THE ORBIT METHOD FOR THE JACOBI GROUP

JAE-HYUN YANG

1 INTRODUCTION

Let G be a reductive Lie group with Lie algebra g. We may identify g with
its dual g* (cf. [Vo3], Proposition 2.7). More precisely the real valued symmetric
bilinear form <, >: g Xx g — defined by

(1.1) <X, Y >=Retr(XY), X, Y eg
is nondegenerate and hence there exists a G-equivariant linear isomorphism
g —g =X,

characterized by A(Y) =< X,Y >, Y € g. Therefore the coadjoint G-orbits in g*
may be identified with adjoint GG-orbits in g. The philosophy of the orbit method
says that we may attach the irreducible unitary representations of G to the coad-
joint orbits in g*. Historically the orbit method that was first initiated by A.A.
Kirillov (cf. [K]) early in the 1960s in a real nilpotent Lie group worked beautifully.
Thereafter the orbit method was extended nicely to a solvable Lie group of type
I by Auslander and Kostant (cf. [A-K]). Their proof was based on the existence of
complex polarizations satisfying a positivity condition. Unfortunately Kirillov’s
work fails to be generalized in some ways to the case of compact Lie groups or
semisimple Lie groups. Relatively simple groups like SL(2,R) have irreducible
unitary representations that do not correspond to any symplectic homogeneous
space. Conversely, P. Torasso [T] found that the double cover of SL(3,R) has
a homogeneous symplectic manifold corresponding to no unitary representations.
The orbit method for reductive Lie groups is a kind of a philosophy but not a the-
orem. Many large families of orbits correspond in comprehensible ways to unitary
representations, and provide a clear geometric picture of these representations.
The coadjoint orbits for a reductive Lie group are classified into three kinds of
orbits, namely, hyperbolic, elliptic and nilpotent ones. The hyperbolic orbits are
related to the unitary representations obtained by the parabolic induction and
on the other hand, the elliptic ones are related to the unitary representations ob-
tained by the cohomological induction. However, we still have no idea of attaching
unitary representations to nilpotent orbits. It is known that there are only finitely
many nilpotent orbits. In a certain case, some nilpotent orbits are corresponded
to the so-called unipotent representations. For instance, a minimal nilpotent orbit
is attached to a minimal representation. In fact, the notion of unipotent represen-
tations is not still well defined. The investigation of unipotent representations is
now under way.
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In this paper, we study the orbit method for the Jacobi group G”. The Jacobi
group GY is a semidirect product of the symplectic group and the Heisenberg
group. For a detail, we refer to Section 3 in this paper. G” is not a reductive Lie
group. The real-valued symmetric bilinear form <, >: g7/ x g/ — R defined by
< X,Y >=tr(XY), X,Y € g/ (cf. (1.1)) is highly degenerate. Therefore in the
Jacobi group G, we can not identify the Lie algebra g’ of G with its dual (g7)*.
We may not expect nice properties which are obtained in the reductive case. In
fact, there are infinitely many nilpotent G*-orbits and there is no correspondence
like the Kostant-Sekiguchi correspondence occurring in the reductive case. The
paper is organized as follows. In Section 2, we review the orbits and the Kostant-
Sekiguchi correspondence for the group SL(2,R). In Section 3, we investigate the
adjoint nilpotent G/-orbits in g’ explicitly. In particular, we provide an injective
mapping from the set of nilpotent G”-orbits in g to the set of nilpotent KZ-orbits
in pZ. In the final section, we investigate the coadjoint G”’-orbits in (g7)* explicitly.
We review the unitary representations of SL(2,R) and G’. And then we attach
to these orbits unitary representations of G .

NoTATIONS:  We denote by Z, R and C the ring of integers, the field of real
numbers, and the field of complex numbers respectively. We denote by R* and
C* the set of nonzero real numbers and the set of nonzero complex numbers
respectively. We denote by Z* (resp. Z>¢) the set of all positive (resp. nonnegative)
integers, by F(5) the set of all k x | matrices with entries in a commutative ring
F. For any M € F* b M denotes the transpose matrix of M. We denote the
identity matrix of degree k by Ij.
2 THE KOSTANT-SEKIGUCHI CORRESPONDENCE FOR SL(2,R)

In this section, we review the Kostant-Sekiguchi correspondence for the special
linear group SL(2,R).

For brevity, we write G = SL(2,R) and let K = SO(2) be a maximal compact
subgroup of G. The Lie algebra g of GG is given by

(2.1) g:{(i _yx))x,y,zeR}.

We put

o x= (3 8) = 8) = (%)

Then the set {X,Y, Z} forms a basis for g. We define an element F'(z,y,2) € g by

(2.3) F(z,y,2) ::xX—l—yY—l—zZ:X:(yfz yj;)

Then we have the relations

(24) X*+Y?-2Z*=3L, [X,Y]|=2Z |[X,Z]=2Y, [Y,Z]=—2X.
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It is easy to see that X and Y are hyperbolic elements and Z is an elliptic element.
For a nonzero real number a, the G-orbit of X is represented by the one-sheeted
hyperboloid

(2.5) 2 +y? - 22 =a”

The G-orbit of aY (v € R*) is also represented by the hyperboloid (2.5). The
G-orbit of aZ (a € R*) is represented by two-sheeted hyperboloids

(2.6) w2 +y? - 22 = —a?

Since
F(z,y,2)* = (2® +y* — 2%) - Iy,

we have for any k € ZT,
F(z,y,2)"" = (2 +y* - 2°)F - Io.

Thus we see that F(z,y, z) is nilpotent if and only if 2% + y? — 22 = 0. Therefore
the set Mg of all nilpotent elements in g is given by

(2.7) NR:{F(aﬁ,y,z):(yw y+z)‘x2+y2—z2:0}.

—Z —X

We put

(2.8) 5:%(Y+Z):<8 é) T:%(Y—Z):((l) 8)

Obviously S and T are nilpotent elements in Ng. The the G-orbit of a.S (a € R*)
is represented by the cone

(2.9) 2 +y?—22=0, (x,y,2)#(0,0,0)

depending on the sign of a.

If a > 0, the G-orbit of oS is characterized by the one-sheeted cone
(2.10) w?+y?—22=0, z>0.
If a < 0, the G-orbit of a.S' is characterized by the one-sheeted cone
(2.11) 2+ —22=0, 2<0.

The G-orbits of aT" (o > 0) are characterized by the one-sheeted cone (2.11) and
the G-orbits of o1 (o < 0) are characterized by the one-sheeted cone (2.10).

We define the G-orbits Vi and N by
(2.12) Ng=G-S and Ny =G-T.
Then we obtain
(2.13) Ne = Ni U{0}UNR .

According to (2.5),(2.6) and (2.13), we see that there are infinitely many hyper-
bolic orbits and elliptic orbits, and on the other hand there are only three nilpotent
orbits in g.
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KC:SO(Q,(C):{<_ab 2) ) a?+b% =1, a,be(C}

be the complexification of K. The complexification gc of g has the Cartan decom-
position
gc = tc + pe,

ec:{(_oz S)‘ZGC}
pc:{(; _yw)]x,yec}.

The set Ny of all nilpotent elements in pc is given by

(2.14) N9:{<Z _y>€p(c‘x2+y2:0}cpc.

where

and

T

We put

0 i 1/1 1/1
(2.15) H"_(—z‘ 0)’ X"_i(z‘ —1)’ Y"_E(—z‘ —1)'

Then the set {Hp, Yy, Xp} is a normal triple, that is, a triple { Hp, Yy, Xp} satisfies
properties (2.16) and (2.17):

(2.16) Hp e tc, Xo,Yp€pc
and
(2.17) [Hy, Y] = 2Yy, [Ho, Xo] = —2Xy, [Yy,Xp] = Hy.

Moreover a triple {Hy, Yy, Xy} satisfies the following property
(2.18) oo(He) = —Hp, 00(Xp) =Y, 00(Yy) = Xy,
where oy denotes the complex conjugation on gc.

We note that K¢ acts on Np. Now we define the Kc-orbits A" and N, by

(2.19) Ny =Kc-Xy and N, = Kc¢-Yp.

Then we see that

(2.20) No = N,F U{0}UN, .

The Kc-orbit ./\/'9+ is characterized by the straight line

(2.21) y=1ix, ze€C—{0}.

On the other hand, The Kc-orbit N, is characterized by the straight line
(2.22) y=—iz, zcC-{0}.

It is easily seen that the Kc-orbits of aHy (o € C*) are represented by complex
hyperboloids and that there are infinitely many hyperbolic and elliptic orbits in
gc. However there are only three nilpotent orbits in pc which are N-0+ , {0} and

Ny
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The correspondence between the G-nilpotent orbits in Mz and the K¢-nilpotent
orbits in Ny given by

(2.23) N = NS, {0} = {0}, Ng — Ny

is the so-called Kostant-Sekiguchi correspondence (cf. [S-V], [Se], [Ve], [Vo1-3]). M.
Vergne [Ve] proved that each of the mappings

(2.24) N — Ny {0} — {0}, Ny — Ny
is a K-equivariant diffeomorphism.

3 THE ADJOINT ORBITS FOR THE JACOBI GROUP

We consider the Heisenberg group

Hg = { ()‘71117’{) A)M?’“J € R}
with the following multiplication law
(3.1) (Apyr)o Nop 6 ) =N+ XN u+p 6+ K + 20" —Np).

We let
G’ = SL(2,R) x Hg

be the semidirect product of SL(2,R) and Hg endowed with the multiplication
law

(3.2) (M, (A k) - (M, (N, K")) = (MM, (A\+ N, i+, s+ &'+ A’ — N i)

with M, M’ € SL(2,R), (\, u, &), (N, i/,&’) € Hg and (A, 1) := (A, u)M’. The
group G is called the Jacobi group.

Let H be the Poincaré upper half plane. We see that G acts a nonsymmetric
homogeneous space H x C transitively by

(3.3) (M, (A, 8)) - (1,2) = (M <7 >, (2 + A+ p)(er +d)71),
where M = (CCL Z) € SL(2,R), (\, p,k) € Hg and (7,2) € H x C and

(3.4) M <7 >=(ar +b)(cr +d) .

It is easily seen that the stabilizer K/ of G’ at (i,0) under the action (3.3) is
given by

(3.5) K7 ={(k,(0,0,r))| ke K, kc R} =2 K xR,

where K = SO(2) is a maximal compact subgroup of G = SL(2,R). We observe
that the Jacobi group G is embedded in the symplectic group Sp(4,R) via

0 b ap—0A
K
cu—di |’
1

(3.6) (M, (X, p, K)) =

S0 »Q

1
0
0

o ax
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a b

where M = (c d> € SL(2,R). The Lie algebra g’ of G” is given by

(3.7) ¢/ ={(X,(p,q,7))| X €9, pg,r €R}

with the bracket

(3-8) (X1, (o1, a1,71))s (X2, (P2, 42,72))] = (X, (5,4, 7)),

where

and

21 + P1Y2 — q1T2 — P2Y1,

X
P = p1T2 + q122 — P21 — @221,
a=q

7= 2(p1g2 — P2q1)-

Indeed, an element (X, (p,q,r)) in g7 with X = (y f . yj—(;) € g may be
identified with the matrix
x 0 y+z ¢
|1 r 0 q T
(39) G(.CC, Y,2,D, 4, T) T y—z 0 — —p
0 0 0 0

in the Lie algebra sp(4,R) of Sp(4,R).

Lemma 3.1. If G(z,y,2,p,q,7) is an element in g’ given by (3.9), then for a
positive integer k € Z7,

(3.10) G(z,y,2,p,¢,7)% = (2® +y* = 2°)* 1G(x,y,2,p,4,7)%.
Proof. By a direct computation, we obtain
G(z,y,2p,q,7)" = (2> +y* - 2°)G(x,y,2,p,q,7)*.

The formula (3.10) follows immediately from (3.11). O

According to Lemma 3.1, the set NV of all nilpotent elements in g’ is given by
(3.12) Ni ={G(z,y,2,p,q,r) € g7 2* +9> —2* =0}
We have the adjoint action of G’ on g’ given by

(3.13) g-X =Ad(9)X =gXg™', geG’, X c NY.
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According to (3.6), we may write g = (M, (\, u, k) € G’ with M = <Z Z) eG

as

b ap—bA
_ M K
(3.14) g= d cp— d
0

1

S0 »Q
OO~ O

Then the inverse of g is given by

d

(3.15) gl = c“_CdA

0

b —p

bA\—ap —k
a A
0 1

0

1

0

0
Lemma 3.2. If g = ((Z b) (A, 1y K ) is an element of GJ, then the action of
g on G(x,y,z,p,q,r) is given by

(316) g- G(%?J,Zapa q, T) = G(i,g,é,ﬁ, q; 7:)7

where

(ad + bc)x — ac(y + z) + bd(y — z),
J+Z=—2abx + a*(y + 2) — b*(y — 2),

§— % =2cdx — Ay + 2) + d*(y — 2),

p=d{ z+ pu(y — 2) + p} + c{pz — Ay + 2) — q},
—b{Az + pu(y — 2) +p} —a{pz — Ay +2) — q},
— 2 ux + Ny + 2) — 2 (y — 2) — 2pp + 2\ + -

xl\u
||||

Y
I

In particular, Nj is stable under the action of G”.

Proof. The proof of the first part follows from a direct computation. Let G(x,y, z,p, q, )
be an element of M. Since

P2+ 72 — 22 = (ad — be)*(2* +y* — 2%) =0,

we see that g - Ny C M for all g € V.

We set

=G(1,0,0,0,0,0),
G(0,1,0,0,0,0),
G(0,0,1,0,0,0),
G(0,0,0,1,0,0),
( )
( )

G(0,0,0,0,1,0),
=G(0,0,0,0,0,1).
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Obviously the set { X7, Y/, 27, P/, Q7, R” } forms a basis for g7. So we have
G(x,y,2,p,q,7) = 2 X7 +yY”' + 227 + pP’ + qQ” + rR’.

We note that X7 and Y are hyperbolic elements, Z7 is an elliptic element and
P, @, R are nilpotent elements.

Let @ € R be a fixed nonzero real number. According to Lemma 3.2, the
G7-orbit II(aX”) or I(aY”) of aX” or aY" is represented by the equations

(3.17) By’ -2 =0 2pgz— (PP —)y— (p°+¢*)z—a’r=0.

The G”-orbit II(aZ”) of aZ is represented by the equations

(3.18)  2*+y’=2"—0a’ 2pgzr—(p° — @)y + (0 +¢*)z +a’r =0.

The G7-orbit II(aP”) or II(aQ”) of aP’ or P’ is represented by the equations
(3.19) r=y=2=0, (p,q) #(0,0), reR.

The G7-orbit II(aR’) of aR’ is just a single point, that is,

(3.20) II(aR) = G’ - (aR’) = {aR’}.

We define the nilpotent elements S” and TV by

1 1
(3.21) ST = §(YJ +2z7) and T’ = 5(YJ - Z7).

The G”-orbit II(aS7) or H(aT”) of S’ or aT” is represented by
(3.22) w2 +y?=22>0, zr—pqg=0.

If a > 0, the G7-orbit II(aS7) of @S’ is represented by the variety
(3.23) 2 +y?=2% 2>0, xzr—pg=0, r>0.

If o < 0, the G7-orbit II(aS7) of @S’ is represented by the variety
(3.24) w24 y? =22 2<0, zr—pg=0, r<O0.

If o > 0, the G7-orbit II(aT”) of aT"” is represented by the variety (3.24) and if
a < 0, the G/-orbit II(aT’) of aT" is represented by the variety (3.23). We see
that there are infinitely many nilpotent G-orbits, that is, I1(S”), II(T7), H(aR’) (a €

R*), {0}.

In summary, we obtain the following theorem.
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Theorem 3.3. We have a disjoint union
N =1(S7) UIIT7) U {0} UTL(P) U (Uperx {IL(aR7)}).

In particular, there are infinitely many nilpotent G”-orbits in N}y C g”.
We let
N2 =1{G(0,0,0,p,q,7)| (p,q,7) € R®}.

Then G acts on A% and the orbit space N'? /G is infinite. Precisely we have
the following disjoint union

N? =TI(P7) U {0} U (Uper~ {TI(aR7)}).

For x,y,p,q,7 € C, we set

x 0 y q

| 0 q

(325) H(az,y,p,q,r) T y O —x _p
00 0 O

Let pZ be the vector space consisting of all H(z,y,p,q,7) (x,y,2,p,q,7 € C). Then
the Cartan decomposition of the complexification gf of g7 is

(3.26) al = tc + pf,

e={(0 §)]eec)

is the complexification of the Lie algebra € of K. Let Ny be the set of all nilpotent
elements in pc. Then

where

(3.27) Ni ={H(z,y,p,q,v) €p¢| 2° +y> =0} .
Indeed, (3.27) follows from the fact that
(3.28) H(z,y,p,q,7)*" = (2> + ¢*)" 'H(z,y,p,q,r)* for all k € Z*.
We set
g_1 :
X5 ZEH(l,z,O,O,O),

\ 74 :%H(l,—i,0,0,0),
PJ/ =H(0,0,1,0,0),
Qy =H(0,0,0,1,0),
Rj =H(0,0,0,0,1).

Obviously the set {Xé] Y/, P, Q) R } forms a basis for a complex vector space
pe-
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Proposition 3.4. K/ acts on pl preserving Ny .
Proof. An element k7 of K¢ is of the form

a 0 b 0
0O 1 0 ~
J _ 2 2
(3.29) k' = 5 0 a 0l a,b,k € C, a* + b = 1.
0 0 0 1
We obtain
kj ' H(:anapv q, Ir) = H(x*ay*ap*aq*ar*)v
where
z* =(a® — v*)x + 2aby,
y* = — 2abx + (a® — b?)y,
(3.30) p* =ap+bq,
q" =aq — bp,
r* =r.

If H(z,y,p,q,7) € Ny, then
(%) + (y)? = (a® + b)* (2 + y°) = 0.
Therefore k7 - Ny C Ny for each element k7 € K. O
We define the KZ-orbits A"t and N>~ by
Nyt =KZ-X] and N7 =KZ-Y.

It is easily checked that /\/é] "+ and ./\/'9‘] '~ are given by

(3.31) Nyt = {H(z,ix,0,0,0) | £ #0, 2 € C}
and
(3.32) N~ = {H(x,—iz,0,0,0)| 2 #0, z€ C}.

We define, for a nonzero complex number § € C,
NP @) =KL 6P and NP©(6) = K& -6Q).

Then
(333) N T(0) = NG"9(8) = {H(0,0,p,4,0)| p* +¢* =%, p,g € C}.

We define for a nonzero complex number ¢ € C

N (e) = KZ - (cRy).

Then
(3.34) Ny (e) = {cR]} = {H(0,0,0,0,¢)}.

Lemma 3.5. H(z,y,0,0,r) and H(Z,§,d,0,7) lie in the same Kc-orbit in pf if
and only if z = x, g = y.
Proof. By (3.30), we have a =1 and b = 0. Hence Z =z, § = v. O
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Lemma 3.6. Let (z,y) € C? with (z,y) # (0,0). Then H(z,y,d,0,7) and
H(z,y,6,0,7) lie in the same KZ-orbit in p if and only if § = +6, 7 =r.
Proof. According to (3.30), # =r, b =0 and so a = +1. Since §=ad, § =+4.

Lemma 3.7. Suppose H(z,y,p,q,7) € Ny with y = &z, where £ = i or —i. If
H(%,§,p,q,7) is in the Kc-orbit of H(x,y,p,q,r) in pZ, then § = £7.

Proof. According to (3.30), we obtain
7= (a+Eb), §=Ea+eh)a.

Hence y = £2. 0

Lemma 3.8. Let x,0,r € C with z # 0. We denote by /\/oj’+(af:,6,r) and
./\/'9‘]’7(:1:,5, r) the Kc-orbits of H(x,ix,d,0,r) and H(z,—izx,d,0,7) respectively.
Then /\/'QJ’JF(a:, d,r) and NGJ’_(IL‘, d,7) are given by

(3‘35) Né]’+(IL‘,5, T) = {H(z,iz,p, q, T)l z,p,q € C, p2 + q2 =52 }
and
(3.36) N~ (x,8,7) = {H(2, —iz,p,q,7)| 2,0, € C, p* +¢* =} .

with a? + b = 1 satisfying

&= (a+ib)%x, §=i(a+ib)*x, p=ad, G=—bd, 7 =r.
Thus § = i%, p* + ¢* = (a® + b?)d% = §%. Hence we obtain the formula (3.35). In
a similar way, we get the formula (3.36). O

According to (3.31)-(3.34), Lemma 3.5-Lemma 3.8, we obtain the following
theorem.

Theorem 3.9. We have the following disjoint union

5eC* /72
reC

U U Leex N7 (2,6,7) | U {0}
seC* /z?
reC

U (u(;erNgJ’P(d)) U (UcE(CXNQJ’R(C)) .

In particular, there are infinitely many nilpotent KZ-orbits in Ny C p{.
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Remark 3.10. It is known that if G is a real reductive Lie group, there are only
finitely many nilpotent orbits and that there is the so-called Kostant-Sekiguchi
correspondence between the set of all nilpotent G-orbits in g and the set of all
nilpotent Kc-orbits in pc, where K¢ is the complexification of a maximal compact
subgroup K of G and gc = ¥c + pc is the Cartan decomposition of the complexifi-
cation gc of g. But according to Theorem 3.3 and Theorem 3.9, we see that in the
Jacobi group there is no correspondence like the Kostant-Sekiguchi correspondence
occurring in the reducive case. We may define the injective mapping

(3.37) TN )G — N K
by
T(I([S7]) = WD), o(I(T7]) = W71, e ([{0}]) = [{o}),
V(I(P)]) = NG (D), U([(aR)) = N (a)].
Here if  is a G/-orbit in N or a K{-orbit in A/, [Q2] denotes its corresponding
point in the orbit space N /G’ or N JK{.
4 THE COADJOINT ORBITS FOR THE JACOBI GROUP

First of all, we note that we may identify the Lie algebra sp(4,R) of Sp(4,R)
with its dual sp(4, R)*. Indeed, there exists a Sp(4,R)-equivariant linear isomor-
phism

sp(4,R)* — sp(4,R), A — X,

characterized by
(4.1) AY) =Tr(X,Y), Y c€sp(4,R).

For a detail, we refer to [Vo3], Proposition 2.7. Then the dual (g/)* of g’ consists
of matrices of the form

x p =z 0
00 0 O

(42) M(CC;Z/,Z;]?,‘LT) T Yy q — 0 ) T, Y,2,P:4,T € R
g r —p 0

Proposition 4.1. If the element g of G/ is given by

a
1 A
Cc
0

(4'3) M({ijﬂ g? 27ﬁ7 q’ F) = Ad*(g)M(aj’ y7 Z7p7 Q7 T‘)?
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where

Z =(ad + bc)x + bdy — acz + {2acu — (ad + be) A} p
+ {(ad + bc)p — 2bdA} g + r(ap — bA)(cpu — dN),

§ =2cdx + d*y — ®z 4+ 2(cpu — d)\)(cp + dq) + r(cpu — dN)?,
7 = — 2abx — b*y + a2z — 2(ap — bX\)(ap + bg) — r(apm — bA)?,
p =ap +bg + (ap — bA)r,

q =cp + dq + (cpp — d\)r,

r.

il
I

Proof. Since Ad*(g)M (x,vy,2,p,q,7) = g~ 'M(x,vy,2,p,q,7)g, we obtain the for-
mula (4.3) from a direct computation. O

We put

s
I

M(1,0,0,0,0,0),
M(0,1,1,0,0,0),
M(0,-1,1,0,0,0),
M(0,0,0,1,0,0),
Q. =M(0,0,0,0,1,0),
R, =M(0,0,0,0,0,1).

TN
[

The set { X,, Y, Z., P., Q., R, } forms a basis for (g7)*. For an element of (g7)*,
we use the following new coordinate

T p y+z 0
(4.4) 0 0 0 0 =X, +yYe+2Z,+pP. +qQ. + TR
. y_z q — 0 * * * * * k.
g r —p O

According to Proposition 4.1, we obtain the following orbits explicitly. The coad-
joint orbit Q(aX,) of aX, (o € R*) is represented by the one-sheeted hyperboloid

(4.5) 2?4yt —22=a% p=qg=r=0.

The coadjoint orbit Q(aYy) of aY, (o € R*) is also represented by the one-sheeted
hyperboloid (4.5). The coadjoint orbit Q(aZ,) of aZ, (o € R*) is represented by
the two-sheeted hyperboloids

(4.6) P+’ =22-a?>>0, p=qg=r=0.
The coadjoint orbit Q(aPy) of aP;, (o € R*) is represented by the variety
47 2pgz+ (@ —p*)y+ (P* +¢%)2 =0, (p,g) €R*—{(0,0)}, r=0

in RS. The coadjoint orbit Q(aQ.) of aQ. (o € RX) is represented by the variety
(4.7) in RS. We note that the orbits Q(aP,) and Q(aQ.) are independent of the
choice of a € R*. We remark that the G”/-orbit of aP, + 8Q., (a,3) # (0,0) is
also given by (4.7).
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If @ > 0, the coadjoint orbit Q(aR.) of R, is represented by the variety
(4.8) 2 +y* =22 2>0,z=a 'pg, y+2z=—a"p*, y—z=a"1¢* r=a
in RS. If a < 0, the coadjoint orbit Q(aR.) of aR, is represented by the variety

(4.9) 2 +y* =22 2<0, z=a 'pg, y+2z=—a"p*, y—2z=0a"1¢* r=a

in R,
We put
1 1
(4.10) Se = §(Y* +Z,) and T, = §(Y* — 7).

Then S, and T, nilpotent elements. If a > 0, the coadjoint orbit Q(a.Ss) of .S,
is represented by the the cone

(4.11) 24y’ =2% 2>0, p=q=r=0.
in RS. If o < 0, the coadjoint orbit Q(a.S,) of .S, is represented by the the cone
(4.12) 24y’ =22 2<0, p=q=r=0.

in RS. If a > 0, the coadjoint orbit Q(aT) of aT is represented by the cone (4.12)
and on the other hand if a < 0, the coadjoint orbit Q(aT}) of T, is represented
by the cone (4.11).

Now we are going to attach to the above coadjoint orbits the unitary repre-
sentations of G”. For brevity, we write G = SL(2,R). We follow the notations in
Section 2. Let us denote by h the Lie algebra of the Heisenberg group Hg.

First we shall give lists of the irreducible finite-dimensional representations,
the irreducible unitary representations, and the nonunitary principal series of
G (cf. [B], [D], [Kn], [L]). We define four subgroups N, M, A, and N of G by

{0 )t ((5 2} - (G 1))

We observe that if a # 0 and € = sgn(a),

e (-6 DB L))

This decomposition is unique and the product NM AN is a dense open submanifold

of G. Let g = (CCL Z) be a typical element of G.
(T) Irreducible finite-dimensional representations ®,, of dimension n+1(n > 0, n €
7) :

The representation space F,, of ®,, is the space consisting of polynomials on C
of degree < n. ®,, is given by
az —c
—bz+d

(4.14) (@u(9)F) (2) = (b + )" f ( )  fer.

(IT) Principal series P® and P~ (a € R) :
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Fix a real number o € R. The representation space is the Hilbert space L?(R)
with the usual norm in L?(R). If f € L?(R),

= b+ (2222) if e =+,

sgn(—be +d) | —bo +d| e f (L25) o=

(4.15) (P<'*(9)f)(x) =

These representations are irreducible except for P~°. Unitary equivalences
(416) phia o~ pti—ia g q P 2 po, i

are implemented by analytic continuations of intertwining operator A(o,ia) for
some irreducible representation o of M. We refer to [D],(6.7) for more detail
A(o,ia). Indeed, PT** = Indpran (0 ® e’ ® 1) for the character e'® of A defined
by

(III) Complementary series C* (0 < s < 1) :
The representation space C(s) of C® is given by

_y 2. [ 1@)f)
C(s) = {f.R—MC‘ Ifllz := /RQ |x_y’1_sdxdy < oo}.
C® is given by

az —c
—bz+d

(4.17) (w@nzrwmﬂulv( ),feﬂﬂ

These C* (0 < s < 1) are irreducible unitary. They arise from certain non-unitary
principal series by refining the inner product.

(IV) Discrete series D and D;, (n > 2, n € Z):

Fix a positive integer n > 2. For z € H, we write z = x + iy (z,y € R). Let
Li’ +(H) be the Hilbert space consisting of holomorphic functions f : H — C
satisfying the following property

(4.18) 115 [ 1Py dady < oc.

D is defined by

az —c
—bz+d

419)  OHONE = (e (555). Fe L.

L? , (H) is nonempty because it contains (z +)~"™. D} is irreducible, unitary
and square-integrable. The representation space L? _(H) for D; is the complex
conjugation of L2 , (H) and

az —C

—bz+d

(4.20) mmwma=ew+@w( >,f€ﬁ¢M)

(V) Limits of discrete series D and D :
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The spaces L7 | (H) and L3 (H) are analogs of the discrete series with the
different norm

oo

(4.21) 1£2 = supyo / fla +iy)2de.

o0

The action of D} (resp. D) is given as in (4.19) (resp. (4.20)) with n = 1.
(VI) Nonunitary principal series P (e = +, w € C) :

Let w € C. The representation space of P is the Hilbert space L*(R, (1 +
z?)Revdy) with the G-action

| — bx + d|1_wf _“ZZ_C if e =+,
(422)  (P<(g)f)(x) = S

sgn(—bz +d) | — ba + d|'"v f (fb—;d) ife——.

P is not unitary unless w is purely imaginary. When 0 < w < 1, it becomes
unitary by refining the norm.

(VII) The trivial representation.
Reducibility:

F, CPTH~(tD if n is even,

Fn CP~ D if nis odd,
Df @D, C P ifnis even,
D} @D, C P ifnis odd.

In particular, P—0 =2 ]D)Ir @ D7 . There is no other reducibility.

Next we shall give a list of the irreducible unitary representations of G (cf. [B-
S]). We recall that the Schrédinger representation U, (m € R) of Hg is given
by
(4.23) (U A, 1, &) f) () = 2mmdnt @t Nnt g L \), f € LA(R).

See [Y1],(2.18), p. 313. U,, is an irreducible unitary representation of Hg with the
central character o,,(k) := €2™™* (x € R). G acts on Hy by conjugation inside
GJ

(4.24) g* (A, k) = g\, 6)g ™ = (A p)g ™, K), g€G.

See (3.2). In particular, g % (0,0,x) = (0,0, k) for all kK € R. Since the irreducible
unitary representation U9 of Hg on L? (R) defined by

(4.25) Ull(h) := U,,(ghg™'), he Hg
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has the same central character o,, as U,,, according to the Stone-von Neumann

theorem, Ur[g] is unitarily equivalent to U,,. In other words, there exists a unitary
operator @y, (g) : L2(R) — L*(R) such that

(4‘26) U?Eg](h) = (I)W,m(g)Um(h)q)W,m(g)_la h e HR-
By Schur’s lemma, there is a map ¢, : G x G — U(1) satisfying the property
(4.27) Pw,m(9192) = cm(91, 92)Pw,m (91)@w,m(92), 91,92 € G.

The the map c,, satisfies the cocycle condition. Let G be the metaplectic group
with the multiplier ¢,,, that is, as a set G = G x {£1}, G has the following
multiplication

(4.28) (9,€) - (9',€) :== (99", cm(g, g)e€’).

The map 7T‘[/717/1] : G — GL(L?(R)) defined by

(4.29) ™ ((g,€) 1= Dwm(g)e, (g,€) € G

is an ordinary representation of G, which is the so-called Weil representation of
G. W%Zl Vis decomposed into

(4.30) i) = 2l @l

where ﬂ%n]’jL (resp. 77‘[;/” ]’_) is the irreducible representation of G on the space of

even (resp. odd) functions in L?(R).

We define the map ﬂg"%]/ : GY — GL(L*(R)) by

(4.31) 70 (hg) := U (R)7lM(g), g€ G, he Hp.

Then 71"[5771‘,[], is a projective representation of G with the multiplier c,, which is
extended canonically to the representation of G7. W[bwn%], is called the Schréodinger-
Weil representation or simply the Weil representation of the Jacobi group G’ with

the character o,,,. We observe that G is isomorphic to the semidirect product of
G and Hg.

We use the notation (3.9) and let i = /—1. We define the elements of g by

Z =—1iG@G(0,0,1,0,0,0),
Zy = —1G(0,0,0,0,0,1),

b
_|_
I

1

5 G(1,1,0,0,0,0),
1

X_ =3 G(1,-,0,0,0,0),
1

Yy =5 G(0,0,0,1,,0),

1
Y_ =3 G(0,0,0,1,i,0).
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Then we have the commutation relations
[ZA(),gé] = 0, [Z, Yj:] = :|:Y:t, [Z,Xi] = :|:2X:t.

Therefore for each irreducible representation 7 of gé, its representation space V'
decomposes as V =}, ., Vi with

T(Zo)Vie = Vi, 7(Z)Vi = puVi, 7(Ye)Vi C Viw1, 7(X)Vi C Vi,

where p and pi are complex numbers.

According to [B-S], p. 33, if m > 0, the infinitesimal representation of w[bwn%], is a

lowest weight representation of gé operating on the space V =< v; >jez., by

Zovj =pvj,  Yivj=vip, Youj = —pjvsa,
N 1 1 wo., .
Zvj =(j + 3) vy, Xyv; = —gp U Xov= 510 = Dvj—2,
[m]

where p = 2mm and v_1 = v_o = 0. If m <0, mgy, is a highest weight represen-
tation with the space V =<wv_; >jcz.,, the action given by

Zov—j =pv—j, Youj=v_(1), Yivj = —pjv_-1y,

. o1 1 o,
Zvoj=—~(j+3)v-j, X-voj= 21 U+, Xpv—j = =530 = o2

(with v1 = vy = 0 understood).
(VIII) Principal series mq,, (0 € C\{Z + 1}, v =1):

The infinitesimal representation of 7, , is given by

. 1 1 1
Zw; = <l—§> wy, Xpiw; = 3 <Oé+1:|: (l—§)> W42

acting on the representation space
1
Wa, =< w; >, 162Z+y+§.

(IX) Discrete series 71'2[0 (ko €Z+1):
The infinitesimal representations of w,:f are given by
(0]

Zwil =+ (]{3() + l) W,

Xiwi =W4(142),

l l
Xzwy) = — 3 (ko +t5- 1) W4 (1—2)

acting on the representation space
Wi =<wy >, 1€ 2Zs.

Berndt and Schmidt [B-S] gave lists of irreducible unitary representations of G
as follows:
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(J1) The representations 7 of G’ where 7|¢ is an irreducible unitary representa-
tion of G and 7|g, is trivial.

(J2) The induced representations Indg;pT, where ¢ : Hg — U(1) is the character
of Hy defined by ¥(\, u, k) = 2™, G;{} is the subgroup of G’ defined by

1
G;{,:{( ;)h‘ceR, heHR}

and 7 runs over the irreducible unitary representation of G;{, such that 7|y, is a
multiple of .

(J3) The principal series of G/ :

. 1
Tm,a,v = Wgrrég/ ® To,vy, MM € RX, ac ZR, V= :i:§

(J4) The complementary series of G :

1
Fm’ayyzﬂggl]/(gﬂa’y, meR*, aeR, a? < T I/::|:§.

(J5) The positive discrete series of G :

t —w?&é,@wi_%, meR”, keZT.

m,k

(J6) The negative discrete series of G :

[m]

Tk = Tow @1, meR*, keZ".
’ —3
The only equivalences between these above representations are

Tm,o,v = Tm,—a,v-
All other representations are inequivalent.

The principal series P (22 P+ 1) of G corresponds to the G-orbit Q(aX)
of aX, where « is a positive real number. This orbit is represented by (2.5). On
the other hand, P~'*(= P~ ') of G corresponds to the G-orbit Q(aX) of aX,
where « is a negative real number.

The discrete series D;F (n € Z1) of G corresponds to the irreducible component
of the G-orbit Q(nZ) of nZ given by

(4.32) w2 +y? — 22 =-n? z>0 (cf. (2.6)).

The discrete series D;; (n € Z™) of G corresponds to the irreducible component of
the G-orbit Q(nZ) of nZ given by

(4.33) e +y?—22=-n? 2<0 (cf. (2.6)).

The nilpotent orbit ./\/']g (resp. Ny ) is attached to the even part 71'%?,]’+ (resp. the

odd part 7'("[,?,]’_) of the Weil representation W[v?,] of G (cf. (2.10)-(2.12)). The trivial
representation of G corresponds to the zero (nilpotent) G-orbit. There are no
coadjoint G-orbits which correspond to the complimentary series C* (0 < s < 1).
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The principal series m,,, ;o 1 (=7 m € R, a € R of G’ corresponds
to the coadjoint G”-orbit Q(mR. +aX.) of mR, +aX,, where « is a positive real
number. In this case, the G7-orbit Q(mR, + aX.), a > 0 is characterized by the

variety

m,—ia,%)’

2 1 1
(4.34) x2+y2—(z2+a2)zapqw+g(q -y + — (p +q%)z, r=m

On the other hand, m,, ;o _1(= 7, _jo 1), m € R*, o € R of G corresponds
to the coadjoint G7-orbit Q(mR, + aX,) of mR, + aX,, where « is a negative

real number. This orbit is also characterized by (4.34).
The discrete series Wrt’k (m € R*, k € Z™) corresponds to the irreducible
component of the G’-orbit Q(mR, +kZ,) of mR, +kZ, represented by the variety

2 1 1
(4.35) x2—|—y2—(22—k2): qu:c—l—a( )y—|— (p +q )z, z>0, r=m.

The discrete series 7 (meRX, keZ") corresponds to the irreducible compo-
nent of the G”/-orbit Q(mR* + kZ,) of mR, + kZ, represented by the variety

2 1 1
(4.36) x2+y2—(22—k2)=—pqw+ (q —p)y+— (p +¢%)z, 2<0, r=m.

There are no coadjoint GJ orblts Wthh correspond to the complimentary series
Tm,ar (M € R* a € R, a? < i , v = j:%) There are no unitary representations
of GJ correspondlng to the G7- orbits of aP, + Q. with (a, 3) # (0,0).

The family Q(aR,)(a € R*) have the following properties (21)-(£22):

(21) Under the natural projection of (g7)* onto h*, the coadjoint orbit Q(aR,)
goes to the orbit which corresponds to the irreducible unitary representation U,
of the Heisenberg group Hg, namely, the Schrédinger representation of Hg.

(©22) Under the projection on g* = s[(2,R)*, the coadjoint orbit Q(aR.) goes
t0 Qsgn(a), Where Qyp = NG and Q_ = Ny .

In fact, there is an irreducible unitary representation 7, (o € RX) of G’ or (its
universal cover) with the properties

(437) Resgﬂiﬂ'a = Uo“ Resgjﬂ'a = Tsgn(ca)»

where 7, (resp.7_) is an irreducible representation of G corresponding to the

nilpotent orbit N (resp. Ny ) (cf. (2.12)). Indeed, w4 are two irreducible compo-

nents 7T1[/V]’ of the Weil representation ﬁ[v?,] of G (cf. (4.30)) and 7, is the irreducible

components Wg«a‘;‘}i of the Schrédinger-Weil representations ﬁgogv of G’ (cf. (4.31)).
Again we remind that the G7/-orbit Q(aR,) is characterized by (4.8) or (4.9) de-

pending on the sign of a.

Remark 4.2. The principal series, discrete series of G’ are attached to hyper-
bolic or elliptic orbits, while the non-zero nilpotent orbits are corresponded to the
irreducible components 74 of the Weil representation of G or the irreducible com-

ponents Wga‘}{}i of the Schrodinger-Weil representations Wgadv of G”. In fact, 74+ and

wgagv are minimal representations and may be the so-called unipotent representa-
tions of G7. See [Vol-2] for a detail on unipotent representations in the reductive

case.
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