia;
1<i<s 1<i<s
1#£p,q

(2) Let1<p<q be such that 3k, > 2(k, +n —k}). Ift, € N, we have

Mex | por + E tia; —tpay | € Mex | por + § tia;
1<is 1<is
i#p

(3) Let1<p< q be such that 3k, < 2(kp, +n — kZ) and ky, is even. If t, € 1N, we have

Meox | por + Z tia; — tpap | € Mex | per + Z t;a;
1<i<s 1<i<s
iFp
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