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To recover a sharp image from its blurry observation is the problem
known as image deblurring. It frequently arises in imaging sciences and
technologies, including optical, medical, and astronomical applications,
and is a crucial step towards successful detections of important patterns
such as abnormal tissues and surface details of a distant planet.

Mathematically, image deblurring is intimately connected to back-
ward diffusion processes (e.g., inverting the heat equation), which are
notoriously unstable. As inverse problem solvers, deblurring models
therefore crucially depend upon proper regularizers or conditioners that
help secure stability, often at the necessary cost of losing certain high-
frequency details in original clear images. Such regularization techniques
can ensure the existence or uniqueness of deblurred images.

In this paper, we present a comprehensive theory of image deblurring
by half surveying the existent literature and half developing a systematic
and general framework. Our novel efforts include presenting the physics
foundations of common blurs, classifying deblurring problems, and de-
veloping both rigorous mathematical analysis on existence or uniqueness
and the associated computational methods. In combination, the current
work provides a window into the vast contemporary literature of math-
ematical image analysis and processing - its main modelling ideas and
techniques, mathematical analysis involved, as well as major computa-
tional approaches.
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1. Blur: Physical Origins and Mathematical Models

1.1. Physical Origins

There are three major categories of blurs according to their physical back-
ground: optical, mechanical, and medium-induced.

Optical blur is also often called out-of-focus blur, and is due to the devi-
ation of an imaging plane from the focus of an optical lens. For instance, for
a nearsighted eye, the retina falls slightly behind the focus of the pupil lens.
On the other hand, when capturing an outdoor scene with many objects in
notably different ranges, the lens of a digital camera can only focus on a
single target or a group of interest while leaving the rest out of focus.

Mechanical blur arises from the rapid mechanical motions of either tar-
get objects or imaging devices during image acquisition processes. Both
types of motions could lead to motion blur as often called in the litera-
ture. When the relative motion between an imaging device and its targeted
objects is intense enough, the image of an object point could trace many
pixels wide on the imaging plane during a single exposure. Such spreading
and mixture of spatial information are the roots to mechanical or motion
blurs.

Medium-induced blur is due to the scattering or optical turbulence of
photonic media through which light rays travel. The influence of the atmo-
sphere on satellite imaging is a well studied example, and is often called
atmospheric blur.

Spatiotemporal variations of physical properties such as temperature
and density of the atmosphere could result in randomly fluctuating dis-
tributions of the index of refraction, the phenomenon known as optical
turbulence.

Meanwhile, chemical substances of different sizes can also introduce
various types of scattering to light waves with different wavelengths. In
atmospheric sciences, the phenomenon is often called aerosol scattering,
i.e., scattering due to various chemical species floating in the air. Famil-
iar examples include the salt just above the sealevel in marine atmosphere,
soil-based dusts in continental atmosphere, and various chemicals from veg-
etation. In the sunlight, for example, clouds and fogs often appear white
since they mainly contain particles of large sizes and most visible light waves
are equally scattered.

Both optical turbulence and aerosol scattering could lead to the mixture
of spatial information, or blur. Atmospheric blur is a significant topic in
atmospheric sciences, satellite imaging, and remote sensoring.
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1.2. Mathematical Models of Blurs

We now develop mathematical models of the aforementioned common blurs.

1.2.1. Modeling Motion Blur

Fig. 1. An example of motion blur (due to camera jittering)

In a very short period of exposure time, most motions can be well ap-
proximated by constant velocities, as justified by Taylor expansion. One
yet has to distinguish two different types of constant motions - those of
objects in 3-D scenes, and those of imaging devices (e.g., digital cameras
and camcorders).

The latter type is often caused by mechanical vibrations or sudden hand
jittering during an imaging process, and results in a uniform blurring effect
on the entire image. Spatial uniformity is characteristic for this type of
motion blur.

Under the first type of motion, on the other hand, when imaging de-
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vices are kept static, the induced motion blurs are typically nonuniform
since different objects can move in distinct speeds. For instance, distant far
backgrounds are often approximately static with respect to a digital cam-
era, while running automobiles or jumping basketball players within closer
distance move noticeably fast. As a result, such motion blurs are typically
localized to the vicinities of individual moving objects.

While the two types of motions lead to different global blurry patterns,
the underlying local blurring mechanisms are however essentially the same.
By ignoring the physical complexity of imaging lenses, as well as the motion
components that are perpendicular to imaging planes (related to out-of-
focus blurs), such local blurs could be modelled as follows.

Suppose against a dark background, a single bright spot (the image of
a physical point) moves from its initial point O to an end point A during
a single exposure in some uniform velocity. Let [O, A] denote the straight
line segment and L = |A−O| the travel distance on the imaging plane (see
Figure 2). In addition, denote by T the time lapse of a single exposure, and
I the illuminance of the bright physical point.

Assume that each imaging sensor is linear and accumulative, so that
without motion the image response at O after a single exposure would be
proportional to both I and T :

u(O) = µ× I × T = µ

∫ T

0

Idt,

where µ is a response constant determined by the imaging device. The
assumption of being accumulative is often a valid approximation under most
normal signalling or illuminance conditions. For instance, before a firing,
the soma of a neuron is often modeled as accumulative in mathematical
biology and neural networks [32], i.e., adding up all the responses received
from its dendrites.

Now consider some fixed motion with speed v = L/T . Label all the
imaging sensors by 1, · · · , N along [O, A]. Assume that each sensor spans an
effective physical distance ε on the imaging plane and L = N×ε (Figure 2).
Then the image response kn for the nth sensor would be

kn = µ× I × ε

v
= µIT × ε

L
= u(O)× ε

L
, n = 1 : N.

In particular,

u(O) =
N∑

n=1

kn, (1)
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at the end of a single exposure

L: trace length

initial image of a point source

linear accumulative sensors

ε

Fig. 2. Motion blur of the image of a point source

which is the blurring model for a single spot - an otherwise static point
source is now spread out along its trace.

In the continuum limit, the above spot model implies that a unit spot
at the origin O, as modeled by Dirac’s delta measure - δ(x) = δ(x, y), is
spread out to the uniform measure k(x) along the interval [O, A]. Notice
that if [O, A] is rotated to the standard horizontal interval [0, L]×{0} along
the x-axis, the uniform measure can be expressed by

k(x) =
1
L

1[0,L](x)× δ(y).

Generally, let t denote the unit vector of motion velocity, and n the unit
normal perpendicular to t. Then the unit amount of information at O, i.e.,
δ(x−O), is spread out to the line measure

kO,t(x) =
1
L

1[0,L]((x−O) · t)× δ((x−O) · n) = kt(x−O), (2)

where kt(x) corresponds O = (0, 0).
To extend such a single-spot blur model to the entire imaging plane,

we first assume that during a single exposure the entire image scene moves
at a common constant speed in direction t and with a distance d. Assume
the ideal static image is u(y), defined on the entire imaging plane of R2.
Consider any target image pixel x with an imaging sensor. The linear as-
sumption on the sensors implies that the contribution of a source pixel y

to the field pixel x is the amount of a

u(y)× ky,t(x) = u(y)× kt(x− y),

aHere the terms source and field are naturally borrowed from electromagnetic fields.
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according to (2). Let u0(x) denote the blurred image at a field point x.
Then

u0(x) =
∫

R2
kt(x− y)u(y)dy = kt ∗ u(x), (3)

which is precisely the convolution of the ideal static image u with the kernel

kt(x) =
1
L

1[0,L](x · t)× δ(x · n).

It then becomes manifest that (3) amounts to the line integral

u0(x) =
1
L

∫ L

0

u(x− st)ds =
∫

R2
u(y)dµx,t(y), (4)

where dµx,t denotes the uniform line measure on the interval [x− Lt,x].
We make two further remarks before concluding the discussion on mod-

elling motion blurs.

(1) Suppose the imaging sensors are linear, but the motion during a single
exposure is not uniform across the entire imaging plane. Then the di-
rection t and total travel distance d could depend on individual pixels,
and consequently the uniform line measures dµx,t in the blur model (4)
are no longer shift invariant. This is the case when the motion blur is
mainly caused by individual objects in fast motions.

(2) In reality, imaging sensors can often be nonlinear. For example, the pho-
toreceptors of human retinas are well known to be logarithmic due to
Weber’s Law [23,51,53,58]. Moreover, many digital or biological imag-
ing sensors are often saturated at certain thresholding levels [32,53],
leading to another type of nonlinear complexity. For instance, suppose
the illuminance I of a single bright spot is so strong that ε/L × I al-
ready exceeds the saturation level. Then the spreading formula (1) is
revised to

u(O) = k1 = · · · = kN ≡ the saturated response of the sensors,

which is not averaging or lowpass, and consequently cannot be ex-
pressed by convolution. In this situation, the target bright spot is sim-
ply copied over along its path.

1.2.2. Modeling Out-of-Focus Blur

Consider aperture imaging through an aberration-free and convex thin lens.
Let d denote the distance from an object point to the lens plane, f the focal
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Fig. 3. An example of out-of-focus blur

length of the lens, and e the distance from the image point to the lens plane
(see Figure 4). Then the ideal Lens Law says (e.g., [19])

1
d

+
1
e

=
1
f

. (5)

Let h denote the distance between the lens plane and the imaging plane.
If h = e, the image of the object point is sharply focused on the imaging
plane. Otherwise, a single physical point at distance d could be blurred to
a fat spot on the imaging plane (Figure 4).

By similarity of triangles, it is easy to show in Figure 4 that this blurred
spot is a disk area as long as the rim of the lens is circular. Let r and a

denote the radii of the blurred spot and the lens separately. Then one could
expect that among the parameters some relation holds like

r = r(a, f, d, h).

In fact, by the similarity of the two triangles OAD and BCD in Figure 4,

r

a
=

h− e

e
= h

(
1
e
− 1

h

)
.
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Thus by the Lens Law (5), one obtains an explicit formula

r = ah

(
1
f
− 1

d
− 1

h

)
. (6)

Thus sharp vision occurs with no blur r = 0 if and only if when the Lens
Law holds. For most imaging devices, the lens constants a and f are fixed.
Then the degree of blur is a function of d and h only.

d

f

e

h

a

  out-of-focus

imaging plane
lens plane

object point

r:  blur

A

O

B

C

D

Fig. 4. Geometric optics of out-of-focus imaging

In reality the above analysis based on both geometric optics and the
ideal lens assumption is only approximative due to the diffraction phe-
nomenon and optic aberration. Different wavelengths are diffracted at dif-
ferent rates and can cancel out or strengthen each other, so that the net
out-of-focus effect is a smoothly decaying circular blob on the imaging plane
instead of a clear cut disk area obtained above via geometric optics. As
well studied in many works [19,29,45,50], the blurred blob could be approx-
imated by the Gaussian point spread function (PSF):

kσ(x) = kσ(x, y) =
1

2πσ2
exp

(
−x2 + y2

2σ2

)
.

The statistical radius σ is proportional to the geometric radius r in (6)
by [19]: σ = ρr, with the constant ρ determined by the imaging device.
Thus

σ = ρah

(
1
f
− 1

d
− 1

h

)
,
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and any otherwise clearly focused image u(x) is blurred to

u0(x) = kσ ∗ u(x) =
∫

R2
u(y)kσ(x− y)dy, (7)

in the ideal setting when the imaging plane is R2. This is the most commonly
used blur model in image processing.

1.2.3. Modeling Atmospheric Blur

Due to the complexity of atmospheric turbulence and aerosol scattering,
mathematical modeling of atmospheric blur is much more involved than
the previous two cases, and has been studied carefully in many important
areas including adaptive optics, satellite imaging, and remote sensoring
(e.g., [30,47,57]).

In most models, the atmosphere is approximated by a linear system,
and atmospheric blur is modeled to be shift invariant with a point spread
function (PSF) k(x), so that an observed blurred image u0(x) is related to
the ideal sharp image u(x) by:

u0(x) = k(x) ∗ u(x).

In optics, the Fourier transform K(ω) = K(ω1, ω2) of the PSF k(x) is
often called the optical transfer function (OTF), and most atmospheric
blur models are defined in terms of their OTF’s.

For instance, as profited from Kolmogrov’s turbulence theory, the OTF
could be modeled by [28,30]

K(ω) = exp
(
−β‖ω‖ 5

3

)
. (8)

Recall that the Fourier transform is defined by

K(ω) =
∫

R2
k(x)e−iω·xdx.

In a more specific setting of telescope imaging through a thin boundary
layer of atmosphere [47,57], the PSF has also been modeled by

k(x) = |(Aeiφ)∨|2, ·∨ denoting the inverse Fourier transform. (9)

Here A is the aperture function of the telescope, and φ the phase factor.
The phase distribution φ encodes the net optical effect of a thin layer of tur-
bulent atmosphere, and can be obtained by measuring the phase distortion
of a planar wavefront from a distant star or a guided laser beam. The asso-
ciated OTF is often bandlimited since the aperture function is compactly
supported in the Fourier domain (e.g., Vogel [57]).
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1.3. Linear vs. Nonlinear Blurs

All the above three models are linear. A general linear blur is in the form
of u0 = K[u], with K standing for the linear blur operator. In most appli-
cations noise is inevitable and a real observation is thus often given by

u0 = K[u] + n,

provided that the noise n is additive.
A linear operator K is said to be shift-invariant if for any a ∈ R2,

u0(x) = K[u(x)] implies that u0(x− a) = K[u(x− a)].

It is well known in signal processing as well as system theory [44] that a
shift-invariant linear operator must be in the form of convolution:

K[u] = k ∗ u(x) =
∫

R2
k(x− y)u(y)dy, (10)

for some suitable kernal function k(x), which is called the point spread
function (PSF) in the context of atmospheric imaging. (Without extra infor-
mation on regularity, a shift-invariant linear operator could be differential
operators, or in the Fourier domain, polynomial multipliers.)

More generally, if K is linear, then for any fixed pixel x in the pixel
domain Ω,

Lx : u → K[u](x),

must be a linear functional on u, or a generalized function. Denote it sym-
bolically by k(x, ·) so that as in distribution theory [55], one has

Lx[u] = 〈k(x, ·) , u(·)〉.
Suppose that the distribution k(x, ·) is actually representable by an ordi-
nary measurable function in L1(Ω). Then the linear blur becomes a location-
dependent ordinary integral:

u0(x) =
∫

Ω

k(x, y)u(y)dy.

For analysis purposes, u can be assumed belonging to Lp(Ω) with p ∈
[1, +∞], and K a (bounded) linear operator from Lp(Ω) to Lq(Ω) with some
q ∈ [1,+∞]. As a result, the adjoint K∗ is defined from (Lq)∗ to (Lp)∗, the
dual spaces. (One must be aware, however, that (L∞)∗ 6= L1 [38].) In what
follows, the values of p and q shall be adjusted as necessary.
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Not any linear operator could be called a blur, however, whether it is
shift-invariant or not. The least requirement for being a blur operator is the
DC-condition:

K[1] = 1, treating 1 ∈ L∞(Ω). (11)

As in electrical engineering [44], DC stands for direct current since the
Fourier transform of a constant contains no nonzero frequencies. By the
dual formula for the adjoint:

〈K[u] , v〉 = 〈u , K∗[v]〉,
the DC-condition on K amounts to the mean-preservation condition on K∗:

〈K∗[v]〉 = 〈v〉, by setting u = 1; or
∫

Ω

K∗[v](x)dx =
∫

Ω

v(x)dx,

(12)
if both v and K∗[v] belong to L1(Ω).

By the DC-condition, ordinary differentiation operators in particular
cannot be treated as blurs, which include the gradient ∇, divergence ∇·,
and Laplacian ∆.

For a shift-invariant linear blur with kernal k, the DC-condition requires
∫

R2
k(x)dx = 1, or in terms of its Fourier transform, K(0) = 1.

In addition, a more genuine blur operator has to be lowpass [44,54], meaning
in the shift-invariant case that K(ω) decays rapidly for large frequencies.

Finally, blurs do not have to be linear, though linear models have been
pervasive in the literature. Consider for example the minimum-surface dif-
fusion model:

vt = ∇ ·
[

1√
1 + |∇v|2 ∇v

]
, v

∣∣
t=0

= u(x). (13)

Let the solution be denoted by v(x, t). For any fixed finite time T > 0,
define a nonlinear operator K by:

u0 = K[u] = v(x, T ).

Nonlinearity is evident since for example K[λu] 6= λK[u] for general u

and λ 6= 0. But the operator K apparently satisfies the DC-condition.
Furthermore, (13) is the gradient descent equation of the minimum surface
energy

E[v] =
∫

R2

√
1 + | ∇v|2dx.
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Thus it is evident that small scale features and oscillations of u are wiped
out in u0 = K[u], making u0 a visually blurred and mollified version of
the original ideal image u. This data-dependent nonlinear blur model is
however shift-invariant.

2. Illposedness and Regularization

The illposedness of the deblurring problem can be well understood from
four distinct but closely correlated angles.

2.1. Deblurring is to Invert Lowpass Filtering

From the classical signal processing point of view, in the Fourier spectral
domain, a blur operator is often a lowpass filter that diminishes high fre-
quency details via vanishing multipliers. As a result, to deblur a blurry
image, one has to in certain degree multiply the reciprocals of the vanish-
ing multipliers, which becomes understandably unstable to noises or other
high frequency small perturbations in the image data.

2.2. Deblurring is a Backward Diffusion Process

By the canonical theory of linear parabolic partial differential equations, to
blur an image with a Gaussian kernel amounts to running the heat diffusion
equation for some time with a given image as the initial data. Therefore,
to deblur is naturally equivalent to inverting the diffusion process, which is
well known to be unstable.

2.3. Deblurring is to Decrease Entropy

The goal of deblurring is to reconstruct the detailed image features from
a mollified blurry image. Thus from statistical mechanics point of view,
deblurring is a process to increase (Shannon) information, or equivalently,
to decrease entropy, which according to the second law of statistical me-
chanics [26] can never occur naturally. That is, extra work has to be done
to the system, mechanically speaking.

2.4. Deblurring is to Invert Compact Operators

In terms of abstract functional analysis, a blurring process is often a compact
operator. A compact operator is one that maps any bounded set (according
to the associated Hilbert or Banach norms of the target image spaces)
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to a much better behaved set which is precompact. To achieve this goal,
intuitively speaking, a compact operator has to mix spatial information
or introduce many coherent structures, which is often realized by essential
dimensionality reduction based on vanishing eigenvalues or singular values.
Therefore to invert a compact operator is again equivalent to de-correlating
spatial coherence or reconstructing formerly suppressed dimensions (during
the blurring process) of features and information, which is unstable.

2.5. Regularization is Crucial for Deblurring

To conclude, proper regularization techniques have to be introduced to
better condition the deblurring process.

Two universal regularization approaches, which are essentially mu-
tual mirror images in the two dual worlds of deterministic and stochastic
methodologies, are Tikhonov regularization [56] and Bayesian theory of de-
cision making or inference [33]. Their intimate connection is explained in,
for example, Mumford [41], and Chan, Shen, and Vese [17].

In essence, both approaches introduce some a priori knowledge about
the target images u to be reconstructed. In the Bayesian framework, it is
to introduce some proper probability distribution over all possible image
candidates, and therefore necessary bias (i.e., regularization) is encouraged
to favor more likely ones. In the Tikhonov setting, the prior knowledge is
often reflected through some properly designed “energy” formulations, e.g.,
a quadratic energy term like a‖u‖2 under certain suitable norm.

The following sections will give more detailed account on how regulariza-
tion can actually be carried out in the variational (or deterministic) setting.
To be complete, we shall however start with the most popular deblurring
approach - Wiener filtering in the stochastic setting, which in essence is
variational as well.

3. Deblurring with Wiener Filters

Consider a linear shift-invariant blur model with additive noise

u0 = k ∗ u + n,

where the PSF k(x) is assumed to be known with Fourier transform (or
OTF, optical transfer function) K(ω).

From now on, instead of the black-faced symbols x and ω, a general pixel
will be denoted by x = (x1, x2) and its frequency dual by ω = (ω1, ω2).

We shall begin with a brief introduction to 2-D stochastic signals, keep-
ing in mind the target example of image random fields.
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3.1. A Brief Introduction to 2-D Stochastic Spatial Signals

Consider only real stochastic images and assume that their carrying do-
mains are either R2 for analog images or Z2 for digital ones.

A stochastic image u(x) is said to be homogeneous if any of its finite
marginal distributions carries no spatial memory, or equivalently, is trans-
lation invariant:

Px+z,··· ,y+z(u, · · · , v) ≡ Px,··· ,y(u, · · · , v), ∀z = (z1, z2).

Gibb’s random fields with translation invariant potentials, or Markov ran-
dom fields with translation invariant graph structures and local conditionals
are familiar and important sources for homogeneous images [7,25]. Homo-
geneity is an appropriate concept for modelling certain ideal single-species
textures such as sandy beaches or grasslands.

As for 1-D (real) signals, u is said to be wide sense homogeneous (WSH),
if its two-point auto-correlation function

Ruu(x, y) = E[u(x)u(y)],

is translation invariant: for any relocation z,

Ruu(x + z, y + z) = Ruu(x, y).

Thus if u is WSH, its auto-correlation function is essentially a single-pixel
function: Ruu(y − x) = Ruu(x, y). Let ω = (ω1, ω2) denote the spatial
frequency variable. Then the power spectral density Suu(ω) is defined to
be the Fourier transform of Ruu(x).

A WSH image n(x) is said to be white noise, if Snn(ω) ≡ σ2, or equiva-
lently, its auto-correlation function Rnn(x) is a constant multiple of Dirac’s
delta function δ(x).

Two WSH images u and v are said to be cross-WSH if their cross-
correlation function is translation invariant as well.

Ruv(x, y) = E[u(x)v(y)] = Ruv(y − x). (14)

Define the cross-WSH set of a given WSH image u to be

Λu = {v | v is cross-WSH to u }. (15)

Then u ∈ Λu. Furthermore, we have the following list of straightforward
but useful properties.

Theorem 1: Suppose u is WSH and Λu its cross-WSH set. Then
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(1) Λu is a linear space, i.e., closed under addition and scalar multipli-
cations.

(2) Λu is closed under spatial relocation:

v(·) ∈ Λu ⇒ v(·+ z) ∈ Λu,

for any relocation z.
(3) Λu is closed under linear filtering:

v ∈ Λu ⇒ h ∗ v ∈ Λu,

for any filter h = h(x). Let H(ω) denote the impulse response of
h. Then,

Rh∗v,u(x) = h ∗Rvu(x), and Sh∗v,u(ω) = H(ω)Svu(ω).

3.2. Intuition on Filter-Based Deblurring

Deblurring via filtering is to estimate the ideal clear image u from its blurry
observation u0 by some filtering estimator

û = ûw = w ∗ u0, with a suitable filter w.

For pure denoising without blur, linear filtering seems a natural tool for
suppressing noise via moving average (i.e., convolution). For deblurring,
however, it appears a little risky trying to remove a convolution (i.e., k∗)
by another convolution (i.e. w∗). For instance in the noise-free case, the
ideal solution would be, as conveniently expressed in the Fourier domain,

W (ω) =
1

K(ω)
, (16)

so that û = w ∗ u0 ≡ u for any clear image u, and perfect reconstruction
seems to be cheaply established. However, (16) is a rather unnerving formula
since a typical blur k is often a lowpass filter and K(ω) decays rapidly at
high frequencies, leading to unstable blowups in the deblurring filter W (ω).
Such a deblurring filter therefore can exaggeratively amplify any tiny error
in high frequencies.

To overcome this potential risk of unstable restoration, in the noise-free
case one rewrites (16)

W (ω) =
K∗(ω)

K(ω)K∗(ω)
=

K∗

|K|2 , where ∗ denotes complex conjugacy.
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Then one may try to regularize the potentially vanishing denominator at
high frequencies by adding some positive factor r = r(ω):

W → Wr =
K∗

|K|2 + r
.

Let ûr denote the resulted estimator. Then (in the noise-free setting)

ûr = wr ∗ k ∗ u,

or in the Fourier domain, the net reconstruction operator becomes the mul-
tiplier

Wr(ω)K(ω) =
|K(ω)|2

|K(ω)|2 + r(ω)
. (17)

Thus the restoration indeed well approximates the identity operator on low
frequencies where r ¿ |K|2. High frequencies are however distorted by
suppression since K almost vanishes and |K|2 ¿ r. Thus the regularizer r

plays a cutoff role.
Now the question is how to choose wisely an optimal regularizer r. It

turns out that for this purpose noise can make significant contribution
instead of being annoying. This is accomplished by Wiener’s principle of
least mean squared error.

3.3. Wiener Filtering

Wiener assumes that the deblurred estimator û is a filtered version of the
observation u0, using some optimal filter w(x):

ûw = w ∗ u0.

Wiener’s filter w is to minimize the mean squared estimation error ew de-
fined by ew(x) = ûw(x)− u(x). That is,

w = argminhE[e2
h] = argminhE(h ∗ u0(x)− u(x))2. (18)

Notice that Wiener’s filter is independent of the particular pixel x used in
the above definition since eh is easily seen to be WSH for any fixed real
filter h = h(x), as long as u the image and n the noise are independent and
both WSH (by the preceding section).

The optimal design (18) is in essence variational as E[e2
h] is a functional

of h. Variation on the optimal Wiener filter: w → w + δh gives the “equi-
librium” equation

E[(w ∗ u0(x)− u(x)) (δh ∗ u0(x))] = 0.
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Taking localized small variation δh(x) = εδ(x − a) for some ε ¿ 1 at any
site a, one can rewrite the equation to

E[(w ∗ u0(x)− u(x))u0(x− a)] = 0.

Since a is arbitrary, it is equivalent to

E[(w ∗ u0(x)− u(x))u0(y)] = 0, ∀x, y ∈ Ω, (19)

the one known as the orthogonal condition for Wiener’s filter.
By Theorem 1, in terms of the correlation functions, the equation be-

comes

w ∗Ru0u0(z) = Ruu0(z), z ∈ R2.

Consequently the explicit formula for the optimal Wiener filter is

W (ω) =
Suu0(ω)
Su0u0(ω)

, (20)

expressed in terms of the cross- and auto- power spectral densities. For the
blur model:

u0 = k ∗ u + n,

one has, according to Theorem 1,

Suu0 = K∗(ω)Suu(ω), and Su0u0 = |K(ω)|2Suu(ω) + Snn(ω).

Therefore, we have established the following theorem.

Theorem 2: (Wiener Filter for Deblurring) The optimal Wiener filter is
given by, in the Fourier domain,

W (ω) =
K∗Suu

|K|2Suu + Snn
=

K∗

|K|2 + rw
, (21)

where the regularizer rw = Snn/Suu is the squared noise-to-signal ratio.

In particular for a Gaussian white noise with variance σ2, one has
Snn(ω) ≡ σ2. Since Suu is often bounded, the Wiener regularizer rw is
therefore well bounded above zero.

We conclude this section by two comments on the main features as well
as limits of Wiener deblurring.

(a) The blur has to be shift-invariant (or spatially homogeneous), and the
PSF explicitly known.
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(b) Both the noise and ideal image have to be wide-sense-homogeneous
(WSH), and their statistical properties (i.e., Snn and Suu) have been
estimated in advance.

These issues have partially been addressed by some polished versions of
Wiener filters which are local or adaptive (see, e.g., [31,37]).

4. Deblurring of BV Images with Known PSF

In this section, we discuss how to deblur an important class of images known
as BV images, or images with bounded variations. The associated variational
framework exemplifies the main techniques throughout the present paper.

4.1. The Variational Model

Consider the blur model with shift-invariant blur and additive white noise:

u0(x) = k ∗ u(x) + n(x), x = (x1, x2) ∈ R2.

Assume that the PSF k is either known explicitly, estimated in advance, or
modelled properly as done the beginning of the current paper. Moreover, in
this section it is assumed that the ideal image u has bounded total variation,
or equivalently, belongs to the space BV(R2) (see, e.g., [22,27]).

As an estimation problem, deblurring could be carried out in the light
of Bayesian principle or MAP (maximum a posteriori probability):

û = max Prob(u | u0, k),

or equivalently, in terms of the logarithmic energy E = − log p,

û = min E[u | u0, k].

The Bayesian formula with known PSF k(x) is expressed by

Prob(u | u0, k) = Prob(u | k)Prob(u0 | u, k)/Prob(u0 | k).

Given an image observation u0, the denominator is simply a fixed prob-
ability normalization constant. Thus effectively one seeks an estimator û

to minimize the product of the prior model Prob(u | k) and the data (or
fidelity) model Prob(u0 | u, k). Since images and blurs are often indepen-
dent, one has Prob(u | k) = Prob(u). Therefore in terms of the energy
formulation, one attempts to minimize the posterior energy

E[u | u0, k] = E[u] + E[u0 | u, k].
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Under the assumptions of independent white noise and the BV prior,
the posterior energy is in the form of

E[u | u0, k] = E[u] + E[u0 | u, k]

= α

∫

Ω

|Du|+ λ

2

∫

Ω

(k ∗ u− u0)2dx,
(22)

with x = (x1, x2) ∈ Ω = R2 and two suitable positive weights α and
λ. This was the restoration model originally proposed and computed by
Rudin-Osher-Fatemi [48,49], and later theoretically studied by Chambolle
and Lions [9].

We will study its existence and uniqueness in the upcoming section. In
what follows, two important issues are first addressed - one on the choice of
weighting parameters, and the other on the finiteness of domains in most
practical applications.

First, as far as energy minimization is concerned, only the ratio r = α/λ

contributes to the solution process. (But just as in projective geometry,
placing α and λ side by side is convenient and flexible in applications.) As
for parametric estimation in statistics, one could treat r as an unknown
as well, and expand the energy to E[u, r | u0, k] by absorbing some prior
knowledge E[r] on r.

On the other hand, from visual perception point of view, there may
exist no single optimal parameter r at all, since different observers can
have distinct visual sensitivities and subsequently, weight differently on the
prior and the other fidelity term. It therefore does no harm to leave tunable
the two weights or their relative ratio r, and let users experiment with their
own choices. b

As inspired by Wiener’s filter (21) in the preceding section, however, it
seems natural to assume that the ratio r = α/λ is in the same order of the
squared noise-to-signal ratio rw. In particular, r should be proportional to
the variance σ2 of the noise, which is natural since by the Bayesian rationale
for least square fidelities, one has λ = O(1/σ2) as in Gaussian distributions.

The second issue concerns the finiteness of image domains in most prac-
tical applications. In model (22), it has been conveniently assumed that
the image domain Ω is the entire plane R2 to facilitate the notion of shift-
invariance. In real applications, however, Ω is often finite such as a disk or

bFor instance, the weights could be quite different in the following two scenarios: (1)
harsh legal or financial penalty if missing any detailed features (as for tumor detection
in medical decision), and (2) harsh penalty on unpleasant noisy fluctuations (as for
commercial pictures or videos that advertise some skin-lotion product).
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a square, in which case, the blur

K[u] = k ∗ u(x) =
∫

R2
k(x− y)u(y)dy, x ∈ Ω

has to be properly defined since u is only available on Ω.
There are two common ways to overcome this obstacle. First, one may

modify the assumption of shift-invariance by allowing shift-variance on Ω.
Then the blur operator K[u] remains linear but can have a shift-variant
PSF such as

k(x, y) =
k(x− y)∫

Ω
k(x− z)dz

, ∀x, y ∈ Ω, (23)

for which the linear blur is updated to

K[u] =
∫

Ω

k(x, y)u(y)dy.

It has been assumed here that the original PSF k(x) is nonnegative, and
x = (0, 0) belongs to the support of the measure dµ(x) = k(x)dx. That
is, the integral of k(x) on any neighborhood of (0, 0) is positive. Even the
motion blur model in (4), for example, satisfies this condition, of which k

is a generalized function involving Dirac’s delta. Then the denominator in
the definition (23) always stays nonzero.

It is trivial to see that the modified blur model K or k(x, y) as in (23)
indeed satisfies the DC-condition (11) K[1] = 1.

The second approach to handle a finite domain Ω is to extrapolate u

beyond Ω, instead of modifying the shift-invariant kernel within Ω as just
done above. Let

Q : u
∣∣
Ω
→ ũ = Q[u]

∣∣
R2 ,

be a suitable linear extrapolation operator which extends u on Ω onto the
entire plane. (Functionally, Q could be some linear operator from, e.g.,
W 1,∞(Ω) to W 1,∞(R2).) Then one modifies the blur to

K[u](x) = k ∗ ũ(x) = k ∗Q[u](x), ∀x ∈ Ω, (24)

or equivalently, K = 1Ω · (k ∗Q), where 1Ω(x) is treated as a multiplier.
The DC-condition is satisfied if and only if k ∗Q[1] ≡ 1 when restricted

in Ω. In particular, the natural condition Q[1] ≡ 1 would suffice since k

satisfies the DC-condition on R2.
More generally, suppose Q is represented by some kernel g(x, y) with

y ∈ Ω and x ∈ R2. Then the modified K is represented by

k(x, y) =
∫

R2
k(x− z)g(z, y)dz, x, y ∈ Ω.
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Therefore the DC-condition is satisfied when g and k meet the compatibility
condition ∫

Ω

∫

R2
k(x− z)g(z, y)dzdy ≡ 1, ∀x ∈ Ω. (25)

Another less traditional approach to handle a finite domain is based on
the inpainting technique [5,6,11,12,14,13,15,10,20]. Let us briefly explain
the idea here. Suppose k(x) is compactly supported on a disk Bρ(0) = {x ∈
R2 | |x| < ρ} for some positive radius ρ. Define the ρ-neighborhood of Ω by

Ωρ = {x ∈ R2 | dist(x, Ω) < ρ}.
Suppose that the ideal image u ∈ BV(Ω) and, instead of the original
model (22), one attempts to minimize

E[u | u0, k] = α

∫

Ωρ

|Du|+ λ

2

∫

Ω

(k ∗ u− u0)2dx. (26)

Now the convolution inside the fidelity term does not stir up any problem.
We could call this approach the boundary-layer approach since a layer of
thickness ρ is glued to the boundary of Ω.

To conclude, both the restricted-kernel method (23) and the image-
extrapolation method (24) lead to a shift-variant blur K with kernel k(x, y),
and the deblurring model becomes

min
u

E[u | u0,K] = α

∫

Ω

|Du|+ λ

2

∫

Ω

(K[u]− u0)2dx. (27)

Next we discuss the solutions and solution methods to this model.

4.2. Existence and Uniqueness

The spirit of the following proof could be found in many works, e.g., Cham-
bolle and Lions [9], Acar and Vogel [1].

Assumed that the image domain Ω is a bounded Lipschitz domain in
R2. In addition,

Condition 1. the ideal image u ∈ BV(Ω),
Condition 2. the blurry and noisy observation u0 ∈ L2(Ω), and
Condition 3. the linear blur K : L1(Ω) → L2(Ω) is bounded, injective, and

satisfies the DC-condition: K[1] ≡ 1.

Condition 1 and 2 are apparently necessary for the energy formulation (27)
to make sense. The injective condition is also necessary for the uniqueness
of optimal deblurring.
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Theorem 3: (Existence and Uniqueness of BV Deblurring) Under the pre-
ceding three conditions, the optimal deblurred estimation u∗ = argminE[u |
u0, K] in model (27) exists and is unique.

Proof: Uniqueness is more straightforward. The total variation Radon
measure is a homogeneous norm, and thus convex (but not strictly). On
the other hand, ‖v−g‖2 is strictly convex in v for any given g in L2. There-
fore E[u0 | u,K] = ‖K[u]− u0‖2 is convex since K is linear, and is strictly
convex if and only if K is injective, which is indeed part of Condition 3.
In combination, the model is strictly convex and its minimizer has to be
unique if it indeed exists.

For the existence part, consider any minimizing sequence (un | n =
1, 2, · · · ) of E[u | u0,K], which must exist since, for example, E[1 | u0,K] <

∞. Then their total variations

TV(un) =
∫

Ω

|Dun|, n = 1, 2, · · ·

are uniformly bounded. From Poincaré’s inequality in 2-D [2,21,27,38],
∫

Ω

|un − 〈un〉|dx ≤ C(Ω)
∫

Ω

|Dun|, for some constant C, (28)

one concludes that gn = un − 〈un〉 is bounded in L1(Ω). Since the blur
K : L1 → L2 is continuous,

K[gn] = K[un]− 〈un〉, (by the DC-condition)

must be bounded in L2. But K[un] is bounded according to Condition 2 and
the boundedness of E[un | u0,K], implying that 〈un〉 must be a bounded
sequence.

By Poincaré’s inequality (28) again, this leads to the boundedness of
un in L1(Ω) and hence in BV(Ω) as well. By the L1 pre-compactness of a
bounded BV-set, there exists a subsequence, for convenience still denoted by
(un | n = 1, 2, · · · ), which converges to some u∗ in L1(Ω). By the lower semi-
continuity of the total variation Radon measure under the L1-topology,

∫

Ω

|Du∗| ≤ lim inf
n→∞

∫

Ω

|Dun|. (29)

On the other hand, since K : L1(Ω) → L2(Ω) is continuous, one must have
∫

Ω

(K[u∗]− u0)2dx = lim
n→∞

∫

Ω

(K[un]− u0)2dx. (30)
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In combination of (29) and (30), one concludes that

E[u∗ | u0, K] ≤ lim inf
n→∞

E[un | u0,K],

and consequently u∗ has to be a minimizer, which completes the proof.

We conclude this section with a partial characterization of the optimal
deblurring.

Corollary 4: (The Mean Constraint) Following the assumptions of the
preceding theorem, the unique minimizer u∗ must automatically satisfy the
mean constraint 〈K[u∗]〉 = 〈u0〉.

Statistically, this is a natural inference from the blur model

u0 = K[u] + n

since the noise has zero mean.

Proof: Based on the unique minimizer u∗, define a single-variable function
of c ∈ R by

e(c) = E[u∗ − c | u0,K].

Then c∗ = argmine(c) has to minimize
∫

Ω

(K[u∗]− u0 − c)2dx, since K[c] = c.

As a result, the unique minimizer c∗ = 〈K[u∗]− u0〉. On the other hand c∗
has to be zero since u∗ − c∗ = u∗ due to uniqueness. Therefore,

〈K[u∗]〉 = 〈u0〉,
which is the assertion.

4.3. Computation

Computation of the variational deblurring model (27) has been studied in
many works (e.g., [1,9,48,49]). Most of them are more or less inspired by
the formal Euler-Lagrange equation associated with E[u | u0,K]:

α∇ ·
[ ∇u

|∇u|
]
− λK∗[K[u]− u0] = 0, (31)
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an out−of−focus image deblurred image (with known PSF)

Fig. 5. Deblurring an out-of-focus image (with known PSF).

with Neumann adiabatic condition ∂u/∂n = 0 along the boundary ∂Ω.
Equation (31) holds in the distributional sense, i.e., for any compactly sup-
ported smooth test function φ, the solution satisfies

α〈∇φ ,
∇u

|∇u| 〉+ λ〈K[φ] , K[u]− u0〉 = 0.

The nonlinear degenerate elliptic equation (31) is often regularized to

α∇ ·
[ ∇u

|∇u|a

]
− λK∗[K[u]− u0] = 0, (32)

where the notation |x|a denotes
√

x2 + a2 for some fixed positive parameter
a. This regularized version corresponds to the minimization of the modified
deblurring model

Ea[u | u0, K] = α

∫

Ω

√
|Du|2 + a2 +

λ

2

∫

Ω

(K[u]− u0)2dx, (33)

which is closely connected to the minimal surface problem [27]. Notice that
the surface area measure in the first term is defined in the distributional
sense as similar to the TV Radon measure [21,27].

The regularized nonlinear equation (32) is then often solved by some
iterative scheme after a natural linearization procedure. For example, the
most popular scheme is, based on the current best estimation u(n), to solve
for u(n+1) the following linearized equation:

α∇ ·
[ ∇u(n+1)

| ∇u(n)|a

]
− λK∗[K[u(n+1)]− u0] = 0, (34)
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with Neumann boundary condition. Notice that given u(n), the linear op-
erator

Ln = −α∇ · 1
|∇u(n)|a

∇+ λK∗K

is positive definite.

image blurred by horizontal hand jittering deblurred image (with known PSF)

Fig. 6. Deblurring an image blurred by horizontal hand jittering.

image blurred by horizontal hand jittering deblurred image (with known PSF)

Fig. 7. Another example of restoring an image blurred by motion.
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5. Variational Blind Deblurring with Unknown PSF

In this section, we develop variational deblurring models when the blur
PSF is unknown, a scenario often nicknamed “blind deblurring” in the
literature [24,36,59]. As analogous to statistical estimation theory, we shall
classify such models into ones that are parametric or nonparametric, or
equivalently, partially blind or completely blind.

5.1. Parametric Blind Deblurring

First consider the scenario when the unknown linear blur belongs to a
known parametric family

K = {Kθ | θ ∈ I ⊂ Rd},
where θ = (θ1, · · · , θd) denotes a d-dimensional parametric vector and varies
on a subset or domain I in Rd. One is therefore not completely “blind” to
the blur operator, and the uncertainty lies in choosing the right parameter
θ∗. For instance, if K is a family of linear shift-invariant blurs, then each
Kθ is uniquely associated with a parametric PSF k(x | θ). The Gaussian
family is a familiar example:

g(x | θ) =
1

2πθ
exp

(
−x2

1 + x2
2

2θ

)
, θ ∈ I = (0,∞), (35)

where in statistics θ precisely embodies the variance σ2.
If the blur is generated by a complex physical system, the parameter

θ is often determined by the physical constants of that system, as mani-
fest in formulae (6) and (7) for the out-of-focus blur model. In the case of
atmospheric blur, for another example, the parameter could be well associ-
ated with the turbulence activities of the atmosphere, such as temperature,
humidity, etc.

To deblur a blurry observation with additive Gaussian white noise

u0 = Kθ[u] + n, (36)

both the ideal image u and the unknown parameter θ have to be estimated.
According to the Bayesian estimation theory briefly outlined in the be-
ginning of the preceding section, deblurring is to maximize the posterior
probability

p(u, θ | u0) or equivalently, p(u0 | u, θ)p(u, θ).

Since the ideal image and the blur mechanism of the imaging system are
commonly independent, one has p(u, θ) = p(u)p(θ). Thus in terms of the
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logarithmic energy formulation E = − log p, deblurring becomes the mini-
mization of

E[u, θ | u0] = E[u0 | u, θ] + E[u] + E[θ]. (37)

The first two terms can be safely copied from the non-blind deblurring
model in the preceding section. Thus it suffices to incorporate some appro-
priate model for the parameter distribution p(θ) or E[θ].

Now consider the situation when u ∈ BV(Ω), θ ∈ I ⊂ Rd and E[θ] =
φ(θ) for some suitable function φ. Then the deblurring model is explicitly
given by

E[u, θ | u0] = α

∫

Ω

|Du|+ λ

2

∫

Ω

(Kθ[u]− u0)2dx + φ(θ). (38)

We shall assume that φ(θ) is bounded below: φ(θ) ≥ M > −∞ for all
θ ∈ I. Otherwise it can diminish the role of the first two terms in (38)
and distort the real intention of the model. As an example, consider the
Gaussian family in (35). Suppose the variance θ is subject to the exponential
distribution with density function:

p(θ) = a exp(−aθ), θ ∈ I = (0,∞), for some a > 0. (39)

Then

φ(θ) = E[θ] = − ln p(θ) = aθ + const.,

which is clearly bounded below.
Following Theorem 3 in the preceding section, it shall be naturally as-

sumed that for each θ ∈ I, Kθ is injective and satisfies the DC-condition
Kθ[1] = 1. Then for any given θ, the conditional minimizer

ûθ = argmin E[u | u0,Kθ] = argmin α

∫

Ω

|Du|+ λ

2

∫

Ω

(Kθ[u]−u0)2dx (40)

always exists and is unique by Theorem 3.
With the conditional minimizer, the original model (38) is then reduced

to an optimization problem on the parameter domain I ⊂ Rd:

min
θ∈I

e(θ), with e(θ) = E[ûθ, θ | u0].

The convexity of e(θ) is generally not guaranteed, and consequently the
global minimizer (ûθ∗ , θ∗) can be non-unique.

The existence of solutions to the parametric deblurring model (38) will
be studied in the upcoming section in a more general setting (see Theo-
rem 7).
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Computationally, there exists a more popular approach for minimiz-
ing E[u, θ | u0], which is often called alternating minimization, or the
zigzag approach. It appears in the image processing literature frequently
whenever the objectives involve two or more unknowns, e.g., the Mumford-
Shah segmentation model involving both the image u and its unknowns
edge set Γ (or edge signature function z in its Γ-convergence approxima-
tion) [3,4,?,18,20,42], and the image dejittering problem involving both the
image u and the unknown horizontal jitters s [52].

To proceed, one starts with some initial guess θ(0), which could be drawn
from argmin φ(θ) for instance. Then, one successively obtains the alternat-
ing sequence (between u and θ) of conditional minimizers

θ(0) → u(0) → θ(1) → u(1) → · · · (41)

by solving for n = 0, 1, · · ·
u(n) = argmin E[u | u0, θ

(n)], followed by

θ(n+1) = argmin E[θ | u0, u
(n)], where

E[θ | u0, u] =
λ

2

∫

Ω

(Kθ[u]− u0)2dx + φ(θ).

(42)

Notice the Markov property of the zigzag sequence (41), i.e., in the language
of conditional probabilities,

Prob(θ(n+1) | u(n), θ(n), u(n−1), · · · ) = Prob(θ(n+1) | u(n)),

Prob(u(n) | θ(n), u(n−1), θ(n−1), · · · ) = Prob(u(n) | θ(n)).

Also notice that the step θ(n) → u(n) is unique following Theorem 3,
while the step of conditional parameter estimation u(n) → θ(n+1) can be
nonunique. One could enforce the uniqueness by some sort of selection
schemes, e.g.,

θ(n+1) = argmin {φ(θ) | θ ∈ argmin E[θ | u0, u
(n)]},

provided that φ(θ) is strictly convex.

Theorem 5: (Alternating Minimization is Monotone) For each n ≥ 0,

E[u(n+1), θ(n+1) | u0] ≤ E[u(n), θ(n) | u0].

Proof: It is left to the readers to easily verify that

E[u(n+1), θ(n+1) | u0] ≤ E[u(n), θ(n+1) | u0] ≤ E[u(n), θ(n) | u0].
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Let B(L1, L2) = B(L1(Ω), L2(Ω)) denote the Banach space of all
bounded linear operators from L1(Ω) to L2(Ω) endowed with the opera-
tor norm.

Theorem 6: (Convergence of Alternating Minimization) Assume that

(a) the blur parametrization

K : I ⊂ Rd → B(L1, L2), θ → Kθ

is a continuous mapping; and
(b) φ(θ) is lower semi-continuous in θ ∈ I.

Then, if as n →∞,

u(n) → u∗ in L1(Ω) and θ(n) → θ∗ ∈ I,

the limit pair (u∗, θ∗) must satisfy

u∗ = argmin E[u | u0, θ∗],

θ∗ = argmin E[θ | u0, u∗].
(43)

Proof: For any two admissible pairs (u, θ) and (u∗, θ∗) in BV(Ω)× I,

‖Kθ[u]−Kθ∗ [u∗]‖2 ≤ ‖Kθ[u]−Kθ∗ [u]‖2 + ‖Kθ∗ [u]−Kθ∗ [u∗]‖2
≤ ‖Kθ −Kθ∗‖ × ‖u‖1 + ‖Kθ∗‖ × ‖u− u∗‖1.

Therefore, as θ → θ∗ and u → u∗ in L1, Kθ[u] → Kθ∗ [u∗] in L2.
By the algorithm of alternating minimization (42), for each n,

E[u(n) | u0, θ
(n)] ≤ E[u | u0, θ

(n)], ∀u ∈ BV(Ω).

That is,

α

∫

Ω

|Du(n)|+ λ

2
‖Kθ(n) [u(n)]− u0‖22 ≤ α

∫

Ω

|Du|+ λ

2
‖Kθ(n) [u]− u0‖22.

Coupled with the lower semi-continuity of the TV measure in L1-topology
and the continuity property just inferred in the preceding paragraph, this
gives, as n →∞,

α

∫

Ω

|Du∗|+ λ

2
‖Kθ∗ [u∗]− u0‖22 ≤ α

∫

Ω

|Du|+ λ

2
‖Kθ∗ [u]− u0‖22,

or equivalently, E[u∗ | u0, θ∗] ≤ E[u | u0, θ∗] for any u ∈ BV(Ω). This
proves the first identity in (43). By the lower semi-continuity condition on
φ, the second identity can be proven in the same manner.
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Notice that the continuity on blur parametrization is strong but not
baseless. Consider the shift-invariant Gaussian family (35) on Ω = R2 for
instance. By Young’s inequality [38], one has

‖(Kθ−Kθ′)[u]‖2 = ‖(g(x | θ)−g(x | θ′))∗u‖2 ≤ ‖g(x | θ)−g(x | θ′)‖2‖u‖1.
Therefore,

‖Kθ −Kθ′‖ ≤ ‖g(x | θ)− g(x | θ′)‖2.
For the Gaussian family, the latter obviously converges to zero for any
θ′ > 0, and θ → θ′.

In terms of the first formal variations,

∂

∂u
E[u∗ | u0, θ∗] =

∂

∂u
E[u∗, θ∗ | u0]

∂

∂θ
E[θ∗ | u0, u∗] =

∂

∂θ
E[u∗, θ∗ | u0].

Thus the limit (u∗, θ∗) does satisfy the system of equilibrium equations of
the original deblurring model E[u, θ | u0], and consequently offers a good
candidate for optimal deblurring. In particular, if E[u, θ | u0] is strictly
convex as a functional of (u, θ) ∈ BV(Ω) × I, then (u∗, θ∗) has to be the
unique global minimizer.

5.2. Parametric Field Based Blind Debluring

Now suppose the PSF k(x, y) of a linear blur operator K is given in the
form of

k(x, y) = g(y | x, θ(x)), (44)

for some known family of functions g(y | x, θ) defined for

x, y ∈ Ω, and θ : Ω → I ⊂ Rd.

Thus θ is pixel-dependent, instead of being a constant vector. For each
given parameter field θ, we shall still label the blur by Kθ or kθ.

For example, let θ(x) = (m(x), σ(x)) ∈ R2 × R+, and define

g(y | x, θ(x)) = g(y | m(x), σ(x)) =
1

2πσ2(x)
exp

(
− (y −m(x))2

2σ2(x)

)
.

At each pixel x ∈ Ω = R2, this is a Gaussian centered at m(x) with variance
σ2(x). Suppose as in most situations that m(x) ≡ x for any x ∈ R2. Then
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one can simply define θ(x) = σ(x), and reduce the above parametric-field
model to

g(y | x, θ(x)) =
1

2πθ(x)
exp

(
− (y − x)2

2θ(x)

)
.

Physically, such families of Gaussian PSF’s can well model spatially-varying
blurs, which are often caused by media inhomogeneity (as for large-scale
remote sensoring through water or air) or velocity nonuniformity of fast
moving objects in a scene.

Following the same line of reasoning as for the deblurring model (37),
one attempts to minimize the posterior energy in the form of

E[u, θ | u0] = E[u0 | u, θ] + E[u] + E[θ],

provided that the blur mechanism is independent of image contents. What
is new here is that θ = θ(x) is an unknown field instead of an unknown
constant. As a result, field characteristics can be built into the prior model
on θ. For instance, if the field is assumed to be smoothly distributed, then
one could impose:

E[θ] =
∫

Ω

[β|∇θ|2 + φ(θ)]dx. (45)

If for example, φ(θ) = κ(1 − |θ|2)2 for some large parameter κ, then E[θ]
happens to be closely connected to Landau and Ginsburg’s celebrated the-
ory of superconductivity and phase transitions [8], and has been well studied
by the mathematical community (see, e.g., Modica [40], Kohn and Stern-
berg [34], Khon and Strang [35]). Generally, φ(θ) equals − ln p(θ) from
probabilistic point of view (see, e.g., Eqn. (39)). Driven by real situations,
one could also consider the more involved but general case when the field
θ(x) itself is shift-variant, in which case

φ = φ(θ(x) | x) = − ln p(θ(x) | x).

Assume that the ideal image u belongs to BV(Ω) where Ω is a bounded
Lipschitz domain, and that the parameter field θ is smoothly distributed
as specified by (45). The deblurring model E[u, θ | u0] is then specifically
given by

α

∫

Ω

|Du|+ λ

2

∫

Ω

(Kθ[u]− u0)2dx +
∫

Ω

(β| ∇θ|2 + φ(θ))dx. (46)

Here θ : Ω → I ⊂ Rd is a d-dimensional field parametrizing the blur Kθ.

Theorem 7: (Existence of Deblurring by Model (46)) Suppose that
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(A) the ideal image u ∈ BV(Ω) and the observation u0 ∈ L2(Ω);
(B) the parametric field θ ∈ H1(Ω, I), and I is a closed domain of Rd;
(C) the potential φ : I → R is lower semi-continuous, bounded below:

inf φ(θ) > −∞, and satisfies

A|θ| ≤ φ(θ) + M ≤ B(1 + |θ|)q, ∀θ ∈ I (47)

for some positive constants A,B, M and q ∈ [1,∞); and
(D) the parametric blur operator satisfies the DC-condition: Kθ[1] ≡ 1; in

addition, assume that the parametrization procedure

K : H1(Ω, I) → B(L1, L2), θ → Kθ,

is L2-Lipschitz continuous, i.e., for any θ, θ′ ∈ H1(Ω, I),

‖Kθ −Kθ′‖ ≤ L‖θ − θ′‖L2 , for some fixed constant L. (48)

Then the minimizer to the deblurring model E[u(x), θ(x) | u0] in (46) exists.

We first make two comments on the motivations of the conditions.

(1) Condition (C) requires φ to be bounded below. Otherwise, there would
exist a trivial minimizing sequence (un ≡ 0, θn) with φ(θn) → −∞ as
n →∞.

(2) The compatibility between Condition (B) and (C) is guaranteed by
Sobolev’s inequality [38] in 2-D:

‖θ‖Lq ≤ C(q, Ω)‖θ‖H1 , ∀q ∈ [1,∞),

which guarantees that for any θ ∈ H1(Ω, I),
∫

Ω

φ(θ(x))dx < ∞

For the proof of the theorem, we refer to Chan and Shen’s new book [16]
on Modern Image Analysis and Processing.

5.3. Non-Parametric Blind Deblurring

Suppose now that the linear blur K is completely unknown except that

(1) it satisfies the DC-condition K[1] = 1, and
(2) it satisfies certain spatial constraints to be characterized later.

Then the deblurring task is conceivably much more challenging than the
previous cases. Instead of estimating a few parameters or a parametric field,
now one has to reconstruct an operator.

In what follows, we shall consider only the shift-invariant case when the
image domain Ω is R2, and the linear blur is defined by its point spread
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function k(x), x ∈ R2. Then the estimation of a blur operator is reduced to
that of a function.

In the Bayesian framework, one is to minimize the posterior energy

E[u, k | u0] = E[u] + E[u0 | u, k] + E[k],

assuming that the blur mechanism does not depend on image contents.
In the case of BV images and Gaussian white noise, one has

E[u] = α

∫

R2
|Du|, E[u0 | u, k] =

λ

2

∫

R2
(k ∗ u− u0)2dx.

Thus the key to successful deblurring lies in the proper modelling of the
blur prior E[k].

In situations where the blur is known to be smooth, e.g., a Gaussian,
one may naturally enforce the Sobolev regularity

E[k] = β

∫

R2
|∇k|2dx.

This was indeed the model studied by You and Kaveh [59].

5.3.1. The Double-BV Blind Deblurring Model of Chan and Wong

On the other hand, in motion blurs or out-of-focus blurs arising from ideal
diffraction-free lenses, as discussed in the beginning of this chapter, the
PSF’s are typically compactly supported with sharp cutoff boundaries. For
such class of blurs, as for images with sharp edges, the total variation reg-
ularity seems more appealing -

E[k] = β

∫

R2
|Dk|.

This choice leads to the blind deblurring model first studied by Chan and
Wong [18]:

E[u, k | u0 = α

∫

R2
|Du|+ β

∫

R2
|Dk|+ λ

2

∫

R2
(k ∗ u− u0)2dx, (49)

which, for convenience, shall be referred to as the double-BV blind deblur-
ring model.

For the infinite domain Ω = R2, the BV norm is conventionally defined
as [27,21]

‖u‖BV = ‖u‖L1(R2) + |Du|(R2). (50)

While most results on BV functions in the literature are for bounded do-
mains, it is worthwhile to pay extra attention to the complexity arising
from unboundedness.
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(1) First, for example, one could easily cook a radially symmetric
smooth function g(x) = g(r) that equals r−2 as r = |x| =√

x2
1 + x2

2 → ∞. Thus it cannot belong to L1(R2). On the other
hand, |g|2 = r−4 and |∇g| = |∂g/∂r| = 2r−3 as r →∞. Therefore
g ∈ L2(R2) and |Dg|(R2) < ∞. This situation cannot happen on
any bounded domain.

(2) Second, regular compactness theorems on bounded domains can fail
on R2. Recall that on any bounded Lipschitz domain Ω, a bounded
sequence from BV(Ω) must be pre-compact in L1(Ω) [21,27]. When
Ω = R2, this assertion becomes false. For example, take any com-
pactly supported smooth function φ(x) 6= 0 on R2, and define,

gn(x1, x2) = φ(x1 − n, x2), n = 1, 2, · · ·
Then it is trivial to see that

‖gn‖BV ≡ ‖φ‖BV, n = 1, 2, · · ·
As a result, (gn) is a bounded sequence in BV(R2). Suppose a sub-
sequence (gnk

) converges to some g∗ in L1(R2). Then possibly with
another round of subsequence refinement, one could assume that
(gnk

) converges to g∗ almost everywhere. Now that φ is compactly
supported, it is plain to see that gn(x) → 0 for any x ∈ R2. Thus
g∗ ≡ 0. But gnk

→ g∗ = 0 in L1 is impossible since
∫

R2
|gnk

(x)− 0|dx ≡
∫

R2
|φ(x)|dx > 0, n = 1, 2, · · ·

We now first extend a Poincaré inequality from bounded domains to R2.

Theorem 8: (Poincaré Inequality for BV(R2)) Suppose u belongs to
BV(R2) with finite BV-norm defined as in (50). Then u ∈ L2(R2), and
more specifically,

‖u‖L2(R2) ≤ C|Du|(R2), for some constant C independent of u.

Proof: By regular Poincaré’s inequalities [2,27,38], there exists a fixed con-
stant C, such that for any open disk BR centered at the origin, and any
function g ∈ BV(BR),

‖g − 〈g〉R‖L2(BR) ≤ C|Dg|(BR), with 〈g〉R =
1

|BR|
∫

BR

g(x)dx.

It is remarkable and crucial that C does not depend on R (due to the right
scaling law on both sides [21,38].
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For any u ∈ BV(R2) and any R > 0, define g = u
∣∣
BR

, and apply the
above regular inequality:

‖u− 〈u〉R‖L2(BR) ≤ C|Du|(BR), ∀R > 0.

Notice that

〈u〉R =
1

|BR|
∫

BR

u(x)dx ⇒ |〈u〉R| ≤
‖u‖L1(R2)

|BR| .

Therefore,

‖u‖L2(BR) ≤ C|Du|(BR) + |〈u〉R| × ‖1‖L2(BR) ≤ C|Du|(BR) +
‖u‖L1(R2)

|BR|1/2
.

Since both |Du| and u2 could be treated as nonnegative measures on R2,
passing R →∞ proves the theorem.

For the double-BV blind deblurring model

min E[u, k | u0] = α

∫

R2
|Du|+ β

∫

R2
|Dk|+ λ

2

∫

R2
(k ∗ u− u0)2dx, (51)

we now impose the following natural conditions:

Condition A. The observation u0 ∈ L2(R2) ∩ L∞(R2).
Condition B. The ideal image u belongs to BV(R2).
Condition C. The blur PSF k belongs to BV(R2), and satisfies the DC-

condition:
∫

R2
k(x)dx = 1.

The L2 constraint in Condition A naturally comes from the data model
in (51), while the L∞ constraint is satisfied by most real imaging devices
and is convenient for mathematical analysis.

On the other hand, according to the Poincaré inequality just established
in Theorem 8, Condition B implies that u ∈ L2(R2). Therefore, according
to Young’s inequality [38],

‖k ∗ u‖L2(R2) ≤ ‖k‖L1(R2)‖u‖L2(R2).

Together with the assumption that u0 ∈ L2(R2), this makes the data fitting
term in (51) finite and well defined.
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5.3.2. On the Uniqueness of Blind Deblurring

Uniqueness for blind deblurring becomes a very interesting question, and
helps further polish the way one models the problem.

First we show that there are special symmetries hidden in the double-BV
deblurring model (51), as stated in the next three theorems. Such symme-
tries, as in many other areas of mathematics, could lead to nonuniqueness
of solutions.

Theorem 9: (Image-PSF Uncertainty) Suppose (u∗, k∗) is a minimizer to
the double-BV deblurring model (51) with (α, β, λ) and under Conditions
A, B, and C. Assume in addition that

m =
∫

R2
u∗(x)dx = β/α.

Then (u+, k+) = (mk∗, u∗/m) must be a minimizer as well for the same set
of parameters and under Conditions A, B, C.

Proof: It is trivial to verify that E[u+, k+ | u0] = E[u∗, k∗ | u0] and k+

satisfies the DC-condition.

On the other hand, for any given a = (a1, a2) ∈ R2, define the shifting
operator

Sa : g(x) → Sa[g] = g(x− a), for any measurable function g.

Then just like differential operators, one has

Sa[k ∗ u] = Sa[k] ∗ u = k ∗ Sa[u].

On the other hand, for any u, k ∈ BV(R2),
∫

R2
|DSa[u]| =

∫

R2
|Du| and

∫

R2
Sa[k]dx =

∫

R2
kdx.

Therefore the following theorem emerges naturally.

Theorem 10: (Dual-Translation Uncertainty) Suppose (u∗, k∗) is a min-
imizer to the double-BV deblurring model (51) with (α, β, λ) and under
Conditions A, B, and C. Then for any a ∈ R2, (Sa[u], Sa[k]) is a minimizer
as well for the very same model.

To gain further insights into the nature of nonuniqueness arising from
the double-BV deblurring model, consider now an easier but intimately
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related model - the double-Sobolev blind deblurring model:

E2[u, k | u0] =
α

2

∫

R2
|∇u|2dx+

β

2

∫

R2
|∇k|2dx+

λ

2

∫

R2
(k ∗u−u0)2dx, (52)

where it has been assumed that both the image and PSF belong to the
Sobolev space H1(R2), and that k ∈ L1(R2) satisfies the DC-condition
〈k , 1〉 = 1.

Recall that the unitary Fourier transform of a function g(x) on R2 is
defined by

G(ω) = G(ω1, ω2) =
∫

R2
g(x)e−i2πω·xdx.

Then the fundamental properties gives:∫

R2
|G(ω)|2dω =

∫

R2
|g(x)|2dx, and

∫

R2
| ∇g(x)|2dx = 4π2

∫

R2
ω2|G(ω)|2dω,

with ω2 = |ω|2 = ω2
1 + ω2

2 .
Let U(ω),K(ω) and U0(ω) denote the (unitary) Fourier transform of

u, k, and u0 separately. Then the Fourier transform of k∗u becomes a direct
product K(ω)U(ω). Therefore, in the domain of spatial frequency ω =
(ω1, ω2), the double-Sobolev blind deblurring energy E2[u, k | u0] becomes
E2[U,K | U0] =

2π2α

∫

R2
ω2|U(ω)|2dω+2π2β

∫

R2
ω2|K(ω)|2dω+

λ

2

∫

R2
|K(ω)U(ω)−U0(ω)|2dω.

(53)
The DC-condition on the PSF now is simply K(0) = 1. Furthermore,

on the image domain, u, k, and u0 are all real. Therefore one requires that
both U and K satisfy the conjugate condition

Ū(ω) = U(−ω) and K̄(ω) = K(−ω), ω ∈ R2. (54)

We are now ready to state a nonuniqueness theorem which is more
general than Theorem 10.

Theorem 11: (Dual-Phase Uncertainty) Let (u∗, k∗) ∈ H1(R2)×H1(R2)
be a minimizer to the double-Sobolev blind deblurring model (52) with
(α, β, λ). Let

φ(ω) : R2 → R, ω → φ(ω)

be any real smooth phase factor that is odd: φ(−ω) = −φ(ω). Then

(u+, k+) = Inverse Fourier Transforms of (U∗(ω)eiφ(ω),K∗(ω)e−iφ(ω))

is a minimizer as well for the very same model.
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Proof: It is straightforward to verify on the Fourier domain that

E[u+, k+ | u0] = E[u∗, k∗ | u0],

and that both u+ and k+ are indeed real. Furthermore, k+ satisfies the
DC-condition since

∫

R2
k+dx = K+(0) = K∗(0)e−iφ(0) = K∗(0) = 1.

By taking φ(ω) = a · ω = a1ω1 + a2ω2 for any fixed a = (a1, a2) ∈ R2,
one recovers the dual-translation uncertainty stated in Theorem 10.

To make solutions unique, it is therefore desirable to impose further con-
ditions to break up the potential symmetries. On the other hand, the exam-
ple of non-compactness designed right above Theorem 8 also suggests the
hidden risk of non-existence of solutions under the translation symmetry.
Therefore, the discussion converges to an interesting point, i.e., symmetry
breaking seems beneficial to the study of both uniqueness and existence.

5.3.3. The Existence Theorem

Before investigating the existence property, let us first polish Poincaré’s
inequality in Theorem 8 by dropping off the L1 condition.

Theorem 12: (Poincaré’s Inequality) For any u ∈ L2(R2), the Poincaré
inequality holds:

‖u‖L2(R2) ≤ C|Du|(R2), for some constant C independent of u.

Notice that the L2-condition automatically implies that u ∈ L1
loc, and

consequently the total variation Radon measure is well defined though it
might be infinite. On the other hand, the finiteness of the L2-norm appears
necessary due to counterexamples like u ≡ 1.

Proof: Since both the L2 norm and the total variation Radon measure are
continuous under the mollification procedure [21,27], it suffices to prove the
theorem when u ∈ L2(R2) ∩ C1(R2).

Define a compactly supported and radially symmetric function φ by

φ(x) =





1 |x| < 1

0 |x| ≥ 2

2− |x| 1 ≤ |x| ≤ 2
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Then 0 ≤ φ(x) ≤ 1 for any x = (x1, x2) ∈ R2. For any radius R > 0, define

φR(x) = φ(x/R), which is compactly supported.

Then ∇φR(x) is supported on R ≤ |x| ≤ 2R, on which it equals 1/R, and
∫

R2
|∇φR(x)|2dx = 2π

∫ 2R

R

1
R2

rdr = 3π.

For any given u ∈ L2(R2), and R > 0, define uR(x) = φR(x)u(x). Then
at any x ∈ R2, |uR(x)|2 monotonically converges to |u(x)|2 as R →∞. By
the Monotone Convergence Theorem [38],

‖u‖L2(R2) = lim
R→∞

‖uR‖L2(R2).

Since each uR is compactly supported, Theorem 8 implies that

‖u‖L2(R2) ≤ C lim inf
R→∞

|DuR|(R2). (55)

On the other hand, by the product rule,

∇(φRu) = φR∇u + u∇φR,

and consequently,∫

R2
|∇uR|dx ≤

∫

R2
|∇u|dx +

∫

R2
|u||∇φR|dx. (56)

Now that φR is supported on R ≤ |x| ≤ 2R or the ring B2R \BR, one has∫

R2
|u||∇φR|dx ≤ ‖u‖L2(B2R\BR)‖∇φR‖L2(R2) =

√
3π ‖u‖L2(B2R\BR),

which converges to zero as R →∞ since u ∈ L2(R2). This, in combination
with (55) and (56), establishes the theorem.

Motivated by Theorem 8 and 12, we now define the space BV2 by

BV2(R2) = {u ∈ L2(R2) | |Du|(R2) < ∞}.
Then by Theorem 8, BV(R2) ⊂ BV2(R2). The larger space BV2 shall play
a natural role for the blind deblurring model to be discussed below.

We now in a well-informed position to study the existence of the double-
BV blind deblurring model

E[u, k | u0] = α

∫

R2
|Du|+ β

∫

R2
|Dk|+ λ

2

∫

R2
(k ∗ u− u0)2dx. (57)

As clear from the preceding discussion as well as motivated by real applica-
tions, it is important to break the symmetric role of the image u and PSF
k in the model. The following conditions will be assumed for the study of
existence.
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Condition (a). Observation u0 ∈ L2(R2) ∩ L∞(R2).
Condition (b). Image u ∈ BV2(R2), and ‖u‖L∞ ≤ ‖u0‖L∞ .
Condition (c). PSF k ∈ BV(R2), nonnegative, and satisfies the DC-

condition: 〈k , 1〉 = 1.

The L∞ assumption is often valid in most applications since imaging
devices often have a maximum saturation level. The control on the L∞

norm of u in Condition (b) seems natural as well since u0 is already “over-
shooting” due to spontaneous noise. It is like the maximum principle for
linear elliptic equations [21] to ensure stability. Finally besides the necessary
DC-condition, in Condition (c), k is required to be nonnegative, leading to
what is called moving average in signal processing [44]. The nonnegativity
condition is certainly satisfied by most blur models including motion blurs
and out-of-focus blurs addressed in the beginning.

The constraints put differently on u and k help break their symmetric
role in the model. However, even under Condition (b) and (c), the dual-
translation uncertainty addressed by Theorem 10 is still not got rid of, since
both conditions are still translation invariant.

To eradicate the translation duality, one needs to prevent from “float-
ing” at least one of the two targets: the ideal image u, or the PSF k.
Images by definition can virtually be any functions, while most PSFs are
indeed centered around the origin (corresponding to moving averages near
the vicinities of each pixel). It thus become natural to have k fixed instead
of u.

In Chan and Wong’s work [18], the following centrosymmetry condition
is imposed:

Condition (d’). The PSF is centrosymmetric: k(−x) = k(x).

From linear operator point of view, this amounts to requiring that the blur
K[u] is Hermitian. Numerical evidences in [18] seem to suggest that this
condition can stably lead to unique deblurring solutions, or at least in a
local sense (i.e. local minima). But general theoretical support has not yet
been developed.

For what follows, to encourage the PSF to be highly concentrated near
the origin, we impose the last condition.

Condition (d). There exists some nonnegative function F (x) ∈ L1(R2), and
some positive radius R > 0, so that

0 ≤ k(x) ≤ F (x), ∀x ∈ R2 : |x| ≥ R. (58)
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Notice that here the knowledge of R and F (x) for |x| ≥ R is treated as
known. For example, if F (x) ≡ 0 for all |x| ≥ R, Condition (d) amounts to
requiring that k is compactly supported on the disk BR = {x ∈ R2 : |x| <
R}.

Theorem 13: (Existence of Double-BV Blind Deblurring) Under Condi-
tions (a), (b), (c), and (d), the minimizers to the double-BV blind deblurring
model (57) exist.

The 3-page proof could be found in Chan and Shen’s new book [16] on
Modern Image Analysis and Processing.

Computationally, the double-BV blind deblurring model (57) can be im-
plemented via the alternating minimization (AM) algorithm, similar to that
described in Eqn. (42) for parametric blind deblurring. More computational
details can be found in the work of Chan and Wong [18].

6. Further Reading

The current article mainly focuses on the variational approach to image
deblurring, and to our best knowledge, many mathematical results on ex-
istence, uniqueness, and symmetry are new in the literature.

For readers who are interested in this area, we also recommend to ex-
plore and read other methodologies or related works, for example, the re-
cursive inverse filtering (RIF) technique of Richardson [46] and Lucy [39]
arising from astronomy imaging, as well as numerous works by other active
researchers in the deblurring area such as James Nagy [43].
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