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Abstract

For n i.i.d. uniform points in [0, 1]¢, d > 2, let L,, be the total distance from
the origin to all the minimal points under the coordinate-wise partial order (this
is also the total length of rooted edges of a minimal directed spanning tree on
the given n random points). For d > 3, we establish the asymptotics of the mean
and the variance of L,,, and show that L,, satisfies a central limit theorem, unlike
in the case d = 2.
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1 Introduction and statement of results.

For d > 2, let < be the coordinate-wise partial order on R% x < y if and only if all
coordinates of y — x are nonnegative and x # y. For S ¢ R? and x € S, we say X is
a minimal element of S if no y € S satisfies y < x, and x is a maximal element of S
if no y € 9 satisfies x < y. Let M(S) denote the set of minimal elements of S. In
this paper our major interest is M(.S) where S is a random set &, consisting of n i.i.d.
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uniform points in [0, 1]¢, d > 3. More precisely, in this paper we study the asymptotics
of the random variables L,, given by

L,= Y [x| (1.1)

xEM(Xy)

where | - | denotes the Euclidean norm.

The quantity L,, arises in the context of a certain spanning tree problem, which we
now describe. Suppose S is a finite subset of [0, 1]¢, and let 0 denote the origin of R
Then 0 is the only minimal element of SU{0}. A directed spanning tree on SU{0} is
a directed graph G with vertex set S U {0}, such that (i) all directed edges are of the
form (x,y) with y < x, and (ii) for every x € S, there is a unique directed path in G
from x to 0. The length of G, denoted L(G), is the sum of the Euclidean lengths of its
edges. A minimal directed spanning tree (MDST) on S U {0} is a directed spanning
tree G with the property that L(G) < L(G") for every other directed spanning tree G’
on SU{0}. It can be shown that the minimal directed spanning tree on X, U {0} is
almost surely unique.

The study of minimal directed spanning trees on random points was initiated by
Bhatt and Roy [6], motivated by applications to communications and drainage net-
works. The construction of the MDST resembles that of other graphs where edges
are drawn between nearby points in Euclidean space, such as the ‘ordinary’ minimal
spanning tree, the nearest neighbor graph and the geometric graph. The probabil-
ity theory of graphs of this type on random points is well-developed; see for example
[12, 13, 15, 16, 17, 18]. However, the MDST has some distinctive features, notably the
fact that there is no uniform bound on vertex degrees, and the presence of significant
boundary effects. In view of these features, it is a reasonable first step to consider the
rooted edges of the MDST, i.e., those edges that are incident to the origin.

For x € M(S), the edge (x,0) is in any directed spanning tree on S U {0}. Con-
versely, if x € S with (x,0) an edge of a MDST G on SU{0} then x must be in M(S5)
(since otherwise, one could find y € M(S) with y < x and improve on the length of G
by replacing the edge (x,0) by an edge (x,y)). Consequently, the set of rooted edges
of a MDST on S U {0} is precisely the set of edges (x,0),x € M(S).

So, the number of rooted edges is precisely the number of minimal elements of S,
which we denote |M(S)|. This quantity is of interest in multivariate extreme value
theory, and the probability theory of | M(X,,)| has received a degree of recent attention
(see [1], [2] and references therein). In particular, Bai et al. [3] recently established
that |[M(AX,,)| satisfies a central limit theorem for d > 2. (Actually they consider the



Rooted edges of a minimal directed spanning tree 3

number of maxima in X,,, which obviously has the same distribution as the number of
minima.)

In the present work we are concerned instead with the quantity L,, defined at (1.1),
which is the total length of the rooted edges of the MDST on &,,. In the case d = 2,
Bhatt and Roy [6] showed that the distribution of L, converges weakly to a certain
limiting distribution with corresponding convergence of all moments; subsequently,
Penrose and Wade [14] identified the limiting distribution as a type of Dickman dis-
tribution. It is clear that this limiting distribution is non-normal since it is supported
by the half-line [0, 00) (no re-scaling or centering of L,, is required in Bhatt and Roy’s
result).

Thus, for d = 2 there is a distinction between the limiting distribution of L,, (which
is not normal) and that of a renormalized version of |M,,|, which on the contrary is
normal. This distinction is essentially due to the effect of long edges. It is natural
to ask whether this distinction persists into higher dimensions, and in this paper we
answer this question in the negative by showing that for d > 3, the limiting distribution
of L, (suitably scaled and centered) is indeed normal, using a method related to that
of [3]. Moreover, we give precise asymptotic expressions for the mean and variance of
L,.

As a final introductory remark, we note that there is a resemblance between the
study of minimal elements of a random sample, as in the present paper, and the study
of convex hulls of random samples. In the latter subject, quite a lot is known [7, 8, 10]
for d = 2, but much less is known in higher dimensions, so far as we are aware.

In this paper we use the notation A4, =< B, to denote A, = B, (1 + O((Inn)™')).
Here are the precise asymptotic expressions for the mean and variance of L,,.

Theorem 1. For d > 3, as n — oo

FL, = (Inn)*2. (1.2)

(d—2)!

Theorem 2. For d > 3, as n — oo

d-1
Var(L,) < <%ﬁ +2 Z_: (Z) khy — fyd> (Inn)?2 (1.3)

where hy, 1 <k <d—1, and v4(< d/(2- (d —2)!)) are strictly positive finite constants
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given by for k =1,

1 1
hy = /0 dw1/0 dwow ((wl +wy — wiwy) 2 — (wy + w2)_2)
1 1 (—lnwy)¥?

2(d—2)l (d-2) (1.4)
for2<k<d-1,
he = /01 duy /0“1 dw; /01 dws ((wl + wq — wlwz)_2 — (w1 + U)Q)_2)
1 1 (—Inw, —}—lnul)k_2 (— Inw,y)d+-1
2(d —2)! (k —2)! (d—k—1)! (1.5)
and
d 1 1 1 1 s
Td = ((d—2))2 (/0 dvl/o dsm(ln §> U1)
d 1 1 1 Y
< W </0 dvl/o ds(In g)d Ul>
- e (1.6)

2(d—2)!"

Our final result, Theorem 3, is a central limit theorem for L,. To state it, we

introduce the following notation: we write Y,, € CLT(r,) if

P <(Y‘—EY < x> — ()

Var(Y,))'/? = O(ry) and r,, — 0 (1.7)

sup
x

where ®(x) is the cumulative distribution function for the standard normal distribution.

Theorem 3. For d > 3, as n — oo

L,— FEL,
(Var(Ly))'/?

in distribution. In fact, we have L,, € CLT((Inn)~@=2/4(In1nn)@+/2),

— N(0,1)

In Sections 2 and 3 we prove Theorems 1 and 2, respectively. We write the mean
and the variance of L, as the explicit integrals and using two elementary but useful
inequalities (2.3) and (2.7) we approximate the explicit integrals as the tractable in-
tegrals. By evaluating these tractable integrals we obtain the asymptotic expressions

(1.2) and (1.3).
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In Section 4 we prove Theorem 3. With the help of a certain transformation, we
approximate L, by a space-truncated random variable conditioned on a very likely
event. Then we approximate this conditioned space-truncated random variable by a
random variable L! generated by a Poisson point process. Decomposing L! as a sum
of locally dependent random variables, we can apply Stein’s method to L and obtain
the central limit theorem for L. Since our approximation errors turn out to be small,
we can dig out the central limit theorem for L,, Theorem 3, from the central limit
theorem for L.

2 Expectation.

Let &, be the collection {xy,...,%,} of i.i.d. uniform points on [0,1]?, d > 3. Given
X, denote the event that x; is minimal in X,, by G;. Then, we can rewrite L,, as

= |xillg,. (2.1)

In this section we prove Theorem 1. Using (2.1) we write E'L,, as an explicit integral
(2.2). By two elementary but useful inequalities (2.3) and (2.7) we approximate the
explicit integral as a tractable integral, the right hand side of (2.4) below. By evaluating
this tractable integral we have Theorem 1.

By (2.1) and by the exchangeability of x;’s, we have F L, = nE|x;|lg, and hence

1 1
ELn:n/ /(ZB%—F I Rate! Hx V' - - day (2.2)
0 0

To evaluate the length of a vector, we use the following elementary inequalities

d > i Tk
(Z: ;) (1 - (#—J> Zx )2 < le (2.3)

1 I,)

By the second inequality of (2.3), we have
1 1 d
EL, < n/ / (x1+ -+ xg)(1 — Hmi)"_ldxl---dxd
0 0 i=1

1 1 d
= dn/ / xl(l_Hxi)nfldxl...dxd
0 0 i=1

1 1
< dn/ . / xle_("_l)njzlzidxl coedrg. (2.4)
0 0
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We further replace e=m=DIL @ by e™" [T in the right hand side of (2.4). One
can easily see that the error caused by this replacement is bounded by n~! times the
order of the right hand side of (2.4). So, with the following change of variable; z; = x,
x; = e Y, i =2 ...,d, we see that the right hand side of (2.4) is asymptotically
equivalent to

dn/ / Ti€ —n T 1%idgy -

= dn/ dx/ / xe " X Qyje’zj =2Y% dyy - - - dyg (by setting ZJ 2 Yj = %)
B L2
= dn/o dx/o xe "¢ Te? = 2)!dz (by setting z — Innx = u)
1 oo u 1 d—2
- d/ dx/ - e ° e‘“%du (by setting e " = v)
nx _1 1 d—2
. d/ dx/ ny +_r21)m) dv. (2.5)

Now, we expand the term (—Inv +Innz)?2 = (= Inv + Inn + Inz)4? and integrate

term by term. Then, one can easily see that the integration with the (Inn)¢=2 term is

d/ dx/m 1“” dv
lnn
= d/ dx/ dv

= (d—2) (lnn)d 2, (2.6)

the leading term. So, as n — oo

1 1 T e
dn | --- | xe =1 dxy - - dayg
0 0

)

Before we continue our presentation, we would like to point out that many integral
calculations in Sections 2 and 3 are very similar to those in (2.4), (2.5), and (2.6). So,
we refer to the integral calculations similar to those in (2.4), (2.5), and (2.6) as the
usual calculation and sometimes we denote the usual calculation as - - - in the equations.

Note that to get an asymptotic upper bound (2.6) of EL,,, we use two elementary
but useful inequalities, the second inequality of (2.3) and the second inequality of (2.7);

(1—na?)e™ < (1—2)" <e ™. (2.7)

So, the difference between E'L, and the asymptotic upper bound (2.6) consists of two
parts; the error which is caused by the use of the second inequality of (2.7) and the
error which is caused by the use of the second inequality of (2.3).
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By the usual calculation we see that the error which is caused by the use of the
second inequality of (2.7) is bounded by (using the first inequality of (2.7))

1 1 d
an/ e / z1 [ m?e‘”njzlx’dml oodrg = O(n(Inn)?2). (2.8)
0 0 s

By the usual calculation again we also see that The error which is caused by the
use of the second inequality of (2.3) is bounded by (using the first inequality of (2.3)

with notion x = (I1, A ,fEd))

/ /1 ZZ# it _”H =1%idx
Zil 1 L4

= d(d — ]_)n/ .. / J;le @_”szl Ti dx
0 0 D i1 T

1 1 o d
< d2n/ / 12 e lliniwigx (GM-HM inequality)
0 0 T1+ 2
1 1 d
< 2n/ / Varzze iz migx
0 0

= O((lnn)™3). (2.9)

Therefore, Theorem 1 follows from (2.6), (2.8) and (2.9).

3 Variance.

In this section we prove Theorem 2. The basic idea of the proof of Theorem 2 is the
same as that of Theorem 1. Using (3.1) we write Var(L,) as the explicit integrals.
By inequalities (2.3) and (2.7) we approximate the explicit integrals as the tractable
integrals. Then, by evaluating these tractable integrals we have Theorem 2. Comparing
with the proof of Theorem 1, in the proof of Theorem 2 there are many integrals and
the error estimates are more complicated.

We start with an obvious observation; by (2.1),

Var(L,) = ZVar(lxi|1Gi) + ZCov(lxiHGi, |xj]1Gj)

i=1 i#]
= nVar(|xi|lg,) +n(n —1)Couv(|x1 |1, |X2|1c,)
= nVar(|xi|lg,) +n*Cov(|xi|1q,, [xa2|1a,)- (3.1)

Since nVar(|x;1|lg,) = n(Exi|*1g, — (E|x1|1g,)?), we estimate nFE|x;|?1g, first.
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By the usual calculation, we have

1 1 d
TLE’X1’21(;1 = n/o /0 (x%++l’?l)<1— H$i)n_ldl'1"'d$d
=1

1 1 d
= dn/o /0 (1= JJ )" day -+ - day
i=1

1 d d—2
5d—2) (Inn)*=. (3.2)

X

So, by (3.2) and (1.2)

1 d
nVar(Jxi|le,) = nExi[’le, — n(E|xi|le,)* < 2(d—-2)!

(Inn)*2. (3.3)

Now, let’s look at the crossing term n?Cov(|x;|1g,, |x2|1g,). Let us say x dominates
y if y < x, and let

D= {(x, y) € [0,1]% x [0,1]%; x does not dominate y and y does not dominate x} :
Then by symmetry, with the notation x = (z1,...,24) and y = (Y1, ..., ¥a),

n*Couv(|xi|1e,, [x2/16,)
d d d n—2
=1 i=1 i=1

- x||y[(1 - ]_Tlxi)"’l(l —11 Z/i)nldxdy>

[0,1]9x[0,1]4 i=1
d d
= nQ(/D x|y |f(x,y)dxdy — 2/<y x[|y|(1=JJz)" "1 -] yi)”_ldxdy>
x i=1 i=1
= Il — IQ (34)

where

d d d n-2 d d
f(xy) = <1 — T @ — 1w+ IT(zi A yz‘)) — (@ =JL=)" (= Tw" "
=1 =1 =1 i=1 i=1
Since 1 — T, @ — Ty v + TI (0 A yi) > (1 =TI, 20) (1 =TI, ), we have
f(x,y) > 0 and hence I; > 0. To get the asymptotics of I, we decompose D according
to the number k£ of the components of x which are larger than the corresponding
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components of y. Then we have

=1 i=k+1 =1 i=k+1
d k o
((1—11% IT w—Te 1w + T I )
i=1  j=k+1 i=1  j=1 i=1  j=1
d d - d k a1\ 4
—(1 — H T H uj) (1 — H T; H u]) ) H r;dxdu
i=1  j=k+1 =1 j=1 i=1

We replace the product terms by the exponential terms as we did in (2.4)-(2.5).
With these replacements there will be two errors of order n~/?(Inn)%': Still us-
ing the first inequality of (2.7), we see that the error caused by the replacement of
(1 =TI @ T1 gy wy — Ty @ Ty s + T 2 [15— uy)" 2 is bounded (by the usual
calculation) by

Cn3/{ 1Jx[0,1)¢ (ﬁx>3< ﬁ “j+.ﬁuj_ﬁuj)2

j=k+1

d d k
exp<— (n—Q)Ha:Z-( T w+ 1w — H%))dxdu 3 < 25 for 0 <z < 1)
i=1 J=k+1 j=1
3 d 5/2 d k d
<
= o /[0,1}dx[0,1] <Z_1_[1x’> (]lgrl Uj +j1:[1“1 H ua)
d d k
exp ( (n —2) HL( T v+ 1w - H%))dxdu
=1 j=k+1 j=1
1/2 )d-1 3/2
< Cn~'2(lnn) (H%+H% HW
0,104 S5t
= O™ (nm)™). (3.5)

Here, we have used the fact that

2
/[Ol]d( H uJ+HuJ HU’J) u (by v +y > 2,/zy for x,y > 0)

j=k+1

IN

d
/H( Hujw Il ;) Pdu by e < Vi for 0<a < 1)
0,1]¢ j=1

IN

—3/4
/{W (JH u;) " du < oo. (3.6)
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Since

du (by (z+ y)* > dxy? for z,y > 0)

(ngkﬂ Uj)2
/[0 1)d ( u;

HJ —ht1 Uj T H’?—
d
< C/[o,ud ( IT w ) 5/8< H u]) “du < 00, (3.7)

j=k+1

and since (by the argument of (3.7))

ko2
| (I ) —ydu < oo, (3.8)
0,1]¢ k
[ (HJ —p1 U+ 1T “j)

by the argument of (3.5) we see that the error caused by the replacement of (1 —
Ty @ Ty )™ (1 = Ty @ TT5—y wy)" ™" s also of order n=!/?(Inn)4~".

We further replace the factors (n—2) and (n—1) by n in the corresponding exponents
without any harm to the leading term. Then, we replace (X5, 22 + 324, | a2u?)!/?

and (Zz 1‘7: + Zz k+1 ZT; )1/2 by (Zz 1L +Zz k+1 ‘/Elul) and (Zz 1 il + Zz k+1 xl)
respectively. Wlth this replacement there will be an error a, and we will show that

this error a,, is lower order than the main term. So,

d—1 d
L = n2k§:1<k>/ o sz—k Z xiu;)( quz—l— Z ;)

i=k+1 i=k+1

e_nnilIi(Hﬂ':Hl“ﬁH]’:luj) <€nnilmi T w 1) H x;dxdu + a,

i=1
= 2 Z < ) /0 Hix o) [/@x%ul + k(k — 1)271’&1372 + k'(d — k)xlxd
(d — k)z2ug + (d —k)(d — k — Dagugzg, + (d — k;)k:xlulxdud}
d
nHI 11’(Ha e it 1u]) (ennil‘“ JJ T 1) I zidxdu + a,
i=1
= H1+H2+H3+H4—|—H5—|—H6+an. (39)

We first look at the terms with £ > 2 in H;. Starting with the obvious change
of variable z; = e™¥% and u; = e ¥, 2 < ¢ < d, and Zfzz Yi = 2, Z?:g v; = wi,

Zj _k+1Vj = wa, by the usual argument we have

nTT1¢ = T7¢ T B L N R A o T
n2/ x%uﬂi [T Z(rIFkH it J) (e [Ticy =i 1T v )dexdu
[0,1]9x[0,1]¢

=1
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1 1 nx u 1
/ dxl/ dul/ ! dz/ 1 dwl/ dw2x16—zw2—zw1 <€Z'lU1’u)2 o 1)2
0 0 0 0 0
(— 1HZ + ln nxl)d_2 ( ln w1 + an1)k_2 ( 1D'U) )d—k—l

(d —2)! (k—2)! d—Fk—1)!

/ dfbl/ du1/ dz/ dwl/ dw2x16 Zw2 —2zw1 (ezww}g _ 1)2
(Inn)?=2 (= Inw; + Inuy )f=2 (= Inwy)4+1
(d 2)! (k —2)! (d—Fk—1)!

/ / dwl/o dwy (w1 + wy — wiwy) ™2 — (wy + wy) ?)
1 (Inn)2 (= Inw; + Inwuy )2 (= Inw,y)d-F-1
2 (d—2)! (k —2)! (d—Fk—1)!
= hy(Inn)?2. (3.10)

In the above, the last asymptotic follows from the following; since for 0 < wy,ws < 1

and for very small but strictly positive
1—(1—w)'"™ <w(1—w)s, (3.11)

wy < Wy + Wy — wiwWa, Wy < Wy +Wa — Wi Wy, (W +wg) < (wy +wy —wiwy) 7, (3.12)

we have
1 1 [e) ul 1
dx; dul/ dz/ dwl/ dwyxe” 2T (P12 — 1)z
0 0 nri 0 0
(—Inz+Innz)? (—Inw; + Inwuy )2 (= Inwy)4-F1
(d—2)! (k—2)! (d—Fk—1)!
< lnnd2/ dxl/ dul/ dz/mdwl/ dws
gAML (g 1)9312( ) wy “uy fwy
1—¢
< C(lnn) d= 2/ dul/ dwl/ <m1n (— 1)> dz/ dw,

—2ZwWwo— zw1 zwlwg . 1) 1+€w U w2

C’lnn / dul/ dwl/ dz/ dwo

e—z’wg zwl( Zwiwz 1)2 wl U w2
= O lnn / dul/ dwl/ dws

((w1+w2 wyws)? (w1+w2)3>

e

IN

wy “uy fwy ©
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= C(lnn)¥?n~1*e /01 dw, /01 dwsy
(1= (1 —w))(

2 2 1—e¢ 1_ —c
< C(lnn)*?n /dwl/ de wy “wy (1= w) (by (3.12))

(w1 + wy — wyws)3(wy + wy)
1

(1 — wl)f(wl + wo — w1w2)1+35

d—2, —1+e ! 1 —3e
= C(Inn)""n /—( wy —1)dw1

0o (1—wy)lte
= O((Inn)*2n=1F), (3.13)

1 1

(w1 + wy — wywy)3 B (wy + wy)3

Jwiw;© (by (3.11))

< C’(lnn)dfzn*lﬁ/ dwl/ dwy
0 0

Now, we consider the term with £ = 1 in H;. Recalling the above calculation, we
see that there is no need to make the change of variables Z] o vj = wi. With this in
mind we just follow the above calculation and we see that the term with £ =1 in H;

is evaluated as

d d d
TL2 / (L'%Ule_n Hi:1 Zi (H]‘:Z uj+u1) (671 Hj:l Ti H;’lil i 1) H {Ededu
[0,1]¢x[0,1]4

=1
1 1 B o 1 (Inn)472 (= Inwy)4-2
g /0 dul/o dwzul((ul—l—wQ—ulwz) - (u1+w2) )§ (d—2)' (d_2)|

=: hy(lnn)*2 (3.14)

Therefore, by (3.14) and (3.10) we have

d—1
d
H =0 ( )khk)(lnn)d_z, (3.15)
=1 \F
where hy are given by (1.4)-(1.5). By the similar calculations, one can see that
Hy = O((Inn)*3), (3.16)
and
Hy = O((Inn)*3). (3.17)
By symmetry, we have
H4:H1, H5:H2, H6:H3. (318)

Therefore, by (3.9), (3.15)-(3.18)

I =< 22 ( )k:hk. (Inn)*2 + a,,. (3.19)
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Next, we sketch how to estimate the error term a,,. By the argument used in the
proof of (2.9), we see that

2d71 d
, < C /
I = =0 Z <k‘> 0,19 [0,1]4

k=1

((xlxg)/ + (z12quq)? + (Tg_1Ug_1T4uq) /2) szuz—i- Z ;)
i=k+1

e " [T 1%(]_[] e 1 luJ) (e” IS | VT 1) H ridxdu.  (3.20)
i=1
Now we just follow the argument for (3.10)-(3.19). Since each term in the expansion
of ((z122)'% + (z12qua)* + (Ta—1ta—124ua)/?) (S8 zu; + 0,11 2;) has at least two
different x;’s, by the argument for (3.10)-(3.19) we see that each integration in (3.20)
is of order (Inn)?? and that
an = O((Inn)*3). (3.21)
We will show a similar calculation for I in detail below.

Now let us look at I, = 2n® [, |x|[y|(1 — [Ty ;)" (1 — [T, ws)" dxdy. We
make the change of variables z; = wv; and y; = u;, ¢ = 1,...,d. We also replace
(1 —TI%, z)™ " and (1 — I1%, )" by e IImi® and e_”Hleyi, respectively. As
we see in (2.5), this approximation is harmless. Also, by using (2.7) we replace

( 'Ld 1Y 1)1/2(Zg 1 YU )1/2 by (Zz 1 Uﬂ)z)(Z;»l:l uj)' SO7 we have

d
I, = 2 / e Ty w T .dud
2 n [Ol]dx[()l]dZZuvuj 1Y 1Y HU uav

i=1j=1 =1
= 2n2d u%vle_n ]._.[?:l ui(H—Hj:l vi) H uidUdV
[0,1]4x[0,1]¢ i=1
+2n2d(d — 1) 0.4, UV U " H(j 1Y 1+Hz 1Y H w;dudv
) X190, =1
= Ji+ ] (3.22)

We first deal with J5, the easier term:

J2 = 2n2d(d — ].) U1U1u2€_nH? 1 1+H7, 1Y H U; dudv
[Ovl]dx[ovl]d =1
< 2n%d(d -1 wyuge " Iiz1 v w;dudv
- @=1) Jomoxtoms % Hl

d
2 —n d Uj
= 2n d(d - ].) %0,1]d U/luge Hz:l H Uzdu

i=1
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Now, we make the change of variables u; = e™¥, ¢ = 3,...,d. Then, by the usual
calculation we have
Jo = O((Inn)*3). (3.23)
For J; we make the change of variables u; = e ™, v; = e ¥, i =2,...,d. Then we
have
2 2 —an U'(l-l—Hd v;) d
Ji = 2n%d ujvie i=1"1 i=1 " H w;dudv
[0,1]#x[0,1]* i=1

1 1 S - d d
= 2n2d/ dul/ dvl//u?vle_”ule Liza (+vie L )e_zzz':zxi_zz‘:zyidxdy
0 0

9 1 1 00 oo 3 a ) o Zd_2 wd—?
= 2n d/ du / dv / / udp emmmre T (Irvien ) g2z mw dzdw.
o Jo e S0 M (d—2)!(d—2)!
By the usual calculation starting with the change of variable z—Innu; = a, w—Inv; = b,
we obtain
Ji = yq(lnn)t2 (3.24)
where

d 1 1 1 1 —9
= (o )

By (3.22)-(3.24) we have
I, =< y4(lnn)?2. (3.25)

Now, by (3.3), (3.4), (3.19), (3.21), (3.25), we have Theorem 2.

4 Central limit theorem.

In this section we prove Theorem 3. With the help of a transformation (4.1) which
appeared in Baryshnikov [5], we approximate L,, by a space-truncated random variable
conditioned on a very likely event V},, which is defined in (4.8). Then we approximate
this conditioned space-truncated random variable by a random variable L! generated
by a Poisson point process. This Poisson point process approximation idea has been
successfully developed in Barbour and Xia [4]. Decomposing L” as a sum of locally
dependent random variables, we can apply Stein’s method to L” and get the central
limit theorem for L”. Since our approximation errors turn out to be small, we can dig
out the central limit theorem for L,, Theorem 3, from the central limit theorem for
L.
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Let X;,...,%, be iid uniform on [0,1]¢. We apply the following transformation
fix=(x1,...,20) =y = (v, Ya);

Then, x is minimal if and only if y is maximal. Furthermore, the distribution of each
component of y is the exponential distribution with mean 1.
Let AC? BC be

d d
Ag = {(yl,-u,yd) GRi;Zyi<C}, B, = {(yl,-..,yd) e R D s 2(}.

i=1 i=1

Then, we would like to choose «a,, < (3, so that there are not many maximal points in

A,, and there are not many points in Bg,. We let

ap, =Inn —In(alnlnn), B, =lnn+b(d—1)Inlnn, (4.2)
where
1 d— 2

Then we see that

EZ 1(y; maximal, y; € A,,) = n/A e_(y1+"'+yd)(1 - e_(y1+"'+yd))”_1dy
i=1 an

< n/ 6—(y1+"'+yd)e_(n—l)e*(?ﬂ*“'ﬂld)dy
A

an

o s pmmenemr 5
= n/o e ‘e (d—l)!ds (4.4)
o0d-1 ran B
< L / e e ds
(d )

(d— )
= O((lnn)~lem10) (4.5)

and

EZ ]'(y'L € Bﬂn) = TL/ y1+ +yd)dy

Bﬁn

o0
e
Bn
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d—1

= ne L1 by (4.2)-(4.3

ne et (by (42)-(4.3)
= O((In n)_(b_l)(d_l)). (4.6)
Define the random variable L/ as
L = Z 1%i|16,1(yi € Ba, N Ap)|Vy) := LY |V,) (4.7)
i=1
where

V., = ﬂ?zl{xi € Aﬁn} (48)

By the orders given in (4.5) and (4.6) and employing the d-method (see [9] for the
d-method), the convergence rate of the distribution of L,, should be the same as that
of the distribution of L/ . Furthermore, the distribution of L, should be asymptotically
equivalent to the distribution of L7 := > cw. |f~'(y)|1(y is maximal in W,,), where
W,, is a Poisson process on B, NAg, with intensity ne=®++%) /P(V,,). So our plan is
first to prove the central limit theorem for L” using Stein’s method. From this central
limit theorem we shall obtain the central limit theorem for L/, and then L,,.
We rewrite L,, as

Ln = Kn,l + Kn,2 = Jn,l + Jn,2 + Kn,2 (49)

where . .
Kn,l = Z |X1’1G11<Y'L S Ban)a Kn,2 = Z |X2|1G11(y2 S Aan)7 (410)

i=1 i=1
Jn,l - Kn,ll(Vn), ng - Knyll(V,f) (411)

Then, since by (4.5), (4.6) and (4.3)

P(Kns#0) < EY 16,1(y; € Aa,) < O((Inn)~@=@=D)y,

i=1

n

P(VE) < EY 1(y; € Bg,) = O((lnn)~ D=1y,
=1
we have
dTV(Lm L/n>
= sup|P(L, € A) — P(L, € A)|
A

= Sup |P<Ln € A) - P(L;:, € A|Vn>‘
A
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P(L" € A, V,)
- P(L, € A) — ~\™n =
sUp (Ln € A) PV
P(V,)P(L, € A) — P(L" € A, V},)
= sup
A P(Vn)
PV, (P(L, € A, V) + P(L, € A, V) — (P(Vn) + P(V,S))P(LY € A, V,)
= sup
A P(V,)
< sup|P(L, € A, V,,) — P(L,) € A, V,,)| +sup P(L,, € A, V) +
A A

sup |P(L, € A, V,,) — P(L" € A, V)| + P(V¢) +
A
P(V¢)

n

P(Va)
< O((lnn) @@ 4 (Inp)~C-DE-D),

IA

P(K,2#0)+2

Moreover, with the notation

we have
1—pn = P(Vy) < C(lnn)~ DY,

L
Pn N

1
— 4+ 1<2+C(lnn)~ VUL <

n

Next, we assert (and then prove) that
EJ,2 < C(lnn)(dﬂ)*(bfl)(dq)’
EK, s < C(lnn)~(@e-(@=1)
Ejz,z < C(ln n)_(b_l)(d_1)+2(d—2)7
EK2, < C(Inn) o=@,

(4.12)

Indeed, we let F; be the event that y; lies in Bg,. Since L,,_; and F;, are independent
and since by (4.6), P(F,) < Cn~'(Inn)~ Y=Y by Theorem 1 we have (4.16);

ELn(zn: 1r)

nEL. 1y,

nE(Ly_y +d"/*)1p,
nE(L,_, + d"/*)P(F,)
C(In n)—(b—l)(d—1)+(d—2)‘

EJ,

I IA

IN

IN
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By the same argument using Theorem 1 and 2 we have (4.18);

=1
= nEL%1p,
nE(Ln_y +d"/?)*1p,
nE(L,_1 + d"*)?P(F,)
n(EL? | +2d*?EL,_, + d)P(F,)
C(ln n)f(bfl)(d71)+2(d72)'

EJ?,

IN

| VAN VAN

IA

Furthermore, (4.17) follows from (4.5). To prove (4.19), we start with a simple
observation. Let @)y be the first orthant of y, that is Qy = {z : z > y}. Then, with
the notation ||y|| = y1 + - - - + ya the probability that y; falls in Q) is given by

d
Py, falls in Qy) = [[ e = eI,
7=1

Now, using the fact that P(AUB) > (P(A)+ P(B))/2 for any two events A and B, we
have that given y; and y, the conditional probability that both y; and y, are maxima
is bounded by

1 _ _
— Iyl —|ly=2ll —(n—2)(e lyill e HYQH)/Q
<1 2 <€ ' ¢ ’ )> < € .

Thus, by the same computation as at (4.4) we have (4.19);

n 2
EK!, = E (Z |x;|1(y; is maximal and ||y;|| < an)>

i=1
< CEK,2+ Cn?P(both y; and y, are maximal falling in A,, )
1 2 (o729 (0773 . —y
< CEK,s+ Cn? / / (xy>d—1e—(n72)(e te )/Qeﬂfydxdy
’ (d—1)! o Jo
1 a 2
— 2 " d—1,_—(n—-2)e"%/2_—zx
= CEK,»+Cn ((d—l)!/o e e dx)
1 a 2
2 d—1 " —(n—2)e /2 —x
< CEK,»2+Cn ((d — 1)!an /0 e e dx)
= CEK,,+Cn? ! ad=t /1 e~ (22 2
B n72 (d — ].)' " e on
< C(lnn)~@=E@=D) 4 C(Inpn) 2((1=2)/n)a=(d-1)
< C(lnp)~(eld=1),
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Now, since by (4.7), (4.8), (4.11), EL!, = p;'EJ,; and EL? = p; ' E.J?

w1 by (4.14),
Theorem 1, (4.16) and (4.17) we have

1
|EL, — EL| < (p— —1)EJuy + By + EK,

(pi _ 1)EL + EJns+ EK, 5

< C(lnn)@2=0-DE=1 4 ol p)~le=(@-D), (4.20)

IA

By (4.15) and Theorem 1,

i)ELn < C(lnn)@=2, (4.21)

1
EL,+ EL, = EL,+ —EJ,1 < (1+
Pn Pn

By (4.14), Theorems 1 and 2, (4.18) and (4.19),

|EL? — EL?|

1
< (== 1)BR, +EJ,+ EK], +2EK, 1 Ky 5
pn b b 9

(— ~1)ER, + BJ2,+ EK2, +2(BK2,) " (ER2,)"

(— —1)EL2 + EJ?,+ EK2, +2 (EL721>1/2 (EKiz)l/Q

< C(lnn)Q(d 2)=(b=1)(d-1) —|—C(lnn)( 2)=(1/2)(a=(d=1)) (4.22)

By (4.20)-(4.22)

Var(Ly) = Var(L,)| < |ELy — ELY| +|(ELn)* — (EL},)’|
= |EL? - EL? +|EL,— EL.||EL, + EL,
< C(lnn)2d=2=0=DE=D 4 (I )@=~/ e=d=1)1y 93)

Now, with the notation N), := [{y; : 1 <i <n}N(B,, NAg,)||Vn) == N}'|V,) and
N} = |W, N (Ba, NAg,)| we have

dpy (L., L")
= sup|P(L, € A) — P(L;, € A)|
A
= sup|> P(N.=m)P(L, € AN, =m) — 3_ P(N" = m)P(L" € A|N! = m)
A m=0 m=0

< Z |P(N! =m) — P(N/! =m)|+ P(N/ >n)
m=0

- 2dTV(Xm Yn)
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where X, is the binomial distribution with n trials and success rate

fﬁn iL‘d ;'efﬁdx

Bn d—1
0 (3 e tde

In = = O(n*(Inn)*'Inlnn) (4.24)

and where Y, is the Poisson distribution with mean A = ng,. Since dry(X,,Y,) <
(AV 1)7!'ng? and since A = ng, is large for large n, we have
dry (L, L) < 2dry (X, Y,) < 2¢, = O(n™ (Inn)* ' Inlnn). (4.25)

Similarly, since E(L!|N] =m) = E(L"|N}/ =m), E(L"|N}' =m) < C'm and since for
large n, >0 _o|P(N), = m) — P(N]! = m)| + P(N]! > n) = 2drv(X,,Yn) < 2q,, we
have for large n that

[EL, - BL|
= |3 P(N! =m)E(L,|N, =m) — Y P(N!=m)E(L"|N! = m)
m=0 m=0
2ngn
< Y |P(N, =m) = P(N; =m)|E(Ly|N; = m)
Y PO, =m)E(LN, =m)+ Y. P(N}=m)E(LLIN = m)
m=2nqn+1 m=2nqn-+1
2ngn
< C > |P(N, =m)— P(N) =m)|2ng,
m=0
+C Y P(N,=m)m+C Y  P(N)=m)m
m=2nqn+1 m=2nqn+1

< Cngz+C > P(N,=m)m+C >  P(N!=m)m.

m=2nqgn+1 m=2nqn+1

Since

i P(N! =m)m

E(X,; X, > 2ng,)

m=2nqn+1
= BE(X, - EX,; X, > 2nq,) + ng, P(X, > 2ng,)
< (nga(1 = qn)*(P(Xp > 2ng,))"* + g, P(X, > 2ngy,)
— Ol(ng)! /e l),
and since

> P(N)=m)m = A Z _/\)\m

m=2nqn+1 m=2ngn
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\2nan
< Che™?
(2ngy,)!
= O((ng,)"*(e/4)"),
by (4.24) we have
|EL, — EL"| < Cng? < Cn~Y(Inn)*“Y(Inlnn)?. (4.26)

By a similar calculation we also have
|EL/ (L, —1) — EL/(L! — 1) < Cn?¢3 < Cn Y (Inn)> @ V(Inlnn)?. (4.27)

Next, we split R% into cubes T; of edge length [ = I(n), where we choose | = I(n)
very small so that the argument in (4.37) makes sense. Until then, it is safe to think
of [ as a fixed but small number even though the choice of [ depends on n. Let Z; be
the contribution of the Poisson point process falling in the cell 7; to L!;

Zi= Y |f'(y)|L(y is maximal in W,,).

yG(WnﬂTi)

Then, we can rewrite L! as

Tiﬂ(BanﬂAgn)#m
Since we decompose LI as a sum of locally dependent random variables, we apply
Stein’s method to L!! and get the central limit theorem for L. Here is a simple version

of Stein’s method that we use (this is Theorem 6.31 of Janson, Luczak, and Rucinski

[11]).

Lemma 1. Let X; be a collection of locally dependent random variables with E|X;| <
oo and let
U; = {j; X; depends on X;}, Vi= > Xj,

Jjel;

Ui j = {k; X) depends on X; or X;}\U;, Vi; = Z Xy, for j € U;,

kGUZ',j

S=>X,, 8=5-V, S;;=5-V,.

Suppose that
EX; =0, (4.28)
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and
ES* =3 EX;V;=) > EX;X;=1. (4.29)

v jeU;

Then, for any function h with sup, |h(x)| + sup, |h'(z)| < 1 we have

|ER(S) = ER(N)| <CY > > (BIXiX;X| + B[ XiX;|E| X))

7 jEUi kJE(UZ‘UUi,j)

where N is the standard normal random variable.

Proposition 1. The normalized random variable (L — EL")/(Var(L"))"/? converges

in distribution to the standard normal with a rate

L' — EL"
b T By _ —(d-2)/2 dt1
dy <(Var(L;;))1/2’N(O’ 1)) =O((Inn) (Inlnn)*™)

where

di(X,Y) :=sup{|Eh(X) — ERL(Y)] : sup |h(x)] + sup |h'(z)] < 1}. (4.30)

Proof. Let X; be (Z; — EZ;)/(Var(L"))"/2. Then, X; satisfy (4.28) and (4.29). So
by Lemma 1, for any function h with sup, |h(x)| + sup, |h'(z)| < 1 we have
L' — EL"
Eh| ——"——" | — Eh(N
o (e ~ P9
< CWar(L))PPY 3 3 (BZiZiZ

i jeU; kG(UiUUiJ)
VEZ,EZ;Zy + EZ,EZZ, + EZ,EZ,Z; + EZEZ,EZ).  (4.31)

We now define the constants

Qu=max > EN, n1=maxr, enp = (maxry)(Q_1i) = €n1n,
©I€Vi k‘E(U»L'UUi’j) ! ¢ )

where /V; is the number of Poisson points falling in the region T; and where r; = E'N;.
We now consider the term EZ;Z;Z;, in (4.31). If ¢, j, k are distinct, then

EZ;Z;Z < CEZ;EN;EN. (4.32)

It is obvious that E(Z;Z;| Ny = m) is a decreasing function of m. Thus, E(Z;Z;|Ny)

and N} are negatively correlated. So, since Z;, < C'Ny, we have

EZ;7; %), < CEZ;Z;Ny = CE(E(Z:Z;|Ny)Ny) < CEZ,Z;EN.
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By the same reasoning, we also have £2,Z; < CEZ,EN;. Hence, (4.32) indeed holds.
If two indices are equal among the three 7, j, k, then there are three cases we have
to consider. In the first case £Z;Z7 is bounded (by the reasoning of (4.32)) by
EZZ; < CEZN;
CEZEN?

IN

m

= 2 —rjrj
CFEZ, Z m-e -

m=1

CEZ; (ENj +> mze—’“ji>

m!

IN

m=2

IA

CEZ(EN; +12)
CEZZ(EN] + €n717“j). (433)

IN

In the second case FZ;Z? is bounded (by the reasoning of (4.32)) by

EZ;Z} < CEN;Z;

< CEN;EZ}
= CEN; Y. E(ZN; = m)e "
= m!
< CEN; Y E(Z|N;=m)me ™
= m!
Ty — —T; r’,Lrn
S OEN] (E(ZZ|NZ = ].)6 T + 2_277126 %>
< CEN;(EZ;+1})
By the same reasoning, we can handle the third case;
EZZ} < CENW(EZ; + 1) < CENW(EZ; + epa7). (4.35)

If the three indices are all equal, then by the reasoning of (4.35) we have
Similarly, we take care of all the other four terms in (4.31). Then, by (4.31) we

L' — BL!
|Eh <<Var<L;;>>1/2> - Eh(N>|

CEL;;(Qi + Qn + 1 + 53%1 + 5n,1 + Qngn,l + <’571,2) + Qngn,Q + 571,2
- (Var(Ly))*? '

have
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By splitting R‘i into cubes T; in a very fine way, i.e., by choosing [ very small we can

make €, ; and €, 9 arbitrarily small. Hence,

EL'(Q*>+Q,+1)+1

Var(L)) 7 0

L' —EL!
‘EthMumﬁﬂ>‘EMNﬂ§C

Sn [ > 5n

Figure 1: For S, := {x : o, < [|x]| < 8,} and for T; and T, with 7, N S, # 0 and
T;NS, # 0, Z; and Z; are independent if T, and the dark region generated by T; have
no overlapping region.

Now we just need to estimate the following three quantities; EL!, Q,, Var(L!).

First, we estimate E'L”; by (4.26) we have
EL! < EL, +Cn '(Inn)*“Y(nlnn)? (by (4.20))
< FEL, + C(Inn)4=2=0=-DE=1 4 O(nn)~ @@= (by Theorem 1)

< C(lnn)*2 (4.38)

Now consider @),,. As we see in Figure 1, Z; is independent of Z; if T; and the dark
region generated by 7; have no overlapping region. Thus,

Qn < Cne (8, — an)d < C(Inln n)d+1. (4.39)
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Finally, with the choice b in (4.3) we have the following estimate for Var(L!);

=~

!

Var(L)) = EL"(L 1)+ EL! — (EL")? (by (4.27), (4.26), (4.20), (1.2))

L (L, —1)+ EL, — (EL.,)? + O(n *(Inn)*""Y(Inlnn)?)

= Var(L )+ O(n H(Inn)* " V(Inlnn)?®) (by (4.23), (1.3))

— Var(Ly) + O((nn)?@-2-020-06D) 4 o(Inn)t-2) (by (43))

= Var(L,) + o((Inn)?2). (4.40)

3‘3

Note that during the estimate for Var(L!") we also have
\Var(L") — Var(L,)| < Cn~*(Inn)* @Y (Inlnn)®. (4.41)

Therefore, by (4.38), (4.39), (4.40), (1.3), (4.37) we have
L//_EL// ELH(Q2 +Qn+1)+1
s R s T
M@,
(Var(Ly))*?
= O((Inn)~“=272(Inlnn)4). (4.42)

Therefore, Proposition 1 follows. [}
To prove Theorem 3, we need the following obvious lemma. We skip its proof.

Lemma 2. Let r, with r,, — 0 be given. If

(1) dTV(Xn7Y7’L) = O(T’n)7
(2) |[EX,—EY,| = O(Tn(var(Xn))1/2>»
(3) [Var(X,) = Var(Y,)| = O(ra(Var(X,))'?),

then,
X, € CLT(r,) if and only if Y,, € CLT(r,).

Proposition 2. For any 7, with 7, — 0 and r, > C(Inn)~(=2/2 we have

L, € CLT(ry,) if and only if L € CLT(r,).
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Proof. With the choice a and b in (4.3), for any r,, with r, — 0 and
rn > C(lnn) @272,

by Lemma 2 with (4.25), (4.26), (4.41), (4.12), (4.20), (4.23), we have the Proposition.

Our final lemma relates the estimates on rate of weak convergence using the d; met-
ric (defined at (4.30)) and weak convergence in the sense of CLT'(r,,) as defined at (1.7).

Lemma 3. Let (§,,n > 1) be a sequence of random variables with finite second mo-

ments and let &, := (&, — E&,)//Varg,. If di(&,, N) = O(r,), where N has a standard
normal distribution and where 7, > 0,7, — 0 as n — oo, then &, € CLT(\/r3,).

Proof. Set a, = /r,. Given x € R, and given n, set y = x + a,. Define the
bounded, continuous, piecewise linear function A on R by

Ay, t<czx
h(t)y=3 y—t z2<t<y
0 t>y.

Then for n large enough so that a, < 1, we have |h(t)] < 1 for all ¢ and |A/(¢)] < 1
for all ¢t except t = x and t = y. So h can be approximated uniformly by continuously
differentiable functions g with |g(¢)| < 1 and |¢/(¢)| < 1 for all ¢ and hence |Eh(X) —
Eh(Y)| < di(X,Y) for any pair of random variables X and Y. By the choice of h, we
have for all X

a,P(X <z) < EWX) <a,P(X <vy).

Hence, if d;(&,, N) = O(r,), there is a constant C' such that

anp(gn < x)

IN

Eh(&)

Eh(N)+Cr,

anP(N <2 +a,) +Cry
a,P(N <)+ Ca? + Cr,

[VANRRVANRR VAN

By the choice of a,,, then we have

P(&, <z) < P(N < )+ 20/ (4.43)
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Here the choice of C' can be made independently of n or x. For the other direction,
note that there is a constant C' (independent of n,y) such that

anP(N < y)

IA

a,P(N < 2) + Ca?
EW(N) + Ca?

Eh(&,) + Cr, + Ca?
anP(& < y) + Clry, + a2).

A

IA A

Again, by the choice of a, we have

P(N < y) < P(&, <) + 207 (4.44)

Combining (4.43) with (4.44) we have ¢ € CLT(\/r,,). |
Now Theorem 3 follows from Propositions 1 and 2 and Lemma 3.
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