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RECIPROCITY ALGEBRAS AND BRANCHING FOR CLASSICAL
SYMMETRIC PAIRS

ROGER E. HOWE, ENG-CHYE TAN, AND JEB F. WILLENBRING

ABSTRACT. We study branching laws for a classical group G and a symmetric sub-
group H. Our approach is through the branching algebra, the algebra of covariants
for H in the regular functions on the natural torus bundle over the flag manifold for
G. We give concrete descriptions of (natural subalgebras of) the branching algebra
using classical invariant theory. In this context, it turns out that the ten classes
of classical symmetric pairs (G, H) are associated in pairs, (G, H) and (H',G'),
and that the (partial) branching algebra for (G, H) also describes a branching law
from H' to G’. (However, the second branching law may involve certain infinite-
dimensional highest weight modules for H’.) To highlight the fact that these alge-
bras describe two branching laws simultaneously, we call them reciprocity algebras.
Our description of the reciprocity algebras reveals that they all are related to the
tensor product algebra for GL,. This relation is especially strong in the stable
range. We give quite explicit descriptions of reciprocity algebras in the stable range
in terms of the tensor product algebra for GL,,. This is the structure lying behind
formulas for branching multiplicities in terms of Littlewood-Richardson coefficients.

1. BRANCHING ALGEBRAS

A basic problem in the representation theory of compact Lie groups (mutatis
mutandis reductive linear algebraic groups over C) is to describe branching laws -
how irreducible representations of a given group decomposes on restriction to a sub-
group. Among the most important cases of branching laws are those for which the
group G and the subgroup H form a symmetric pair, which means that H is the fixed
point subgroup of an involutive (order two) automorphism of G. Since the diagonal
subgroup A(G) of the product G X G of a group with itself is the fixed point set of the
involution which exchanges the two copies of GG, the problem of describing branch-
ing laws for symmetric pairs includes the problem of decomposing tensor products of
representations.

Considerable work has been done to describe branching laws, including application
of Weyl’s character formula [Knl] [Kn2], methods using Young diagrams [Ful] [JK]
[Mad], approaches involving standard monomials [LI] [LS], and path models [Lif].
Here we consider another approach to these problems, one which exploits the fact
that the representations have a natural product structure, embodied by the algebra
of regular functions on the natural torus bundle over the flag manifold of the group.
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Following [Zhe], we propose to study the covariant algebra (the algebra of highest
weight vectors) for a subgroup acting on this ring.

More precisely, for a reductive complex linear algebraic G, let Ugs be a maximal
unipotent subgroup of G. The group Ug is determined up to conjugacy in G [Bor].
Let Ag denote a maximalAtorus which normalizes Ug, so that B = Ag-Ug is a Borel
subgroup of G. Also let A}, be the set of dominant characters of Ag — the semigroup
of highest weights of representations of G. It is well-known [Bor] [Ho4] and may be
thought of as a geometric version of the theory of the highest weight, that the space of
regular functions on the coset space G/Ug, denoted by R(G/Ug), decomposes (under
the action of G by left translations) as a direct sum of one copy of each irreducible
representation V, (with highest weight 1) of G (see [Tow]):

R(G/Ua) ~ B Vy. (1.1)

i+
YeAY

We note that R(G/Ug) has the structure of an ﬁz’;-graded algebra, for which the
Vy are the graded components. To be specific, we note that since Ag normalizes
Ug, it acts on G/Ug by right translations, and this action commutes with the action
of G by left translations. The following result is well-known, probably folklore. We
provide the proof anyway, since we are not able to find a suitable reference.

Proposition 1.1. The algebra of reqular functions R(G/Ug) is an Zlg-gmded algebra,
under the right action of Ag. More precisely, the decomposition (1.1) is the graded
algebra decomposition under A, where Vi, is the Ag-eigenspace corresponding to

¢ € ﬁz’; with ¢ = w*(¢~1). Here w is the longest element of the Weyl group with
respect to the root system determined by the Borel subgroup Bg.

Proof. Since Ag is commutative and reductive, we can decompose R(G/Ug) into
eigenspaces for the right action of Ag. These eigenspaces must be invariant under the
action of G by left translations. Since V), is irreducible for the action of G, it must
belong to a single Aq eigenspace. Let f be the highest weight vector for Bg in V.
Then by definition L,(f) = ¥(a)(f), where a € Ag and L, indicates left translation
by g: Ly(f)(h) = f(g~'h) for any h in G, representing a point in G/Ug. If w is the
longest element of the Weyl group, then the By orbit BqwUyg is dense in G/Ug, so
that f is determined by its restriction to Bgw. We compute that

d(a)f(w) = L(f)(w) = fa™w) = flww™ a7 w) = Ry-14-10 f (w),
where R, f(h) = f(hg) refers to the right translation of f by g. If V,, belongs to the
¢ eigenspace for the right action of Ag, then this equation implies that

U(a) = p(w™la™ w), or v=w(¢7), (1.2)

where w* indicates the action of w on EG resulting from conjugation of Ag by w.
Thus, the V,, are exactly the eigenspaces for the right action of Ag, with the Ag-
eigencharacter related to the highest weight by the equation (1.2). Since the right
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action by Ag (as well as the left action by () is an action by algebra automorphisms
of R(G/Ug), it is easy to check that if f; is a ¢-eigenfunction for Ag, and f; is a
f-eigenfunction, then the product fifs is a ¢f-eigenfunction for Ag. It follows that

vax = Vva

so that, indeed, the decomposition (1.1) defines a structure of an A\g—graded algebra
on R(G/Ug). O

Now let H C G be a reductive subgroup, and let Uy be a maximal unipotent
subgroup of H. We consider the algebra R(G/Ug)V#, of functions on G/Ug which
are invariant under left translations by Ug. Let Ay be a maximal torus of H nor-
malizing Uy, so that By := Ay - Uy is a Borel subgroup of H. Then R(G/Ug)Y#
will be invariant under the (left) action of Ay, and we may decompose R(G/Uq)V#
into eigenspaces for Ay. Since the functions in R(G/Ug)V# are by definition (left)
invariant under Uy, the (left) Ag-eigenfunctions will in fact be (left) By eigenfunc-
tions. In other words, they are highest weight vectors for H. Hence, the characters
of Ay acting on (the left of) R(G/Ug)"# will all be dominant with respect to By,
and we may write R(G/Ug)"# as a sum of (left) Ay eigenspaces (R(G/Ug)V#)X for
dominant characters x of H:

R(G/Uc)™ = D (R(G/Ua)"")x, (13)
X€EAS
Since the spaces V, of decomposition (1.1) are (left) G-invariant, they are a fortiori
(left) H-invariant, so we have a decomposition of R(G/Ug)V# into (left) Ag
eigenspaces (R(G/Ug)""),:
R(G/Ua)"" = @D R(G/Ua)"" NV, := @D R(G/Ug)y".
PYeAd, YeAd,

Combining this decomposition with the decomposition (1.3), we may write

R(G/Uc)™ = D (R(G/Ua)") (1.4)
¢€ﬁg,xegﬁ

To emphasize the key features of this algebra, we note the resulting consequences

of decomposition (1.4) in the following proposition.

Proposition 1.2.  (a) The decomposition (1.4) is an (Al x A% )-graded algebra
decomposition of R(G/Ug)VH.
(b) The subspaces (R(G/UG)ZH)X tell us the x highest weight vectors for By in
the irreducible representation Vy, of G. Therefore, the decomposition

R(G/Ua)y = @ (R(G/Uq)y™ )X
xX€AL

tells us how Vy, decomposes as a H-module.
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Thus, knowledge of R(G/Ug)U# as a (A5 x Ah)-graded algebra tell us how rep-
resentations of G' decompose when restricted to H, in other words, it describes the
branching rule from G to H. We will call R(G/Ug)V# the (G, H) branching algebra.
When G ~ H x H, and H is embedded diagonally in GG, the branching algebra de-
scribes the decomposition of tensor products of representations of H, and we then
call it the tensor product algebra for H. More generally, we would like to understand
the (G, H) branching algebras for symmetric pairs (G, H).

1.1. Overview. We have just seen the construction of a branching algebra. We

shall illustrate how the algebra structure emphasizes the coherence of the branching

problem across representations of GG, rather than simply providing a representation-

by-representation answer. Further, the algebra structure goes beyond the numerical

nature of multiplicities, and is the basis of some of the well-known multiplicity results.
There are three main parts to this paper:

(a) Background: preliminary knowledge on multiplicity-free spaces, the theory
of dual pairs and the classification of classical symmetric pairs, leading to the
concept of reciprocity algebra. One can group the classical symmetric pairs
into 10 families, and it turns out that these families are associated in pairs,
(G,H) and (H',G’) (see Tables I and II), and that the branching algebra
for (G, H) also describes a branching law from H’ to G'. Hence, we call the
algebra that describes the two related branching laws a reciprocity algebra.

(b) Reciprocity: explaining the underpinnings of the reciprocity of multiplicities
for the 5 pairs of reciprocity algebras, with detailed presentations for certain
representative pairs.

(c) Stability: describing the branching algebra for a symmetric pair (G, K) in
terms of a G'L,, tensor product algebra. This emphasizes the underlying impor-
tance of the GL,, branching algebras, since their structure relate to all others.
This phenomenon is also the basis for the expression of multiplicity formulas
for representations of classical groups in terms of Littlewood-Richardson co-
efficients - a recurring theme in the literature. The present paper brings more
structure to these multiplicity results.

The first three sections provide the necessary background:

§2: We provide the notations for the parametrization of representations in §2.1.
Next, we discuss some preliminary concepts on multiplicity-free spaces and
prove a main theorem (see Theorem 2.3) on embedding the associated graded
algebra of a graded G-multiplicity-free space into the algebra R(G/Ug). The
final subsection discusses the rudiments of classical invariant theory, formu-
lated in terms of the theory of dual pairs.

§3: Section 3 begins with the simplest example of a pair of branching algebras
for GL,, leading us to the concept of reciprocity algebras. This is where we
bring forth the classification of classical symmetric pairs and the theory of
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dual pairs to introduce the 5 pairs (also called see-saw pairs) of reciprocity
algebras.

For the second part of the paper, we organize discussions of the see-saw pairs as
follows:

§4: discusses the branching from GL,, to O, (note that branching from GLs, to
Span can be treated similarly);

§5: discusses the tensor product algebra for O, (note that the tensor product
algebra of Sp,y, can be treated similarly);

§6: provides a more general treatment of the reciprocity for (GL,, GL,,).

For the sake of brevity, we will not discuss the branching from Spa(;n4-n) to SDam X Spon,
0,, to GL,, and Sps, to GL,. They can be treated similarly.

The final part of this paper is perhaps quite involved. We begin with some impor-
tant comments on stability results for branching in §7. We demonstrate the theoretical
underpinnings for stability results, highlighting certain specific see-saw pairs:

§8: we interpret the associated graded of the branching algebra from GL,, to O,, as
a (0, 1)-subalgebra (see Definition 2.1) of the tensor product algebra of GL,,
in the stable range n > 2m.

§9: we interpret the associated graded of the O,, tensor product algebra as a (0, 1)-
subalgebra of a triple product of tensor product algebras of GL,,, GL,, and
GLy in the stable range n > 2(m + ¢).

§10: we interpret the branching algebra of O,,1,, to O, x O,, as a (0, 1)-subalgebra
of a triple tensor product algebra of GL, in the stable range min (n, m) > 2¢.

In all these cases, we show that the branching algebras associated to symmetric
pairs can all be identified with suitable branching algebras associated to the general
linear groups. Thus, if we can have control of the solution in the general linear group
case, we will have some control of the other classical groups. And indeed, we do (see
[HTW2]). The other non-trivial examples will be important extensions of this work,
and we hope to see them in further papers, for example, [HL].

Acknowledgement: We thank Kenji Ueno and Chen-Bo Zhu for discussions and
vetting of the proof in the Appendix. The second-named author also acknowledges
the support of NUS grant R-146-000-050-112.

2. PRELIMINARIES AND NOTATIONS

2.1. Parametrization of Representations. Let G be a classical reductive alge-
braic group over C: G = GL,(C) = GL,, the general linear group; or G = O,,(C) =
O,,, the orthogonal group; or G = Spy,(C) = Spa,, the symplectic group. We shall
explain our notations on irreducible representations of G using integer partitions. In
each of these cases, we select a Borel subalgebra of the classical Lie algebra and co-
ordinatize it, as is done in [GW]. Consequently, all highest weights are parameterized
in the standard way (see [GW]).
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A non-negative integer partition A\, with k parts, is an integer sequence \; > Ay >
... > X\, > 0. We may sometimes refer to A as a Young or Ferrers diagram. We use
the same notation for partitions as is done in [Mac]. For example, we write /() to
denote the length (or depth) of a partition, i.e., £(A) = k for the above partition. Also

let |A| = >, \; be the size of a partition and X denote the transpose (or conjugate)
of A (ie., (V) = [{Aj : \j > d}]).

GL, Representations: Given non-negative integers p, ¢ and n such that n > p+¢q
and non-negative integer partitions A™ and A~ with p and ¢ parts respectively, let

F((;L\;”V) denote the irreducible rational representation of GL, with highest weight
given by the n-tuple:
(AT, A7) = ()\IF’)\;... ’)\;’07... L0, =Ny, ’_)\1_),
n

If A= = (0) then we will write F’)S for £ Note that if A+ = (0) then (F(’;)*

( (n)
FOTAT) AT A FOTAY)

is equivalent to ) . More generally, (F((n) )> is equivalent to )

O, Representations: The complex orthogonal group has two connected compo-
nents. Because the group is disconnected we cannot index irreducible representations
by highest weights. There is however an analog of Schur-Weyl duality for the case
of O,, in which each irreducible rational representation is indexed uniquely by a non-
negative integer partition v such that (¢'); + (¢')2 < n. That is, the sum of the first
two columns of the Young diagram of v is at most n. We will call such a diagram
Oy-admissible (see [GW] Chapter 10 for details). Let Ef,, denote the irreducible
representation of O,, indexed v in this way.

The irreducible rational representations of SO, may be indexed by their highest
weight, since the group is a connected reductive linear algebraic group. In [GW]
Section 5.2.2, the irreducible representations of O, are determined in terms of their
restrictions to SO,, (which is a normal subgroup having index 2). We note that if
l(v) # 3, then the restriction of E(, to SO, is irreducible. If {(v) = 3 (n even),
then Ef) decomposes into exactly two irreducible representations of SO,,. See [GW]
Section 10.2.4 and 10.2.5 for the correspondence between this parametrization and
the above parametrization by partitions.

The determinant defines an (irreducible) one-dimensional representation of O,,.
This representation is indexed by the partition { = (1,1,---,1). An irreducible
representation of O,, will remain irreducible when tensored by E(n), but the resulting
representation may be inequivalent to the initial representation. We say that a pair of
O,,-admissible partitions o and (3 are associate if E(O;L) ®E(Cn) i Egl )- It turns out that
a and [ are associate exactly when (o/); 4+ (0'); = n and (o/); = (§); for all i > 1.
This relation is clearly symmetric, and is related to the structure of the underlying
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SO,-representations. Indeed, when restricted to SO,, EGy = E(n) if and only if «
and (3 are either associate or equal.

Spa2n Representations: For a non-negative integer partition v with p parts where
p < n, let Vén) denote the irreducible rational representation of Sps, where the
highest weight indexed by the partition v is given by the n tuple:

(VlaVQa"' >Vpa07”' aO)

7

'

n

2.2. Multiplicity-Free Actions. Let G be a complex reductive algebraic group
acting on a complex vector space V. We say V is a multiplicity-free action if the
algebra P(V') of polynomial functions on V' is multiplicity free as a G module. The
criterion of Servedio-Vinberg [Ser| [Vin] says that V' is multiplicity free if and only if a
Borel subgroup B of G has a Zariski open orbit in V. In other words, B (and hence G)
acts prehomogeneously on V' (see [SK]). A direct consequence is that B eigenfunctions
in P(V) have a very simple structure. Let ), € P(V) be a B eigenfunction with
eigencharacter ¢, normalized so that Q) (vg) = 1 for some fixed vy in a Zariski open
B orbit in V. Then @y is completely determined by ¢: For v = b'vy in the Zariski
open B orbit,

Qu(v) = Qu(b™ vo) = Y(0)Qy(vo) =¥ (b), b€ B.
Q) is then determined on all of V' by continuity. Since B = AU, and U = (B, B)
is the commutator subgroup of B, we can identify a character of B with a character
of A. Thus the B eigenfunctions are precisely the G highest weight vectors (with
respect to B) in P(V'). Further

le sz = Qlﬁlwz

and so the set of AT (V) = {1 € AT | Qy # 0} forms a sub-semigroup of the cone At
of dominant weights of A.

An element 1 (# 1) of a semigroup is primitive if it is not expressible as a non-trivial
product of two elements of the semigroup. The algebra P(V)Y has unique factoriza-
tion (see [HU]). The eigenfunctions associated to the primitive elements of AH(V)
are prime polynomials, and P(V)V is the polynomial ring on these eigenfunctions. If
Y = Y19y, then Qy = Qy, Qy,. Thus, if ¢ is not primitive, then the polynomial @),
cannot be prime. An element

Y= H?:ﬁ/’;]
has ¢;’s uniquely determined, and hence the prime factorization
Qy = H§:1ijj-
Consider a multiplicity-free action of G on an algebra W. In the general situation,

we would like to associate this algebra W with a subalgebra of R(G/U). With this
goal in mind, we introduce the following notion:
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Definition 2.1. Let P = @, 5+ P» denote an algebra graded by an abelian semigroup
AT IfW C P is a subalgebra of P, then we say that W is a (0, 1)-subalgebra of

P if
W =EPP,
AeZ

where Z is a sub-semigroup of A*. Note that W is graded by Z.
In what is to follow, we will usually have P = P(V) (polynomial function on a

representation V') and A+ will denote the dominant chamber of the character group
of a maximal torus, A, acting on V.

Consider W which is a G-invariant and G-multiplicity-free subalgebra of a poly-
nomial algebra P(V'). Suppose that WY has unique factorization. Then AT (W) is

~

a sub-semigroup in A+ generated by PAT(W). (We have abused the notation for
PAT(V) here.)
Write the G decomposition as follows:
W = Wy
YEAT(W)

noting that W, is an irreducible G module with highest weight 1. Introduce an A*
filtration on W as follows:
W) — @ W,

G<tp
where the ordering < is the ordering on At given by (see [Pop))
U < 1y if 17 ")y is expressible as a product of
rational powers of positive roots.

Note that positive roots are weights of the adjoint representation of G on its Lie alge-
bra g. We refer to the abelian group structure on the integral weights multiplicatively.
Note also that for our purposes, we only need positive integer powers of the positive
roots.

If & occurs with positive multiplicity in the tensor product decomposition

Wy @ Wy, = €D dim Homea(Ws, Wy ® Wy) W,
d

then 0 < ¢, If
W, c W@ and W, cWW  ie,n<¢ and <,
then it follows that
W, - W, = W, @ W, c W c W),

Thus
W(¢>) . W(w) C W(dﬂ/})‘
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We have now an A*t-filtered algebra
w= @ ww,
YEAT(W)
and this filtration is known as the dominance filtration [Pop]. R
With a filtered algebra, we can form its associated algebra which is AT graded:

GrgW= P (Grpw)
YEAT(W)
where
(Grﬁw)w - W(df)/ (@ W(¢>)> )
P<tp

Theorem 2.2. Consider a multiplicity-free G-module VW with a A" -filtered algebra
structure such that W is a unique factorization domain. Assume that the zero degree
subspace of W is C. Then there is a canonical AT -graded algebra injection:

Gra.m : GrpW — R(G/U).

Proof. In [Ho4] it is shown that under the above hypothesis, WY is a polynomial
ring on a canonical set of generators. Now, WV is a A*-graded algebra and therefore,
there exists an injective A*-graded algebra homomorphism:

a : WY — R(G/U)Y.
So WY = Gr3 (WY) = (Grp, W)V
There exists a unique G-module homomorphism @ : Gr 3, W — R(G/U) such that
the following diagram commutes:

a: Wy <~ R(G/UY
N N
@ GrgW —  R(G/U)

We wish to show that @ is an algebra homomorphism, i.e.,

(GI‘A\+ W)A X (GI‘A\+ W)M _V)V (Gl"g+ W))\J’_u

ol ol [
R(G/UY x RGU¥ — —  R(G/UP*

MR(G/U)
commutes.

We have two maps:
fi : (GIA\JrW))\ ® (GI‘A\JrW)‘u - R(G/U)A-Hl’ L= ]-7 2a



10 ROGER E. HOWE, ENG-CHYE TAN, AND JEB F. WILLENBRING

defined by: fi(v ® w) = mgeu)(@(v) ® @(w)) and fo(v @ w) = a(mpw(v @ w)).
Each of f; and f5 is G-equivariant and,

dim {8 | B: (GrzW)* @ (Grp W)* — R(G/U)MH} =1

because the Cartan product has multiplicity one in the tensor product of two irre-
ducible G-modules V) and V), [Pop].

Therefore, there exists a constant C' such that f; = C'f,. We know that @|yv = «
is an algebra homomorphism. So for highest weight vectors v» € WY and w* € Wg :

fi(v?* @ w) = a(Ma(w") = a(vM)a(w") = a(v*w") = a(v ™) = f(0* @ wh).
(Note that v*w* is a highest weight vector.) So C' = 1. O

2.3. Dual Pairs and Duality Correspondence. In our context, the theory of dual
pairs may be cast in a purely algebraic language. In this section, we will describe
three dual pairs (K, g), where K is a classical linear algebraic group defined over C
and g is a complex classical Lie algebra. In each case, we have a linear action of
K on a finite dimensional complex vector space V', which is a finite sum of copies
of the standard module for K or copies of the dual of the standard module for K.
This action induces an action on the complex valued polynomial functions on V,
upon which g acts by polynomial coefficient differential operators. The actions of g
and K commute with each other. Furthermore, the algebra of polynomial coefficient
differential operators which commute with the K-action (resp. g-action) on P(V) is
generated as an algebra by the image of the g-action (resp. K-action). In light of
this situation, we may regard P(V') as a representation of g and K simultaneously.
Theorem 2.4 describes, in part, the (multiplicity-free) decomposition of P(V') into
irreducible modules for the joint action.

Of particular importance are the K-invariants in P(V). In each case, we may
describe this invariant ring through the action of g. Indeed, g may be decomposed
into three subspaces denoted g>?, g1 and g(®?). Theorem 2.3 asserts that P(V)%
is generated as an algebra by g(>?. Moreover, within a certain stable range (described
in Theorem 2.3), P(V)¥ is isomorphic to S(g*), the full symmetric algebra on g*?).
These facts are the celebrated fundamental theorems of classical invariant theory (see
[GW], [Wey]).

Note that at the same time, we obtain an action of K (by conjugation) on the
constant coefficient differential operators on P(V'), denoted D(V'). In turn, the K-
invariant subalgebra, D(V)¥ is generated by g(®?. This brings us to our next ingre-
dient. Define the K-harmonic polynomials to be:

H:={fePV)|Af=0forall AeD(V)"}.

For each dual pair, we have a surjection, P(V)X @ H % P(V) defined by multipli-
cation. Note that we may regard P(V) as a module over the algebra P(V)X. By
definition, this module is free iff m is injective. Within a certain stable range, m is
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indeed injective, and this range is indicated as part of Theorem 2.3. We have pro-
vided a proof of the injectivity part of this theorem (also known as the Separation of
Variables Theorem) as an appendix of this paper.

For each (g, K), the subspace gV is isomorphic to the Lie algebra of a subgroup
GUY C GL(V) which commutes with the action of K. In Theorem 2.5 we describe
the action of this group. Note that, in general, the differential of the action of G(*V
on P(V) is not the same as the action of gV, but differs only by a central shift.
Under the joint action of K x GMY, H is a multiplicity-free invariant subspace of
P(V'). The precise decomposition of H is provided in Theorem 2.5.

Finally, in each of the three dual pair settings we have P(V) = I(J 1) @ H, where
I(J™) is the ideal in P (V) generated by g>% (which is the same as the ideal generated
by the homogeneous invariants of positive degree). We note that the natural map:

H— P(V)/I(TT) (2.3.1)

is a linear isomorphism of representations.
Details in this section including all theorems stated can be found in [GW], [Ho2]
or [Ho4].

2.3.1. Definitions of the Three Dual Pair Actions. We now describe the three dual
pairs in detail as well as state Theorems 2.3, 2.4 and 2.5 on a case-by-case basis. For
the following, we let M, ,, be the complex vector space of n by m matrices. We shall
select a coordinate system {x;;[i =1,--- ,n, j=1,--- ,m}.

CASE A: (O, 8py,,) Where V := M, .
Define the following differential operators:

.\ (o 2 .\ o .\ _0
Ajj =2 BeiOzy,’  ij T Dot Tsisjy and - By o= 00 g Bxa;
We define three spaces:

5p%7,7’1) = Span {EZ] -+ % 52-’]- ‘ 1,] = 1,... ’m} ,
sp2” .= Span {1% [1<i<j<m}, and

5p§2,’12) = Span {A;; |[1<i<j<m}.

The direct sum, g := 5]353,;0) EBspg,’f) @spé?,f’, is preserved under the usual operator
bracket and is isomorphic, as a Lie algebra, to the rank m symplectic Lie algebra, sp,,,.
This presentation defines an action of sp,,, on P(M, ). The O,, action is defined by
multiplication on the left: for g € O,, and f € P(M,,,) we set g - f(z) = f(g'z) for
all x € M, .
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CASE B: (Span, 502m) where V = My, 1.
Define the following differential operators:
- n 02 02 - n
DZ] — Zs:l <8wsiaws+n,j - 3ws+n,i8wsj> ) Sf] = Zs:l(xsixs—l—n,j - l’s—l—n,ixsj)a and

. \2n il
Ei' = Zs:l xsz@

We define three spaces:

50%1,’11) = Span {E;; +k0,;|i,j=1,...,m},

50529 .= Span {Si1<i<j<m}, and

sol?) := Span {Dy; | 1<i<j<m}.

The direct sum, g := 5052,;?) S 50%,’11) D 505?;3’, is isomorphic to s09,,, the rank m

orthogonal Lie algebra of type D, and this presentation defines an action of so0s,, on
P(Map ). For g € Spe, and f € P(Maym), we set g- f(z) = f(g'x) for all 2 € Moy, .

CASE C: (GL,,, glm+¢) where V. = M,, 1, & My .
Let {za} and {y.} be the coordinates on M, ,,, and M, respectively. Define the
following differential operators:

A= Toi= Tsils B = Tgi=— and FE;. = s —.
ij ; 8$si8yjs’ ij ; siYjss ij ; si 85173]‘ ) ij 82231 Yis ayjs

(In the above, i and j range over the appropriate interval defined by the sizes of the
matrices.) We define three spaces:

QISL:? :=Span {E;; +%0;;|i,j=1,...,m} ®Span {E} +26;|i,j=1,...,¢},
ngig);:Span {F?j|i:1’,__7m’j:1’.__7€}’ and

9[,(2:?) := Span {ZU|z':1,...,m,j:1’“"g}.

The direct sum, g := g[fj;‘,?) @ g[ﬁ:? S g[,(fb:?), is isomorphic to the rank m + ¢

general linear Lie algebra gl,, s, and this presentation defines an action of gl,, ., on
P(Mym®Myy,). For g € GL, and f € P(Myym @ My ,), we set g- f(z,y) = f(9'x,yg)
for all x € My, 1, y € My,

2.3.2. Theorems on the Invariants, Decompositions and Harmonics. Let SM,, and
AM,, be the space of symmetric and anti-symmetric m by m matrices respectively. If
V' is a vector space, we denote the symmetric algebra on V by S(V'). Note that in each
of the dual pairs, we have defined the action of K on P(V) so that P(V) 2 S(V) as
K modules. (This is in contrast with the usual identification P(V) = S(V*).) Also,
for a set S, we shall denote by C[S] by the algebra generated by elements in the set
S.
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Theorem 2.3. (First Fundamental Theorem of Invariant Theory and Separation of
Variables)

(a) CASE A: (Oy,sps,,) The invariants

ij 2m

jn,m = P(Mn,m>on = C[T2] (g 8(5]3(270)) = P(SMm) zfn > m) .

Let Hym € P(Mym) denote the O,-harmonics. Further, if n > 2m, we have
separation of variables

P(Mn,m) = Hn,m X jn,m~
(b) CASE B: (Span,502m) The invariants

Tonm = P(My )7 = C[s3] (2 S(s08)) = P(AM,,) if n>m).

Let Hopm C P(Mapm) denote the Spa,-harmonics. Further, if n > m, we
have separation of variables

P(M2n,m) = ﬂ2n,m ® 72n,m-
(c) CASE C: (GL,, glyy¢) The invariants

jn,m,@ = P(Mn,mEBMZ,n)GLn = (C[F2 ]

i (% S(g[fszg)) = P(Mpe) if n > min (m, 6)) )
Let ﬁn,m,g C P(Mym & My,,) denote the GL,-harmonics. Further, if n >
m + £, we have separation of variables

7D(a]\Jn,m > MZ,n) = ﬁn,m,@ ® jn,m,f-

We refer our readers to the Appendix for a new proof of the Separation of Variables
Theorem.

Definition: The Lie algebra g acts on P (V') via differential operators. Under this
action P(V') decomposes into irreducible (infinite-dimensional, highest weight) repre-

sentation of g. In each of the three cases, denote this representations by EA, VA and

FA respectively. The parametrization being made precise by the pairing defined in
the following theorem:

Theorem 2.4. (Multiplicity-Free Decomposition under K x g)
For each case, we state the decomposition of P(V') into irreducible representations:

(a) CASE A: (O, 5pa,)
P(Mn,m) = @ E()\n) ® E()\2m) (2'3'2>

where the sum is over all partitions \ with length at most min (n,m), and such
that (N)1 + (N)2 < n.
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As a representation of GL,,,

E(\zm) = Tnm F(% for any n,m >0,
= S(SM,,) ® F()n) provided n > 2m. (2.3.3)
(b) CASE B: (Span, 502m)
P(Mznm) = P Visn) @ Vi (2.3.4)

where the sum is over all partitions A with length at most min (n, m).
As a representation of GL,,,

"}(g\m) = 72n,m : F()r\n) fOT any n,m Z 0,
~ S(AM,,) ® F(;\n) provided n > m. (2.3.5)
(c) CASE C: (GL,, glmr)
AT A =t A

where the sum is over all ordered pairs of partitions (AT, A7) such that
CT) +4(A7) < n, (A7) <min (n,m), and £(A\7) < min (n,£).
As a representation of GL,, x GLy,,

ﬁ(g;\:,;’)f\’) = jn,m,z : (F(ﬁ) ® F&;) for any n,m, ¢ > 0,
= S(Mpy) @ (F();:) ® F&;) providedn >m+ (. (2.3.7)

Remarks: In Case C, the representation ﬁ((n);;’))‘i) are (in general) complexifications
of infinite-dimensional highest weight representations of (U(,¢))c =~ glmye. Sometimes
want to emphasize the interplay of the two pieces M, ,, and M,,, by writing gl,,
instead of gl,,1¢s. The degenerate case when ¢ = 0 is particularly interesting. This is

the GL, x GL,, duality:
P(Mym) = P Fy @ F) (2.3.8)
A

where the sum is over all integer partitions A such that ¢(A) < min (n, m).

Theorem 2.5. (Multiplicity-Free Decomposition of Harmonics under K x G(1))
We proceed in cases:
(a) CASE A: (Oy,spsp,) Let Hym C P(M,m) denote the O,,-harmonics.
The group O, X G Ly, acts on P(My,.m) by (g, h)-f(x) = f(g'zh), where g € O,,
h € GL,, and x € M, ,. Then H,.n, is invariant under this action. As an
O, x GL,, representation,

,P(Mn,m)/[(jrj,_m) EHom = @ E()\n) X F(i\n), (2.3.9)
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where the sum is over all partitions A with length at most min (n, m) and such
that ()\/)1 + ()\/)2 S n

(b) CASE B: (Span, 502m) Let Hopm € P(Ms, ) denote the Spa,-harmonics.
The group Spe, X GLy, acts on P(Maym) by (g,h) - f(z) = f(g'xh), where
g € Spon, h € GL,, and x € Moy . Then Hopm is tnvariant under this
action. As a Spa, X GL,, representation,

P(Monn) /(T o) = Honm = P Vi) @ (2.3.10)

where the sum is over all partitions A\ with length at most min (n, m).
(c) CASE C: (GLy, glmiv) Let Hpme € P(Mpm®M,,) denote the GL,,-
harmonics. The group GL,, x GL,, x GLy acts on P(M,m & My,) by

(97 hla h2) ' f(x>y) = f(gtzhla h;y(gt)_l)a

forg € GL,, hy € GLy,, ho € GLy, x € My, andy € My,,. Then ﬁn,m,g 18
invariant under this action. As a GL, x GL,, x GLy; representation,

(M ® My) [ 1T 0) = Home = D Foy Y@ (Fay @ Ky ) (23.11)

where the sum is over all ordered pairs of partitions (A*, A7) such that
CNT) +L(A7) < n, (A7) <min (n,m), and £(A\7) < min (n, £).

Remarks. The three cases are summarized in the following table:

K O, Spon GL,

g 5p2m 502, g[m,Z

V Mn,m M2n,m Mn,m s> Mé,n
GOV | GL, GL, | GL,xGL,

3. RECIPROCITY ALGEBRAS

In this paper, we study branching algebras using classical invariant theory. The for-
mulation of classical invariant theory in terms of dual pairs [Ho2| allows one to realize
branching algebras for classical symmetric pairs as concrete algebras of polynomials
on vector spaces. Furthermore, when realized in this way, the branching algebras
have a double interpretation in which they solve two related branching problems si-
multaneously. Classical invariant theory also provides a flexible means which allows
an inductive approach to the computation of branching algebras, and makes evident
natural connections between different branching algebras.

The easiest illustration of the above assertions is the realization of the tensor prod-
uct algebra for GL,, presented as follows.
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3.1. Illustration: Tensor Product Algebra for GL,. Consider the joint action
of GL,, x GL,, on the P(M, ,,) by the rule

(g,h) - f(z) = f(g'zh), for g € GL,,h € GL,,,x € M, p,.

For the corresponding action on polynomials, one has the decomposition (see Theorem
2.4(c) and (2.3.8))

P(Mym) ~ €D iy @ Fioy. (3.1.1)
A

of the polynomials into irreducible GL, x GL,, representations. Note that the sum
is over non-negative partitions A with depth at most min (n, m).

Let U,, = Ugy,, denote the upper triangular unipotent subgroup of GL,,. From
decomposition (3.1.1), we can easily see that

Um
Unm A A N A A \Unm
P(My ) 2 (ED Fpy ®F(m)> ~ (P F @ (F)" (3.1.2)
A A

Since the spaces (F(ﬁn))Um are one-dimensional, the sum in equation (3.1.2) consists

of one copy of each F; (il). Just as in the discussion of §1, the algebra is graded by ﬁ:;b,
where A, is the diagonal torus of GL,,, and one sees from (3.1.2) that the graded
components are the F (’)L).

By the arguments in §2.2, P(M,, )’ can thus be associated to a graded subalgebra
in R(GL,/U,), in particular, this is a (0, 1)-subalgebra as in Definition 2.1. To study
tensor products of representations of GL,,, we can take the direct sum of M, ,, and
M, . We then have an action of GL,, x GL,, x GLy on P(M,, & M, ). Since
P(Mpm ® M) =~ P(Mym) ® P(M,,), we may deduce from (3.1.1) that

P(anm b Mnl)UmXUZ = P(Mn,m)Um X P(Mn,Z)Ue
= @(F&) ® Fipy) @ <(F(!;n))Um ® (F(IZ))UZ> - (3.1.3)
[IR%

Thus, this algebra is the sum of one copy of each tensor products F(‘;) QF; (’;L). Hence,

if we take the U,-invariants, we will get a subalgebra of the tensor product algebra
for GL,. This results in the algebra

(P (M @ M) V)% o P(Myy g @ My )V,

This shows that we can realize the tensor product algebra for GL,, or more pre-
cisely, various (0, 1)-subalgebras of it, as algebras of polynomial functions on matrices,
specifically as the algebras P(M,, ,,, & M, ,)Vm*VexUn,

However, the algebra P(M,,,,, & M, ,)V*V¢*Un has a second interpretation, as a
different branching algebra. We note that M,, ., ® M, s >~ M,, y,1¢. On this space we
have the action of GL, X GL,,,,, which is described by the obvious adaptation of
equation (3.1.1). The action of GL, x GL,, x GL, arises by restriction of the action
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of G L, to the subgroup GL,, x GL, embedded block diagonally in GL,,,. By (the
obvious analog of) decomposition (3.1.2), we see that

P (M i)™ = @ (Fo)"" @ Flre):
\

This algebra embeds as a subalgebra of R(GLy,1¢/Unye), in particular, this is a
(0, 1)-subalgebra as in Definition 2.1. If we then take the U, x U, invariants, we find
that

(P (M gnge) ) V>Vt @(F(ﬁ))[]" ® (Fpup))
X

is (a (0, 1)-subalgebra of) the (GL,,1¢, GL,, X GL;) branching algebra. Thus, we have
established the following result.

Theorem 3.1.  (a) The algebra P(M,, mie)" U<Vt is isomorphic to a (0,1)-
subalgebra of the (GL, x GL,,GL,) branching algebra (a.k.a. the GL,, tensor
product algebra), and to a (0, 1)-subalgebra of the (G Lo, GLy X GLy) branch-
ing algebra.

(b) In particular, the dimension of the ¥ x " x ¥ homogeneous component for
Ap X A x Ap of P(My,ms0)Vn U<Vt records simultaneously
(i) the multiplicity of F(;\l) in the tensor product F&) ® F,, and
(i) the multiplicity of Fi, & Fjyy in F(, .,
for appropriate diagrams p, v and .

Thus, we can not only realize the GL,, tensor product algebra concretely as an al-
gebra of polynomials, we find that it appears simultaneously in two guises, the second
being as the branching algebra for the pair (G L,,1¢, GL,, X GLy). We emphasize two
features of this situation.

First, the pair (GLyy¢, GLy X GLy), as well as the pair (GL, x GL,,GL,), is
a symmetric pair. Hence, both the interpretations of P(M,, mie)V"*Um<Ve are as
branching algebras for symmetric pairs.

Second, the relationship between the two situations is captured by the notion of
“see-saw pair” of dual pairs [Kud]. Precisely, a context for understanding the de-
composition law (3.1.1) is provided by observing that GL,, and GL,, (or more cor-
rectly, slight modifications of their Lie algebras) are mutual centralizers inside the
Lie algebra sp(M,, ,,,) (of the metaplectic group) of polynomial coefficient differential
operators of total degree two on M, ,, [Ho2| [Hod]. We say that they define a dual
pair inside sp(M,, ). The decomposition (3.1.1) then appears as the correspondence
of representations associated to this dual pair [Ho2|. Further, the pairs of groups
(GLy, GLyye) = (G1,GY) and (GL, x GL,,GL,, x GLy) = (G2, GY,) both define dual
pairs inside the Lie algebra sp(M,, ,,,+¢). We evidently have the relations

Gy = GL, C GL, x GL, = Go, (3.1.4)
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and (hence)
Gll = GLm_M > GL,, x GL, = G/2 (315)

We refer to a pair of dual pairs related as in inclusions (3.1.4) and (3.1.5), a see-saw
pair of dual pairs.

In these terms, we may think of the symmetric pairs (G, Gz2) and (G}, G}) as a
“reciprocal pair” of symmetric pairs. If we do so, we see that the algebra
P(M,, o)V *UmxUe is describable as P(MmmH)UGlXUGé — it has a description in
terms of the see-saw pair, and in this description the two pairs of the see-saw, or
alternatively, the two reciprocal symmetric pairs, enter equivalently into the descrip-
tion of the algebra that describes the branching law for both symmetric pairs. For
this reason, we also call this algebra, which describes the branching law for both
symmetric pairs, the reciprocity algebra of the pair of pairs.

It turns out that any branching algebra associated to a classical symmetric pair,
that is, a pair (G, H) in which G is a product of classical groups, has an interpretation
as a reciprocity algebra — an algebra that describes a branching law for two reciprocal
symmetric pairs simultaneously. Sometimes, however, one of the branching laws
involves infinite-dimensional representations.

3.2. Symmetric Pairs and Reciprocity Pairs. In the context of dual pairs, we
would like to understand the (G, H) branching of irreducible representations of G to
H, for symmetric pairs (G, H). Table I lists the symmetric pairs which we will cover
in this paper.

Table I: Classical Symmetric Pairs

Description G H
Diagonal GL, x GL,, GL,
Diagonal 0, x O, 0,
Diagonal Span X Span Spon

Direct Sum GL,yim GL, x GL,,
Direct Sum Onim 0, xO,,
Direct Sum SPa(ntm) Span X SpPam
Polarization Oay, GL,
Polarization Spon GL,

Bilinear Form GL, 0,

Bilinear Form GLs, Span

If G is a classical group over C, then G can be embedded as one member of a dual
pair in the symplectic group as described in [Ho2|. The resulting pairs of groups are
(GLy,,GLy,) or (O, Spay), each inside Spo,,, and are called irreducible dual pairs.
In general, a dual pair of reductive groups in Spo, is a product of such pairs.
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Proposition 3.2 Let G be a classical group, or a product of two copies of a classical
group. Let G belong to a dual pair (G, G") in a symplectic group Spay,. Let H C G
be a symmetric subgroup, and let H' be the centralizer of H in Spay,. Then (H, H')
is also a dual pair in Spa,, and G’ is a symmetric subgroup inside H'.

Proof: This can be shown by fairly easy case-by-case checking. The basic reason
that (H, H') form a dual pair is that, for any classical symmetric pair (G, H), the
restriction of the standard module of G, or its dual, to H is a sum of standard modules
of H, or their duals [Ho2|. This is very easy to check on a case-by-case basis. The
see-saw relationship of symmetric pairs organizes the 10 series of symmetric pairs as
given in Table I into five pairs of pairs. These are shown in Table II. O

Table II: Reciprocity Pairs

| Symmetric Pair (G,H) |

(GLyn x GL,,GLy)
(On x O, Oy,)

(Sp2n X Sp2n7 SpZn)

(G.g) |
(GLy, x GLy, gl @ glp)
(On X O, 5p2s @ 5poy)
(Span X Span, 502, ® 509¢)
(GLn+m7g[£)

(H,p') |
(GLTH g[m-i-é)
(On, 5P2(m+0))

(Sp2n7502(m+£))

(GLysm,GLy, x GL,)

(GLy, X GLyy,, gl @ gly)

(On—i-ma On X Om)

(On X Om75p2f @51325)

(On—i-maﬁp%)

(Sp2(n+m)> Sp2n X Sp2m)

(Spon X Spom, 5020 B 509¢)

(Sp2(n+m) ) 502@)

(O2m GLn) (GLm g[m,m) (O2m 5p2m)
(Sp2n7 GLn) (GLn7 g[m,m) (Sp2n7502m)
(GLn, On) (On, 5p2m) (GLy, ghn)
(GL2m Sp2n) (Sp2m 5'32m) (GL2n> g[m)

Remark: Note that when the second component of any pair in Table II is of Lie
type A, then the action actually integrates to the group. Table II also amounts to
another point of view on the structure on which [Ho3] is based.

We begin with discussions of reciprocity algebras in the next three sections. The
discussions provided are ordered more in terms of complexity and do not follow the
sequence given in Table I.

4. BRANCHING FROM GL,, TO O,

Consider the problem of restricting irreducible representations of GL,, to the or-
thogonal group O,. We consider the symmetric see-saw pair (GL,,O,) and
(Sp2m, GLy,). As in the discussion of §3.1, we can realize (a (0, 1)-subalgebra of)
the coordinate ring of the flag manifold GL,, /U, as the algebra of U,,-invariants on
P(M,,m). If we then look at the Up, -invariants in this algebra, then we will have (a
certain (0, 1)-subalgebra of) the (GL,,, O,,) branching algebra. Thus, we are interested
in the algebra

P(My ) V0n "V,
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We note that, in analogy with the situation of §3.1, this is the algebra of invariants
for the unipotent subgroups of the smaller member of each symmetric pair. Let us
investigate what this algebra appears to be if we first take invariants with respect to
Uo,-

We have a decomposition of P(M,, ;) as a joint O,, X spay,-module (see Theorem
2.4 (a)):

P(Mym) ~ P EL @ Bl (4.1)
nw

Recall that the sum runs through the set of all non-negative integer partitions u such
that [(1) < min(n,m) and (¢'); + (/)2 < n. Here Eé‘n) denotes the irreducible O,,
representation parameterized by p. Recall from §2.3, the decomposition P (M,, ) ~

D, F(‘; ) ® F(‘:n - The module EéLn  is generated by the GL, highest weight vector in

F (‘;). Further, Eém) is an irreducible infinite-dimensional representation of sps,, with
lowest gl,,-type F (‘;n).

Theorem 4.1. Assume n > 2m.

(a) The algebra P (M, ,)Y0n*Um is isomorphic to a (0,1)-subalgebra of the
(GLy,0y) branching algebra, and to a (0,1)-subalgebra of the (spy,, GLnm)
branching algebra.

(b) In particular, the dimension of the ¢* x ¥ homogeneous component for Ao, X
A of P(My, )Y *Um records simultaneously

(i) the multiplicity of E(”n) in the representation F&), and

(ii) the multiplicity of F()n) in Eém).

for appropriate partitions p and \.
Proof. Taking the Up, -invariants for the decomposition (4.1), we find that

P(Mym) "o =~ E@(EL)Vom @ B . (4.2)

I

The space (Efn))UOn is the space of highest weight vectors for (Eéin))Uon. We would
like to say that it is one-dimensional, so that P(M,, ,,)Yo» would consist of one copy of
each of the irreducible representations Eém). But, owing to the disconnectedness of
O,,, this is not quite true, and when it is true, the highest weight may not completely

determine F (‘;) )

However, if n > 2m, then (Eé‘n))UOn is one-dimensional, and does single out Eé‘n)

among the representations which appear in the sum (4.1). Hence, let us make this
restriction for the present discussion. Taking the U, invariants in the sum (4.2), we
find that

(P(Mym) 7o) = ED(EL,)) o @ (B, (4.3)

I
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The space (Eém ém

gl,, module, or equivalently, as a GL,,-module. In other words, (Eém))U’” describes

))Um describes how the representation E ) of sps,,, decomposes as a

the branching rule from sp,,, to gl,, for the module Eém).

We know (thanks to our restriction to n > 2m) that the space (E&))Uon is one-

dimensional. Let ¢* be the Ap, weight of (E(‘;))Uon. Thus, ¢* is the restriction to the
diagonal maximal torus Ap, of the character 1" of the group A, of diagonal n x n

matrices. Our assumption further implies that ¢* determines Efn). Therefore, for a

given dominant A, weight Y, corresponding to the partition A\, the > -eigenspace
in (Eém))Um tells us the multiplicity of F (Am) in the restriction of Eém) to gl,,. This
is the same as the dimension of the joint (¢* x 1)*)-eigenspace in

(P(Mn,m)Uo">Um = P(Mn,m)UO"XUm = (P(Mn,m>Um>UO"-

But we have already seen that this eigenspace describes the multiplicity of Eé‘n) in
F (’>L). Thus, again the Ap, x A,, homogeneous components of P(M,, ) on*Um have
a simultaneous interpretation, one for a branching law associated to each of the two
symmetric pairs composing the symmetric see-saw pair. 0

In this case, one of the branching laws involves infinite-dimensional representations.
However, they are highest weight representations, which are the most tractable of
infinite-dimensional representations, from an algebraic point of view.

5. TENSOR PRODUCT ALGEBRA FOR O,,

Using the symmetric see-saw pair ((On, O, X Oy), (Spam X Spae, Spg(m+g))), we can
construct ((0, 1)-subalgebras of) the tensor product algebra for O,,. To prepare for
this, we should explicate the decomposition (4.1) further.

Let us recall the basic setup as in §2.3.1 Case A. Recall that J, ,, = P(Mn,m)on

is the algebra of O,-invariant polynomials. Theorem 2.3(a) implies that J,,, is a

quotient of S (spéi’qo)), the symmetric algebra on spé?;?’.

The natural mapping
Hom — ,P(Mn,m)/[(jrj,_m) (5.1)

is a linear O,, X G L,,-module isomorphism. Further, the O,, x GL,, structure of H,, ,,
is as follows (see Theorem 2.5(a)):

~ 2 u
Hom ~ D ElLy @ Fli). (5.2)
m
Here p ranges over the same diagrams as in (4.1).
From Theorem 2.4(a),

s 2,0
Bl = Fl - T ~ S(spS)) - Fly, (5.3)

2m
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and it follows that

~ (2.0) N
Eloy /(50502 o)) = Fr.
In other words, we can detect the sps,, isomorphism class of the module Eém) by the
GL,, isomorphism class of the quotient Eém) /(sp$20) Eém)) Also, if W C P(Mym)
is any spo,,-invariant subspace, then

W/ (spse? - W) = W 0 Hyp s

and this subspace also reveals the sps,, isomorphism type of W.
We can use the above to find a model for (a (0, 1)-subalgebra of) the tensor product
algebra of O,. One consequence of the above discussion is that

(P(My) /T(T50)" @E ® (Flh)om (5.4)

consists of one copy of each irreducible representation E(“n )-
If we repeat the above discussion for M, ¢, and combine the results, we find that

(P(My) JT(T5)) 7" ® (P(Mo )/ T(TH))
= @ ( ® By ) ® <(F(/fn))Um ® (F('Z))U") (5.5)

is a direct sum of one copy of each possible tensor product of an Efn ) with an Eé’n).

If we now take the Up,-invariants in equation (5.5), we will have (a (0, 1)-subalgebra
of) the tensor product algebra of O,:

((P(Mi) [ 1(TE)) " @ (P (M) [1(T,5))")

NEB< ®E<"> e <(F@z>) m®(F(”e>)Ul>~ (5.6)

Uo,,

We can describe thls algebra in another way. Begin with the observation that
P(Mypm) @ P(Myy) ~ P(Mymie), and

P(Mon) [ I(T,5) @ P(Mie) [ 1(T) =2 P(Mymse) | I T @ T1p)-
Thus
(’P(Mmm)/l(j;m))Uﬂ ® (P(Mn,z)/[(j;"z))w ~ (P(Mn,m—i-ﬁ)/l(jy:—m ® ‘Z:-Z))Umee’

and
Uo,

(P(Mon) [ 1(T 5™ @ (P(Ma) [1(T50)™)
~ (P(Mymr0) /[ 1( Tl © jJZ))UmXUz)Uon
~ ((P(Mn7m+f)/f(jrj:m @ jJe))UO")UMXU‘Z .
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Theorem 5.1. (a) The algebra
(P(Mon) [ TI(T )V @ (P(My ) [ T(T5))V) "

o ((P(Mus ) 1(T it ® Tt 00n) 70
is isomorphic to a (0,1)-subalgebra of the (O, x O,,O,) branching algebra
(a.k.a. the O, tensor product algebra), and to a (0,1)-subalgebra of the
(5P2(mt0)s SP2m, © 5Po,) branching algebra.
(b) Specifically, the dimension of the (¢* x Y* x ¥ )-eigenspace for Ao, X Ay X Ay
of (P(My )/ 1(Tf © j,:tg))Uon)UmXUZ records simultaneously
(i) the multiplicity ofE in Eé‘) ® E(,y, as well as

(ii) the multiplicity of E“ ) ® E(%) in the restriction of E(2(m+£))

Proof. Let us now compute the ring expressed in this way. From Theorem 2.4(a),
we know that

Uo,
P (M )"0 = <@E (m) ~ DB © By,

“w
Now repeat this with m replaced by m + ¢:

Uo,,
_ o
P (M) 7O > (@ Ef,) m+z)>) ~ D(E)"" © Efyrn.

“w
Hence

Uo,,
(P(Mn,m-i-f)/l(jrj:m D j;fé))UO" =~ ((@ E(>\n) ® E(>\2(m+£))> /I(jrj:m D j&))

~ @DEL) e & (Blsny /05 0 503") - By )
From this we finally get
Um xU,
(P(Mynse) [ 1Tt ® Ty Vo)

~ UmXU(
2,0)
&~ @ EA Yon @ ( (2(m+0)) /(5P2m @513( ) : ()\(m—i-Z))) .

From the dlscussmn following equation (5.1), we see that the factor

~ 20 ~ UmXUe
(E()\2(m+f /(5p2m @9513( )'E(Az(mu)))

tells us the sps,, @ spoy decomposition of E()\2(m+é))' O
Hence, again the algebra has a double interpretation, one in terms of decomposing
tensor products of O,, representations, and one in terms of branching from spa(;,4¢)
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to Po,, @ spay (although the second branching law involves infinite-dimensional rep-
resentations).

6. MORE RECIPROCITY ALGEBRAS FOR (GL,,GL,,)

Whereas our first example of a reciprocity algebra in §3.1 involved only finite-
dimensional representations, the others all involve infinite-dimensional representa-
tions in some respect. It turns out that the apparently exceptional nature of the
reciprocity algebra for the pair (GL,,GL,,) is somewhat deceptive. In fact, we can
associate several reciprocity algebras to (GL,,GL,,), and nearly all of them will in-
volve infinite-dimensional representations.

We shall refer to §2.3.1 and consider the action of GL,, on P(M,, ., & M,,) by the
rule

g- f(x,y) = flg'z,y(¢") ™) (6.1)

for v € My, y € Mgn and g € GL,. Recall from Theorem 2.3(c) that the algebra

jnmg generated by g[ ). It is the space of all polynomials on P(M, ., & My,)

invariant under GL,,. Let Hn,m,é be the space of GL,-harmonics and recall the GL,, x
GL,, x GLy isomorphism (see Theorem 2.5(c)):

P (M © Moy )/1( nmé) = ﬁn,m,ﬂ'
Theorem 6.1. (a) The algebra

N N .
((P(Mn,m S M)/ I( T, )7V @ (P (M & My 1) /I(j;m,vg,))Um/XUe)

is isomorphic to a (0, 1)-subalgebra of the (GL,, x GL,,GL,) branching algebra
as well as to a (glyims o+, Qe B gl ) branching algebra.

(b) In particular, the dimension of the (A, X Ay X A X Ag X Ay )-eigenspace of
P(Mymsm © Myre ) describes simultaneously

(i) the multiplicity of F(gj)ﬂ*) in F(ﬂif’“f’ . F(%+ ) and
11 € multiplicity o e representation R i of @l Sy "y
i) the multiplicity of th tation Fn ) @ Fy i) of gl @ gl

in the restriction of the representation F((;‘LJF:;, )Z+£’ of @lim-ym?),(t+er)-

Remarks: Recall from the remarks after Theorem 2.4 that we have written gl ,
instead of gl,,,4+/, to emphasize the interplay of the two components M,, ,,, and M,,,.

Proof. From the above description of P(M,, ,,, & M, n) we can see using (2.3.11) that

+
(P(Myyn ® My) /1T, )<V @ FW) @ (i) @ (Fly )V

is a multiplicity-free sum of representations F((:) ) of GL,. Again, this can be
embedded as a (0, 1)-subalgebra of the coordinate ring of GL,,/U,.
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Now repeat this with m’ in place of m and ¢ in place of £. We again get a
multiplicity-free sum of a family of representations of GL,. If we take the tensor
product of the two sums, and look at highest weight vectors for GL,,, we will get a
(0, 1)-subalgebra of the tensor algebra for G L,:

~ Upn
(P © M) /(T )V @ (P(Myr ® M) /1T, )0 )

~ ( ’ ) (V+7V7) Un vt Um’ v \Uy

~ @ FyeRy ") e ((F&w) @ (Fgy )7 @ (Fin)"m @ (Fig) ™
A AN

where the sum is over partitions pu*, =, v+t and v~ such that I[(ut) < m, (™) < ¢,

W) +Up) <n, l(vt) <m/ I(v7) < 1(vT)+1(v) <n.

On the other hand,

_ . .
(P(Myn © M)/ 1(T, 3, ))& (P (M © M)/ 1( 1))V )

/N

12

UnxUpmxUpxU 1 xUp
Mo @ M)/ 1T b)) © (P(Mos © M)/ T(T b))

12

)UnXUmXU(XU,m/ xUp

12

<7D nm@MZTL@Mnm’@Mf’ )/I( nmégajrj,—m’,f’)

. Un XU xUpxU,,1 xUp
P n,m+m’ ) MZ-M’ )/I( n,m,¢ D jn,m’,@’)>

U xUpxU 1 XU s

12

AT A~
( F( )Un®Fm+m/Z+€//I( nmégajrj,—m’,é’)
At A~

12

F()\ A j j ()\ A7) U xUgxU 1 xUpr
(m+m/, Z—l—f’ /( n,m,{ D n,m’ Z’) ' (m+m’ L+0)
A*,)\

FOTA)

which tells us about the gl,,, ¢ ® gl,,y ¢ decomposition in the representation (b 0+7)

of glimtm),e+¢)- This completes the proof. U

The construction of §3.1 of course is just the case £ = 0 = ¢’ of the current discus-
sion. That case is notable for staying completely in the context of finite-dimensional
representation theory. Another case of interest is when ¢ = 0 = m’. Then, although
the representations of gl,, » are infinite dimensional, the representations of the subal-

gebras gl,, and gl are finite dimensional. This case is analogous to branching from
GL, to O, (or from G Ly, to Spa,).

7. THE STABLE RANGE AND RELATIONS BETWEEN RECIPROCITY ALGEBRAS

Let us summarize our discussions this far. Given any classical symmetric pair,
we can embed it in a (family of) see-saw symmetric pair(s). Doing this, we find
that (a (0, 1)-subalgebra of) the branching algebra for the pair can equally well be
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interpreted as the branching algebra for a dual family of representations of the dual
symmetric pair. The representations of the dual symmetric pair will frequently be
infinite dimensional, but they are always highest weight modules.

An immediate consequence of this isomorphism of algebras is the isomorphisms of
intertwining spaces and hence equality of multiplicities, which we have collectively de-
scribed as reciprocity laws. These reciprocity laws are of the same nature as Frobenius
Reciprocity for induced representations of groups.

From §3.2, we see that the see-saw symmetric pairs actually come in two parameter
families. If one of the pairs involves many more variables than the other, then certain
features of the discussions above become simpler.

Take the results of Theorem 3.1 as an illustration: The Littlewood-Richardson
coefficients for GL,,,

¢y, = dim Homey, (Foy, Ffh) © Fiy)

= dim HOmGmeGLe(F(m) ® F, F(mM))

are independent of n, if n > m + [, and depends only on the shape of the partitions
W, v and A.

Consider another example: branching from G Lo, to Sps,. If we let these groups act
on P(May, ), we get the see-saw pairs (Spap, 502,) and (G Loy, gl,,). The branching
coefficients dy from GLs, to Spa, can be described as follows:

Fén) ‘SPZn: Z du Wgn
m

where
d/; = dim HomSmn(‘/ﬁm F2)\n)

= dim Homg,, (F();n) ® 3(50;3710 ))

= dim HOHlGLm (F(?n), F(iv,) & S(/\2(Cm))

is independent of n, if n > m, and only depends on the diagrams A and p. This allows
one to create a theory of “stable characters” for Sps,. Similar considerations apply
to GL, and O, and this idea has been actively pursued by [K'T], amongst others.

These are all instances of stability laws. The well-known one-step branching from
GL, to GL,_; is another instance. This branching can be described entirely by
diagrams, with no mention of the size n, if n is large. Iteration of this branching
also shows that when n is large, the weight multiplicities of dominant weights of an
irreducible G L,, representation are independent of n. See [BBLJ for the other classical
groups, which don’t share this stability property.

In the sections that follow, we will illustrate the simplifications that occur in the
stable range, highlighting certain specific see-saw pairs. In all these cases, we show
that the branching algebras associated to symmetric pairs can all be described by
use of suitable branching algebras associated to the general linear groups. Thus, if
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we can have control of the solution in the general linear group case, we will have
some control of the other classical groups. The other non-trivial examples will be

important extensions of this work, and we hope to see them in further papers, for
example, [HTW1,2] and [HL].

8. STABILITY FOR BRANCHING FROM G L, TO O,

We begin with a detailed discussion of the case of (GL,,O,) and (spa,, GL,,).
Here we have already encountered the stable range, without the name. It is when
n > 2m. Several things happen in the stable range:

(a) The representations Eé‘n) of the orthogonal group remain irreducible when

restricted to the special orthogonal group, and furthermore, no two of them
are equivalent.
(b) Recall the algebra 7, ., of O,-invariant polynomials on M, ,, generated by

the quadratic invariants, which is the abelian subalgebra 5p§i:?) of spoy,. In
the stable range (in fact it holds true whenever n > m), the natural surjective
homomorphism

S(sp5) = Tnm

is an isomorphism. See Theorem 2.3(a).
(c) In the stable range, the multiplication map

Horn @ T = Hon @ S(spi”) = P (Mo, )
is also an isomorphism of O,, x G L,,-modules. See Theorem 2.3(a).

Of course, the subspace H,,,, of harmonic polynomials is not an algebra — it is
not closed under multiplication. This is quite clear, since H,, ,,, contains all the linear
functions, which generate the whole polynomial ring. However, to form the reciprocity
algebra associated to the symmetric see-saw pairs (GL,,O,) and (spa,, GL,,), we
need to take the Up, -invariants. Thus, our reciprocity algebra is a subalgebra of

(Hum © S(spim ) 0r = HiJ% @ S(sphy,”)

2m

~ <@<E<ﬂn>)%” ® F{in)) @ S(sps). (8.1)

I

Theorem 8.1. When n > 2m, the space Hrl{,?ﬁl is a subalgebra of P(M,, ). Hence,
the algebra P(M,, ,,)V0n is isomorphic to a tensor product

P (M )P0 =~ HY0w @ S(spS))

of the algebras Huon and S(sp'2?). Furthermore, the algebra Huos is isomorphic
(as a representation) to the subalgebra R (GL,,/Uy,) of R(GLy,/Uy,) defined by the
polynomial representations.
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Proof. Note that Hn9 can be identified with a subalgebra RY(GL,,/Uy,) of
R(GL,,/U,,) defined by the polynomial representations, from our discussion in §2.2.
Consider the space of polynomials belonging to the sum in the last expression of
equation (8.1). Let {z;, | j=1,...,n,k=1,...,m} be the standard matrix entries
on M, . In order to make the unipotent group Up, of O, maximally compatible
with (in fact, contained in) the unipotent subgroup U, of GL,, we should choose the
inner product on C" defining O,, to be Z?:l ZjTpy1—;. 1f we do so, then the joint
O,, x GL,, harmonic highest weight vectors are monomials in the determinants

11 Tiz ... X1y
To1 T2 ... Tij .

d; = det : : : : forj=1,...,m. (8.2)
Tj1 Tj2 ... Tjj

From this, we can see that the space Z (E“ ))Uon QF (‘in ) is spanned by the monomials
in the determinants

L1 Llby --- LLp;
T2.b T2 cee T2
det | 0 T TV (8.3)
Tivy Ljby - l’j,bj
as {b1,b2,bs,...,b;} ranges over all j-tuples of integers from 1 to m. Indeed, the

span of such monomials is clearly invariant under gl,,, and consists of highest weight
vectors for O,. Finally, we see that these monomials will all be harmonic, because

the partial Laplacians spanning 5p${f) have the form
(8.4)

Since every term of A, involves dlfferentlatmg with respect to a variable x;;, with
j > n/2, and the determinants (8.3) do not depend on these variables, we see that
they will be annihilated by the A,;, which means that they are harmonic. This shows
that M5 is a subalgebra of P(M,.).

We have thus completed the proof of the theorem. [

We can use the description in Theorem 8.1 of P(M,,,,)V0n to relate the branching

algebra P (M, ,,,)V0n*Um to the tensor product algebra for GL,,. As a GL,,-module,

the space 5p§2,;bo) is isomorphic to §?(C™), the space of symmetric m X m matri-
ces. It is well known that the symmetric algebra S(S*(C™)) is multiplicity-free as a
representation of GL,,, and decomposes into a sum of one copy of each polynomial
representation corresponding to a diagram with rows of even length (or a partition of
even parts):

S(S?(C™)) @F (8.5)
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As a GL,,-module, S(8*(C™)) could be embedded in R(GL,,/U,,), but the algebra
structures on these two algebras are quite different. The algebra S(S*(C™)) is filtered
by E:,Eb, and each homogeneous component is an irreducible representation for GL,,.

Using the dominance filtration (see §2.2), we have a canonical A -algebra filtration
on §(S%(C™)) so that the associated graded algebra is isomorphic to the subalgebra of
R(GLy,/Uy,) spanned by the representations corresponding to diagrams with rows of
even length.

Let us denote the associated graded algebra of S(S?(C™)) by Gr 4, S(S*(C™)). Let
us denote the subalgebra of R(GL,,/U,,) spanned by the representations attached to
diagrams with even length rows by R™?(GL,,/U,,).

We can filter the tensor product Huor ® S (spé?;?’) by means of the filtration on

S(sp$>?). The associated graded algebra will then be Hao @ Gr S (sp2?). This
discussion has indicated that the following result holds.

Theorem 8.2. When n > 2m, the associated graded algebra of P (M, ) 0 with
respect to the dominance filtration on the factor Jp., is isomorphic to the tensor
product of the graded subalgebras R*(GL,,/U,,) and R™*(GL,,/Uy,) of R(GL,,/Uy):

Grise (P(My m)"") 2 RY(G Ly [Up) @ R (G Ly [ Up).

Of course, Gr g1 (P(M,,n)"0n) is isomorphic as a G'Ly,-module to P(M,, )"0
Also Gr g4 (P(My,m)Y0n) inherits the A\gn grading from P(M,,,,)Yon — it becomes
identified with the Af grading on the first factor R*(GLy,/U,,) in the tensor product
of Theorem 8.2. On the other hand, the second factor is also fAl,fl-graded in the obvious
way, since it is the factor which defines the associated graded. When we take the
U,, invariants, we get another grading by g:;, associated to the A,, action on the
U,, invariants. This triply g:;b—graded algebra is evidently a (0, 1)-subalgebra of the
tensor product algebra of G L,,.

On the other hand, we could take the U, invariants inside P(Mmm)UOn, and then
pass to the associated graded. It is not hard to convince oneself that these two
processes commute with each other. Hence, we finally have:

Corollary 8.3 When n > 2m, the associated graded algebra of U,, invariants in
P (M, ) 70m,

GTK% ((P(Mn,m)Uon)Um> = (GTfT* (P(Mmm)Uo”))Um

m

~ (RT(GLu/Up) @ R (G Ly /Upp)) ™
is a triply-graded (0, 1)-subalgebra of the tensor product algebra of GL,,. The restric-
tions on the gradings which define Gry+ ((P(anm)Uon)Um) are:
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(a) the weight on the first factor of (R(GLum/Un) @ R(G Ly /Un))"™ should cor-
respond to a partition (i.e., it should be a polynomial weight), and

(b) the weight on the second factor should correspond to a partition with even
parts.

Remark: The content of Corollary 8.3 in terms of multiplicities is the Littlewood
Restriction Formula [EW], [HTW1; see formula (2.4.1)], [Kil; see (5.7) with (4.19)],
[KT; see Theorem 1.5.3 and 2.3.1], [Lil] and [Li2]. With this result it is possible to
compute a basis of the reciprocity algebra for (GL,, O,) using [HTW2]; see second
preprint of [HL].

9. TENSOR ProbDUCTS FOR O,

According to Theorem 5.1, we can compute tensor products for the orthogonal
group via the algebra

(PO 1(T5D) " & (P(Mu ) [1(T0) )

Here the stable range is n > 2(m + ¢). Then we have
P(Mn,m+€) = Hn,m—l—f ® S(spfrg-i%))

On

Furthermore,
S(sb5mre) = S(ovs @ spy” @ (C" @ C))

~ S(spin) @ S(spy”) @ S(C" @ C)
Since Jpm =~ S(sp$”) and Tt =~ S(spg’o)) we see that
P (M) [ I(Tin) ® P(Mi o) [ 1(T) = P(Min @ M) [ 1T © T,1)

Thus, using equation (9.1), we see that

(P(My) [ T(Tt) @ P(M, )/ (T 5,) 7"
~ (Hpmie ® S(C™ 0 CH) " > HIO @ S(C™ @ CY)

Uo,,
<EB E})® F(%Z)) ® S(C™®Ch
A

12

12

(EB(E&»U% ® FM) ®S(C™®CY)

A

= (@(F&))U" ® F(AmH)) ®S(C™ @ CH.

A
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Note that F A ) is the G L, representation generated by the highest weight of the O,

representatlon E , and both (F )U" and (E(An))o" are one dimensional.
Hence, finally We get

(PO ) /1(T,5) @ P(My )/ 1(T)) ")

~ ((@(F&))U’l ® F(AmH)) ®S(C"® C£)> : (9.2)

A
We can interpret this algebra in term of tensor product algebras for general linear
groups. According to Theorem 2.4(c) and (2.3.8), as a GL,, x GL, module, we have

S(C" @ CY) ~ EBF ® FY). (9.3)

UmXUg

We also know that
R(G Ly /Un x GLeJU) ~ D Fly @ F())- (9.4)

Since this algebra is bigraded by p and v, we can consider the “diagonal” (0,1)-
subalgebra

AR(GLy /Un x GLyJUy) ~ EP F{,y ® F (9.5)
J

resulting from requiring the two partitions to be the same. Evidently, the algebra
S(C™ ® C*) is isomorphic to AR(GL,,/U,, x GL;/Uy;) as GL,, x GLimodule. They
are not isomorphic as algebras, since AR(G Ly, /Uy, x GLy/U,) is graded by At x A\Z,
while S(C™ ® C*) is not. However, we may filter S(C™ ® C*) by the representations
of GL,, x GL, (or of either factor) using the dominance filtration (see §2.2), and then
the associated graded algebra will be isomorphic to AR(GL,,/U,, x GLy/Uy):

Grjs 4+ (S(C™ © CY)) = AR(GLu /Un x GLy/Up).

Now turn to the first factor €D, (( ))U” ® F(m+£)> on the right hand side of

equation (9.2). According to Theorem 3.1, we can write this as

Un
A \Un A ~ a &) o &)
D) @ oy ~ D <F(n> ® F(n)) ® Fim) ® Fy.- (9-6)
A

a?/B

Combining equations (9.2), (9.3) and (9.6), we see that

((7»( M) [ (Tl ) ® P(Mine) [1(T, ”UO”)
2((@@&)@%) ®F<W®Fﬁ) <@F“”®F )> m

a76

UmXUg
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UmXU[
« B Un o ) 8 5
= @ (F(") © F(")) ® (Fimy ® Fiony) ® (F(z) ® F(@) (9.7)
a,3,6

U, U,
~ le% B8 " a s \Um B8 8 ¢
~ D (Fm)@F(n)) @ (Fomy ® Fimy) " ® (Fw)@F@))

a7675

At this point, this is an isomorphism of graded vector spaces, not an algebra isomor-
phism.

We may interpret the last expression in (9.7) analogously to (9.4) and (9.5). We
have the (polynomial) tensor product algebras

(RH(CLu /U © RHGL/U)™ = @) (Fy © )

A p

for k =n,m and £. If we form the tensor product of these, we get

(RYGL,/U,) @ RN GL,/U))" @ (RT(GL/Up) @ RY(G Ly /Uy )V

® (RY(GLy/U) @ RY(GL:/U,))

Un U,
~ D (Fﬁo ®F<€z>) ® (Efny ® Fluy) " ® (F(% ® F("e))
a,3,0,\, 1,V

Let us denote this algebra by T, . The algebra T, ¢ is (AF)3 x (A5)3 x (Af)3-
graded. If we require that A = «, or that u = 3, or that v = ¢, then we obtain
(0, 1)-subalgebras of T, ;e If 0 = «, we will denote it by Ay 37, e, and so forth.
The subalgebra obtained by requiring that all three diagonal conditions occur at once
will be denoted by using all three A’s. Thus we will write

A1,3A2,5A4,6,ﬂhn,m,€
U U
o o} B " « 1) Um 16] 1) ¢
=2 <F<n> ®F(n>> @ (Fimy ® Fimy) " @ (Fw ®F<e>) (9:8)
a7/676
We see from equations (9.7) and (9.8), that A3A95A67, ¢ and
Um xU,
((P(Mnm)/[(j;rm) ® P(ang)/l(j&))[]o”) " are isomorphic as multigraded vec-

tor spaces. They may not be isomorphic as algebras, because

UmXU(

((P(Mn,m)/f(j;:m) ® P(Mnl)/](j;’-z))U@L)

is not graded, while we see from equations (9.7) and (9.8), that
JANEYAVEVAVE Y /Sy T} However, if we pass to the associated graded of
S(C™ ® C), then the two algebras do become isomorphic. We record this fact.
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Theorem 9.1. Assume the stable range n > 2(m + {). We have the following iso-
morphisms of (A1) x (A%)3 x (A})3-graded algebras:

+ UOn UmXUe
Gr(ﬁx)?)x(ﬁil)?)x(ﬁ;):ﬂ ((73( M) /[ 1(T, m) ® P(My)/1(T, )) )
=~ A1,3A2,5A4,6Tn,m,£-

Remark: The content of Theorem 9.1 in terms of multiplicities can be found in
[HTW1; see formula (2.1.2)], [Ki2; see Theorem 4.1] and [Ne].

10. RESTRICTION FROM O, 1,, TO O,, X Oy,

Consider now branching from O,,.,, to the product O, x O,,. We look at the
action of Oy, on M, 4, by multiplication on the left. Here the stable range is
min (n,m) > 2¢.

For kK = n, m or m + n, and ¢ in the stable range, we have the equation (see
Theorem 2.3(a))

P(Myg) ~ Hyy @ S(spSa™). (10.1)
We shall use spy,; and spy, 5 to denote the symplectic algebras isomorphic to spy,

acting on P (M, ) and P(M,, g) respectively. The action on P (M, () is the diagonal
action of the two, and is denoted by Asp,,.

Theorem 10.1. Assume the stable range min (m,n) > 2¢. We have the following
isomorphisms of (A7) x (A)? x (A})*-graded algebras:

Gr(ﬁj)Sx(ﬁj)Sx(ﬁg)s (P( n+mz)/f( n+m, z))
~ (RT(GLy/Uy) @ R (GLy/Up) @ RT2(GLyJU)) "

Uo,, xUo,, xUy

Remark: The content of Theorem 10.1 in terms of multiplicities can be found in
[HTW1; see formula (2.2.2)], [Ki2; see (2.16)] and [KT; see Theorem 2.5 and corollary
2.6]. With this result it is possible to compute a basis of the reciprocity algebra for
(Ontm, On % Oy,) using [HTW2]; see second preprint of [HL].

Proof. In the stable range, we have

P(Mrsom.e) (@En+m ® Fj )®S(A5p(20)

NP( nZ@MmZ)

((@ Eu ®F ) ®3(5P241 ) ® ((@ Elm) ®F(IZ)> ®3(5p$12))>

(@E ® Efny ® Fly ® F ) ®$(spzé1 695;32“) (10.2)
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From this, we form the reciprocity algebra

Uop xUop XU
(P(Mn-i-mé)/[( n+m, Z)) OnEom Tt
EY 5 v 2,0 5 v Ve
~ @ Ef)" @ (By)"om @ ((Blay ® B/ (8505 - (Blyy ® Ep)))
In the stable range min (n, m) > 2¢, we have
= 2,0)
Elop lor,~= Fly ® 5(513;@ V) = Fly @ 8(8*CY),
and

v v 2,0) v
E(%) |GLZ: F(Z) ® S(sp;gz ) F(g) & S(Sz(CZ)

Thus, the GL, isomorphism classes in
I v 2,0 5 v
(Elyyy @ Etyy)/ (205" - (Elyyy @ Ety))
are given by the GL, isomorphism classes of

Fly ® Fly © S(S*CY).

This is simply the branching for tensor products of holomorphic discrete series as in
[Rep]. The (associated graded of the) branching algebra of O,, 4, to O,, x O,, can
thus be identified with a triple tensor product algebra of G L,:

(RT(GL/Uy) @ R (GLy/Us) @ RY2(GLeJU,)) " . O

Appendix: A Proof of the Separation of Variables Theorem

We provide a simple proof here for G = O,,. It could be adapted easily for Sps,
acting on copies of C*" or GL, acting on copies of C* and C"™*.

Let O,, act by the usual left multiplication on M,, ,,, the n xm matrices. We assume
that we are in the stable range, which is n > 2m. Let 7;; be the invariant pairing
between the i-th column and the j-th column. Recall that 7, ,, = P(anm)on is
generated freely by the homogeneous quadratic polynomials {r;;} in this range (see
[GW] Theorem 5.2.7). Also, the space of harmonics, i.e., polynomials annihilated
by all the differential operators dual to the 7;;’s, is denoted by H, ,, as in Theorem
2.3(a).

Theorem (Separation of Variables) If n > 2m, then
P(Mn,m> =~ Hn,m & 7D(a]\Jan)O”

Remarks. Proofs of this result for orthogonal groups (see Theorem 2.5 of [TT1])
and for symplectic groups (see Theorem 1.10 of [TT2]) are given by Ton-That using
results of [Kos].
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Proof of Separation of Variables Theorem: Let Z(J,,,) be the ideal in P(M,, )
generated by r;;’s with zero constant terms, and consider P(M,,,) as an Z(J, )
module by multiplication.

We shall need the notion of a regular sequence. First, denote the ideal in P(M,, )
generated by {fi,...,fs} by the symbol < fi,....fs > P(M,n). A sequence
{f1, -5 e} CI(T,),) forms a regular sequence for P(M,, ) if

(a) f; is not a zero-divisor on P(M,,.,)/ < fi,..., fic1 > P(M,m) for all i =
1,...,k, and
(b) P(Mpm)/ < fi,---, fx > P(M,m) is non-zero.

Geometrically, saying that a given function f is not a =zero-divisor on

P(Mypm)/ < fi,...,fiz1 > is the same as saying that f does not vanish identi-

cally on any irreducible component of the zero set of {fi,..., f;_1}. This in turn is
the same as saying that each irreducible component of { f1, ..., fi_1, f} has dimension
one less that the component of the zero set of {f1,..., fi_1}.

Separation of variables would follow from knowing that the 7;;’s (in some order)
form a regular sequence for P(M,, ). In fact, you can take any order you want. For
an ideal I in a commutative ring S, we have the chain:

SDOIDI*PDID...

and we can thus form the associated graded algebra

Gr;S=S/Iel/IPel?/IPe...
with multiplication (setting S = I°)

[i/[i-l-l ® ]j/]j-l-l N Ii+j/Ii+j+1
induced by multiplication on S. In our context, S = P(M,, ) and P(My )/ Z(T, )
is the coordinate ring of the null-cone and as a linear space (in particular, as a
On x G Ly, module), it is isomorphic to H,, . If {ri;} C Z(J,',,) is a regular sequence
of P(My,m), then we have a nice presentation of Grz s+ P (M, m):
Ree’s Theorem (see Theorem 2.1 of [Ree]) If I is generated by a regular sequence

fi,-- oy fn, then the map ¢ : (S/I)[x1,..., 2z, < GriS, sending x; to the class f; in
I/I? is an isomorphism.

Ree’s Theorem thus implies that as vector spaces, we have S = S/IQC|f1,..., fa],
and in our context, P(My.m) = Hpm @ Tnm-

Thus we want to show that indeed {ry} form a regular sequence in Z(7, ). To
show this, consider the map from M, ,,, to the m x m symmetric matrices S?(C™) by
putting the r;; in a matrix:

Q: M,,, — S*(C™) where Q(T)=T'T, T € M, .
First observe that this map is O,, x GL,, equivariant:

Q(gTh) = h'Q(T)h, g€ Oy, h € GL,,.
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Further, the O,, and GL,, actions commute.
Let us study the fibers of the map (). Define the following rank m matrices in
M, m: For k=0,1,...,m, let

T, = [0102 e CkCly1 - - - Cm] c Mn,m

where {c1,¢a,...,¢c,} 18 an orthonormal set of non-isotropic vectors in C" and
{Cks1, ..., Cm} is an orthogonal set of isotropic vectors in C". It is easy to see that
I, 0O

where [ is the k£ x k identity matrix. Next, for + = 0,1,...,k, define the sets
Oy C M, as follows:

Or ={X € M, | Q(X) = Q(T) and rank X = rank T}, = m}.

Let us remind our readers on the following version of Witt’s Theorem (see Theorem
3.7.1 of [Hod]):

Witt’s Theorem Given two n x m matrices Ty and Ty, there is an orthogonal n X n
matriz g such that gTy = Ty if and only if Q(T1) = Q(Ts) and ker Ty = ker Ts.

Since X and T}, are of full rank, i.e., rank X = rank T}, = m , thus ker X = ker T}, =
{0}. By Witt’s Theorem, O, is an O,, orbit in the fiber Q™' (Q(T})) C M, . The
full rank condition gives the openness and denseness of this orbit. The null cone (or
null fiber) NCQ = ©, corresponds to k = 0.

We claim that the fibers of the map ) are all varieties of the same dimension, i.e.,
Q) is an equi-dimensional map:

Proposition Consider the O,, x G L,,-equivariant map Q. Then for eachY € S*(C™),

(a) the fiber Q7'(Y) is an irreducible variety, invariant under O,, and contains
an open dense orbit of the form ©y - h, for some h € GL,, and some k =
0,1,...,m.

(b) the dimension of each fiber Q7 (Y) is f = nm — w, which is independent
of the fiber.

Proof of Proposition: For Y € §2(C™), we can find h € GL,, such that h'Yh =
[[k O], for some k£ = 0,1,...,m. If X € M,,, is such that Q(X) = Y, then

0 0
I, 0
Q(Xh) =hQ(X)h =h'Yh = {O 0
the fiber Q1 (Y) associated to Y € S*(C™) is the closure of an open dense orbit given
by O - h, and hence an irreducible variety.
The fact that the orbits O (and their translates) have the same dimension follows
from the computation of the dimension of the pointwise stabilizer in O, of T}, €
M,, . The pointwise stabilizer can be easily computed for each £ =0,1,...,m. The

} . Further, rank Xh = rank X. In other words,
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7’”(";“). (You can see this dimension from the

m(m+1)
2

dimension of each fiber is f = nm —

null cone pretty easily because the ring of O,, invariants is freely generated by
polynomials r;;’s.) O

Since the mapping @ has equi-dimensional fibres, if V' C §?(C™) is any irreducible
variety of dimension e, then Q~!(V) will be an irreducible variety of dimension e+ f.
The Q(ri;)’s are coordinates on S*(C™), so the variety defined by d of them is a
subspace of codimension d. It follows that the pullback of this subspace by @ is also
irreducible and of codimension d. Therefore, the dimension of the zero set of 7;;’s

decrease by 1 at each stage, making {r;;} a regular sequence (see Lemma 4 on page
105 of [Mat]). O
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