HESSIAN EQUATIONS WITH INFINITE DIRICHLET BOUNDARY
VALUE

XIUQING CHEN AND HUAIYU JIAN

Abstract In this paper, we will show the existence and non-existence of Hessian
equations with infinite Dirichlet boundary value conditions.
Kewwords Hessian equation, k-convex solution, singular boundary value, existence /non-
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1. INTRODUCTION

Let n and 1 < k < n be positive integers. Recall that the k-th elementary sym-
metric function for A € R™ is defined by

Si(N) = Sk (A1, ooy An) = > Aiy Aig - Aiy
1< <i9<...<ip<n

and the k-th elementary symmetric function over the space Mg(R") of all the n x n

real symmetric matrices is given by
Sk(A> = Sk(Al, ...,)\n), VAEe MS(RH),

where (A1, ..., \,,) are the eigenvalues of the matrix A.
Let Q be a domain in R™ and 1 a positive function defined on 2 x R x R™. In this
paper , we deal with the Hessian equation

(1.1) Sp(D?u) = (2, u, Du) in Q
with the singular boundary value condition

(1.2) u(z) = +oo on Of.
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Here D?u = (ujj)nxyn is the Hessian matrix of u and (1.2) means that u(z) — 400
as d(x) = d(z,082) — 0, where d(x,02) denotes the distance of the point z € Q from
o

Obvious examples of Hessian in (1.1) are Laplace operator, k = 1, and the Monge-
Ampere operator, k = n. General Hessian operators were studied by many authors.
See, for example, [1-5] for Hessian in  and [6-9] for Hessian on the sphere.

A natural class of functions for the solutions to (1.1)-(1.2) is k-convex functions. Re-
call that a function u € C?(f2) is called k-convex (or strictly k-convex) if (A1, ..., \,) €
Tr(or(A1, ..., A\n) € T) for every z € Q, where Aq, ..., \, are the eigenvalue of D?u(x)
and I'y, is the connected component {\ € R™ : Si(\) > 0} containing the positive cone

It ={A=A1,. ) ER N\ >0i=1,2,...,n}.
It follows from [1] that
(1.3) I=I,c..clyclyc..cIy

and S (D?u) turns to be elliptic in the class of k-convex functions.

The problem (1.1)-(1.2) was studied in [10,11] for £ = 1, Laplace operator, and
in [12-15] for k = n, Monge-Ampere operator, and ¢ = 9 (z,u) independent of Du.
The results of Matero [15] were extended by Salani [16] to some Hessian equation;
while the results of Cheng and Yau [12,13] were generalized recently by Guan and
Jian [17], in which various existence and non-existence results were shown for rather
general 1) = ¢(z,u, Du) and the optimal growth condition of ¢(z, z, p) was given for
the existence of (1.1)-(1.2) in the case k = n. The aim of this paper is to extend the
main results of [17] to the case k € {1,2,...,n — 1}. The difficulty here arises when
one tries to construct barriers which is necessary for the existence or non-existence of
problem (1.1)-(1.2). The methods and results of this paper are different from those
of [16].

From now on,we assume
(1.4) ke{l,2,...m—1}.
Our main results are stated as follows.

Theorem 1.1. Let 2 be a bounded domain in R™. If there are constants M,~,q >
0,7+ q <k, such that

(1.5) 0<¢(x,z,p) < M+ (zN)Y) (1 +|p|"), V(z,2,p) € QxR xR",

where 2T = max{z,0}, then there exists no k-convex solution to (1.1)-(1.2) in C*(Q).
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Theorem 1.2. If there are constants o > 1 and M > 0 such that
(1.6) (@, 2,p) = M(L+[p[")?, V¥ (z,2,p) € QxR xR,

and € is a domain containing some ball of radius a where

(k+1)(n—1)! 1
M(a— 1)k (n —k — 1)!] ’

a> |
then there exists no k-convex solution to (1.1)-(1.2) in C%(Q).

We will deal with the existence of problem (1.1)-(1.2) in viscosity sense. For the
details of viscosity solutions to Hessian equations like (1.1), as for the notion of k-

convexity in viscosity sense, we refer to [5].

Theorem 1.3. Let Q be a bounded conver domain in R™ and 1 € C®°(Q x R x R™)
satisfy

(1.7) Y(x,z,p) >0, Y,(z,2,p) >0, V(x,2,p) € 2 xR xR"

Suppose that there exist ¢ > k and M > 0 such that for all (z,z,p) € Q@ x R x R",

(1.8) P(z,2,p) > M(z")"
and
(1.9) U(x,2,p) < ¢(2)(1+|pl"),

where ¢ is a smooth positive function satisfying

(1.10) supe” “o(z) < +oo
2<0

for some € > 0, and for each fized (z,z) € Q x R,

=

(1.11) W

(45l
(z,z,p) is convex in p, pienjgnw >0, sup 7L< 400

pER™ 1+ ’p|
Then there exists a k-convex viscosity solution u € C’loo’cl(Q) to (1.1)-(1.2). Moreover,
there exist functions h, h € C(R™) with h(r), h(r) — +oo as r — 0, such that

(1.12) h(d(z)) < u(z) < h(d(z)),Vx € Q.
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2. A COMPARISON PRINCIPLE AND UNIQUENESS

This section is similar to section 2 in [17]. For the sake of convenience, we will give
the details here.
Suppose that u,v € C?(2) are k-convex satisfying

(2.1) Si(D?u) > ¥(z,u, Du) and Si,(D?*v) < ¢(z,v, Dv) in Q,
where ¢,9 € C?(Q2 x R x R™), such that
(2.2) Y(x,z,p) > ¢d(z,2,p), V(zr,2z,p) € (2xRxR").

We will see if u < v in Q. Let M¥(R") be the subset of M,(R") , with the eigenvalues
ALy ooy A, satisfying (A1, ..., Ap) € T'k. Recall that

05} (w)

Gwij

(2.3) ( Jnxn > 0 (or >0), ¥w e MF(R") (or ME(R™))

(See [1, 8]). Hence for any wy, wy € MF(R") (or MF(R")),
(2.4) Sk(w1) > Sg(w2) (or Sg(w1) = Sp(w2))
if w; — wy is positive definite (or semi-definite).

Lemma 2.1. Suppose that Q C R™ is a bounded domain, and u,v € C(Q) satisfy u <
v on 0. If either ¥, (x,z,p) > 0 or ¢,(x,z,p) > 0 for any (z,z,p) € (2 xR xR"),
then u < v in Q.

Proof. Suppose the contrary that for some y € €2,
u(y) —v(y) = mgx(u —v) > 0.

Then Sk (D?*v(y)) > Sk(D?*u(y)), as the Hessian D?(v—u) is positive semi-definite at y
and u, v are k-convex. On the other hand ,we use (2.1)-(2.4) and the facts u(y) > v(y)
and Du(y) = Dv(y) to obtain

Sk(D*v(y)) < ¢y, v(y), Du(y)) < ¥(y,u(y), Du(y)) < Sp(D*u(y)).

This is a contradiction. O

Remark 2.2. The assumption we have used is 1. (y, u(y), Du(y)) > 0 (or ¢.(y, u(y), Du(y)) >
0) at the point y instead of ¥, (z,z,p) > 0 (or ¢.(x,z,p) > 0 ) for all (z,z,p) €
(2 xR x R™).
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Theorem 2.3. Assume u = 4+o00,v = +00 on 9N, u is k-conver and v is strictly
k-convex in ). Suppose the domain §2 is bounded and star-shaped with respect to a

point xg and v satisfies
(2.5) z- Dyp(z,2,p) <0and p- Dpp(z,2,p) >0, V(x,z,p) € 2 xR xR".
If, in addition, either there is a ¢ > k such that
(2.6) Yz, Az, p) > AN(z,2,p), VA> 1,V (z,2,p) € (QxRxR")
or there is a € > 0 such that
(2.7) Y=(x,2,p) 2 e(z,2,p), V(2,2,p) € (2 xR XR"),
then u < v in Q. Particularly, problem (1.1)-(1.2) has at most one strictly k-convex
solution in C%(Q).
Proof. Without loss of generality we may assume zg = 0. For A € (0,1), let
ux(z) = Au(Az) —a, =€ Qy
where Q) = {x € R" : Az € Q} and
{a =0, =2, if (2.6) holds,
a=-2) a=0, if(2.7) holds.
Using (2.1) and (2.5), we have
Sk(D?ux(x)) = NS (DPu(Ar))
> MEF)y Az, u(Ax), Du(Ax))
= )\k(2+°‘)d)()\:v, A" ur(x) + a), )\_(HO‘)DuA(:L‘))

1
(2.8) = \k(2ta) /0 op(z + t(Ae — ), A" (ur(z) + a),

Duy(z) + t(A" 1) Duy (z) — Duy(x)))dt
+ /\k(2+0‘)w(ac, A" Yup(z) + a), Du,\(:L'))
> )\k(2+a)w(1:, A Y ux(z) + a), DuA(as)).
Note that (2.6) implies ¢ < 0 where z < 0. Then if uy(z) < 0, the k-convexity implies
that
Sp(D*uy(x)) > 0> Y (z,ux(z), Duy(z)).
We conclude that

(2.9) Si(D*up(x)) > 1 (x,ur(x), Dup(z)), Yz € Q.



[§ XIUQING CHEN AND HUAIYU JIAN

In fact, if uy(z)) > 0 and (2.6) holds, we use (2.8) and (2.6) to obtain
Sk(D?ux(x)) > NCHOI=0y (52 uy (), Dun(@)) = ¢ (2, ur(@), Dux(x)).
Note that (2.7) implies

¢(9C, 21, p) > 65(21_22)w($7 22, p)

So, if uy(z)) > 0 and (2.7) holds, we use (2.8) to obtain

Sp(D?uy(z)) > )\lemdj(az,u;\(x),Du;\(az)) = ¢ (z,ux(z), Duy(z)).
Therefore, (2.9) holds in any case. We claim that
(2.10) v>uy on Q forall A € (0,1).

Suppose the contrary that uy(zg) > v(zo) for some 2o € Q. Since Q@ C Q) and
v —uy = +0oo on Jf), we have a y € 2, such that

ur(y) = v(y) = max(uy —v) > 0.
Hence, by(2.5),(2.2),(2.1) and the strict k-convexity of v,
(Y, ua(y), Dux(y)) > ¥(y, v(y), Dux(y))
=(y,v(y), Dv(y))
> ¢(y,v(y), Du(y))
> S(D%v)
>0

which, together with (2.6) or (2.7), implies v, (y, ux(y), Dux(y)) > 0. (Note that if
(2.6) holds, then (2.2) implies ¢ < 0 where z < 0. So v(y) > 0 and uyx(y) > 0 then
(2.6) implies . (y, ur(y), Dux(y)) > 0). Consequently, we obtain a contradiction as
in the proof of Lemma 2.1( See Remark 2.2). This proves (2.10). Letting A — 17 in
(2.10), we obtain the desired result. O

3. BARRIERS AND NON-EXISTENCE

In this section, we construct some barriers that will be used in the proof of our
main results. In particular, we will prove theorems 1.1 and 1.2.
Let u(z) = u(|z|) be a radially symmetric function. A straightforward calculation

gives

(3.1) Sk(D*(w)) = Apr' [P E W)Y, = Jal,
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(n—1

where Ay = k'(ni—/)f')' (See[16;p285]). Hence equation (1.1) is written as

zu'

lu/)k]/ = Tnilw(‘ru u, T)

n_

(3.2) Apg[(r*

Lemma 3.1. Let n € C(R) satisfy n(z) > 0, n'(z) > 0 for all z € R. Then, for
any a > 0, there exists a strictly convex radially symmetric function v € C?(B,(0))

satisfying

(3.3) Si(D2v) > e*n(v)(1 + | Dv|*) in B,(0),
' v(0) <0, v =400 on dB,(0).

Proof. Consider the initial value problem

(3.4)

{go' = [eap(A; rkefn(p) — 1]%, 7> 0
¢(0) = 0.

Let [0,T) be the maximal interval on which the solution to (3.4) exists. We conclude
that 7' is finite. In fact, it follows from (3.4) and ' > 0 that
& (r) = rl A )]k = A PO, 0<r < T

Since (0) = 0, we have

) [ > (M) [y = 1201
k>k(l—e & :/ "(rYe & dr > (=-2)k rdr = = k2
> k( ) 0@() _(Ak) 0 2(Ak)p

for any p € (0,T). This proves T < oco. Furthermore, we see that ¢ € C2[0,T) and
o(T) = 400 as ¢'(p) > 0 for p > 0. It follows from (3.4) that

In(1 + (¢")*) = A ¥ en(p),

whose differentiation yields

k(gpl)kflgol’ 3 B
(3.5) BRI kA e ().
This, particularly, implies ¢” > 0 in (0, 7).
For given a > 0, define v by
T|x|

v(x) = @(T) —2k(—1In §)+, x € B,(0).
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Then v € C?(B,4(0)), v(0) <0, v = +00 on 0B,(0), and it is strictly convex, since
¢ € C?[0,T) and ¢" > 0. Using (3.1) and (3.5), we compute for x € B,(0) that

Su(DPu(a)) = () A (G lal) ' ™" (o) ™ (! (o)) (o)

-+m—k(§uWF”*(%fmm]

> (L) A () (e (- H))“”(fm)

> (Lyer(s 'x‘)n(sa(%l IENCICY

Z<> 2 D) 0(a) + 20 ( m§ﬁ7h+<§rﬂ0w@m
> @ (v(x)) (1 + [Do(z)|F).

O

Notation 3.2. Given a and n, we will use v®"(z) = v*"(|x|) to denote the function
v € C%(B,(0)) obtained as in Lemma 3.1.

Lemma 3.3. Let Q be a domain contained in a ball By(xo) and u € C%(Q) a k-convex
solution of (1.1)-(1.2). If there exists a function n € C1(R), n >0 and ' > 0 in R,
such that

Y(x,2,p) < en(z)(1+ |p[*), ¥ (z,2,p) € Ax RxR",
then u(z) > v®"(x — xo) for all x € Q.
Proof. Without loss of generality, we assume xy = 0. For any r > a, since u — v"™"

+00 on 99, by Lemma 2.1 and Lemma 3.1, we have u > v™" in Q. Letting r — a™,
we obtain u > v®". O

Next for ¢ > k, consider the function

(3.6) w(z) = (1 - 22550 = (1= )55 = w(r), r=|a|

,_.

Observing that w’ > 0 and w” > 0, by (3.1) we have for any r € [0,1) that
Sk(D*w(x)) = Apl(n — k)r=" ()" + k! ( "]
< Qa1 =) B 1= B0 B

= Oa(n, k. q)(1 — ) =M [(1 = 12) 4 1]
< 2Cs(n, k, q)(1 — r2)(i=a)
= 20%(n, k, q)wi(zx).
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Hence, we have a positive constant B = B(n, k, q) such that

(3.7) Sp(D*w) < Bw? in By(0).
By rescaling, we define

x B |1
(3.8) wa’M(a:) = /\w(g), x € Ba(0), A= (m)fﬁ’f.

Lemma 3.4. For any a, M > 0 and q > k, w*M € C>®(B,(0)), w*M = +o0c on
0B, (0) and
S (D*w™M) < M(w™M)9 in B,(0).

Proof. By a direct calculation, (3.7) and (3.8), we have

Ak

S}, (D2wa’M(a:)) =

Sk (DQw(g)) < qu(g) = M (w*™(2))? in B,(z).

0

Lemma 3.5. Let u € C%(Q) be a k-conver solution of (1.1). If 2 contains a ball
Ba(x0) and 1 satisfies (1.8) for some ¢ > k and M > 0, then u(z) < w»M(x — x¢)
m Ba(;l’,'o).

Proof. 1t is immediate from Lemmas 3.5 and 2.1. U

Note that for any domain 2 and any = € Q, the ball By(z) C Q, where d(z) is
the distance function to 9€2. Then Lemma 3.5 implies

Corollary 3.6. Let u € C?(Q) be a k-convex solution of (1.1). If v satisfies (1.8)
for some ¢ > k and M > 0, then

u(z) < h(d(z)), Yo €
where h € C®(R™) is given by

(3.9) h(r) = w"M(0), r> 0.

Lemma 3.7. Assume v,q > 0, v+ q < k and M > 0. Then there exists a strictly
convez radially symmetric positive function u € C*(R") satisfying

(3.10) Si(D*a(x)) > M (1 + (a(2))?) (1 + |Di(z)|?), Ve R

Proof. We want only to combine the following three conclusions. First, for any p’, ¢’ >

0,p' +¢ <mn,and M’ > 0, by Lemma 3.7 in [17], one has a strictly convex radially
symmetric positive function @ € C*°(R") satisfying

(3.11) Sn(D%i(x)) > M'(1+ (i(x))” ) (1 + |Di(x)|7), Ve R"
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Second, for each k € {1,2,...,n — 1} and A € T'y41, it follow from [5] or [8] that

R D= B Dl o) < (B0 g0

Hence, there is a positive constant C; = C'(n, k) such that

k

(3.12) C1Sn (A) < Sk(N), YAeTl,.
Finally, we can choose a positive constant Cy = C(n, k) such that
(3.13) (1+t)n > Co(l+1tn), ¥Vt >0.
Combing this with (3.11) and (3.12), we obtain (3.10). O
Proof of Theorem 1.1. Let u € C%(Q) be a k-convex solution of (1.1)-(1.2). We will
induce a contradiction.

Let @ be the same function as in Lemma 3.7, where «,q and M are as in (1.5).

Observing that u — C% = +00 on 952 for any C' > 0, we can choose C > 1 and ay € )
such that

u(y) — Culy) = m&n(u —Cu) <0.
Hence Du(y) = CDiu(y) and (D?*u(y) — CD%u(y)) is a positive semi-definite matrix.
However, it follows from (1.1) and (1.5) that
Sp(D?u(y)) < M(1 ( ¥))?) (1 + |Du(y)]")
<M(1+ (y )9) (1 + C|Da(y)|")
ckM(l + (@(y)") (1+ Daty)")
< C*Sp(D*a(y))
= SK(CD%a(y)),

a contradiction. ]
In order to prove Theorem 1.2, we need the following

Lemma 3.8. For any a > 1 and a > 0, there exists a strictly conver radially sym-
metric function u € C%(B,(0)) satisfying
(k+1)(n—1)!

2~ < ko .
Sk(D*u) < e Y 1)!(1 + |Dal*)" in Ba(0)
and .
u
9 = 400 on 0B4(0),

where v is the unit normal to 0B, (0).
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Proof. Let 8 = ﬁ and
rr(l—tht)—8_141
or) = IOk r e (0,1),
0, r=0.
It is easy to verify that
(3.14) ¢ € C%[0,1), ¢(0)=¢'(0)=0; 1+r((r)=0—-rFHF vo<r<i.
and
_ kE+1 o
(3.15) (' ()" + k(' () 1" (r) = ﬁrk(l +1r(' ()"
= (k+1)BrF(1 — M7 e € (0,1).
We claim that
(3.16) ¢ >0 and ¢" >0 in[0,1).

In fact, a direct differentiation yields

| k)8 1
) =[N e o),
Then
(3.17) lim ¢/'(r) =0, lim ¢'(r) =+oo0, ¢ >0 in|0,1)
r—0t r—1-
and

=

[(1 _ rk—i—l)—ﬁ _ 1]

¢"(0) = lim (letting ¢t = rk+1)

r—0+ T%+1
1—t) P —1,1
t—0+ t
= ﬁ% > 0.

For 7 € (0,1), it follows from (3.15) that ¢”(r) has the same sign as g1 (r**!) where
g =Bk+Dt(1—t) P -1 -ty +1, Vte(0,1).
Let 1 —t = s. We see that g1(t) = ga(s) where
g2(s) =Bk +1)(1—-s)s P 1—sF 11, Vse(0,1).
Furthermore, g2(s) has the same sign as g3(s) where
g3(s) = Bk +1) = Bk +1)s — s+ s°F, Vse(0,1).

Since g5(s) < 0 for s € (0,1) and g3(1) = 0, we see that gz(s) > 0 for all s € (0,1).
Therefore, we obtain (3.16).
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Now, let @(z) = ap(a~z]), = € By(0). Then % € C?(B,(0)) and is strictly convex
by (3.16), satisfying 9% = 400 on 0B,(0) by (3.17). Moreover by (3.1),(3.15) and
(3.16), we have

Se(Da(w) = 2 () 10—y e 22l 2l
< B DRy Bl e
<y e b

b+ 1)(n—1)

O

Proof of Theorem 1.2. We may assume 2 D B,(0). Suppose the contrary that there
was a k-convex solution u € C%(Q2) to (1.1)-(1.2). We will derive a contradiction. Let
a,a and M be the same as in Theorem 1.2. Choose a function @ as in Lemma 3.8.

Then we have
(3.18) Sk(D*u(x)) < M (1 + |Da(z)[F)* in B,(0),

and :
a(ﬂ —u) = +00 on 0B4(0).

It follows from the last equation that

u(y) —uly) = gsi(g)(ﬁ —u)

for some y € B(0). Using (1.1),(1.6) and (3.18), and repeating the same arguments
as in the proof of Theorem 1.2, we obtain a contradiction immediately. O

4. PROOF OF THEOREM 1.3
We divide the proof into two steps.

Step 1. Assume 2 is a bounded strictly convex smooth domain. We will find a solution
of (1.1)-(1.2) as required as in Theorem 1.3 by the limit of solutions, u,,, of the
following Dirichlet problem
{Sk(DQU) = ¢Y(x,u, Du) in Q

u

4.1
(4.1) m on 0f)
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where m = 1,2,3,... . By assumption (1.10), we may find a positive nondecreasing
function n € C*°(R") such that

(4.2) max o(y) <en(z), VzeR.
Yysz

Without loss of generality, we assume ¢ = 1 as this may be achieved by rescaling.
Since 2 is bounded, we may choose a > 0 such that 2 C B,(0) and v*" < 1 on 92
(See (3.3) and Notation 3.2). Using (4.2), (1.9), (1.10) and applying (1.7) and Lemma
2.1, we obtain that for any k-convex solution u,, € C%(Q) to (4.1),

(4.3) v < Up(x) <m, Ve e, Vm>1.

Let
CO

o, = max{m,sup [v*"|}, Vm > 1.
Q

In order to show the existence of (4.1), we want to use results of Lions [14] as well
as of Guan [2]. First, by a result of [14], there exists, for each m and any constant
Cpm > 0, a strictly convex function u,, € C?(f2) satisfying

(4.4)

Uy, =M on 0.

{det(D2um) > Cp(1 + |Du,,|") in Q

Using this, (3.12) and (3.13), and choosing a suitable C,,, we see that

(4.5) {Sk(D2“m) > ¢(Crm)(1 4 | Du,y,[F)  in Q

U, =M on 052,

which means that w,, is a subsolution of (4.1) for each m. This fact, together with
(1.7), (1.9), (1.11), Lemma 2.1 and Theorem 1.2 of Guan [2], implies that problem

(4.1) has a unique k-convex solution u,, € C*°(12) for each m. Moreover, we have
(4.6) U (2) < Umg1(x), Yz e, Ym>1

again by Lemma 2.1. We claim that there exists a > 0 depending only on {2 and an

decreasing sequence a,, — a(m — oo) such that
(4.7) ¥ (a — d(x)) < um(z) < h(d(z)), V2 €Q, Vm > 1.

In fact, the second inequality in (4.7) follows directly from Corollary (3.6). To show
the first one, we use the strict convexity of €2 to find the smallest positive number a,
such that for any z € 99, there is a ball B,(zg) D Q satisfying Q N 9B, (z0) = {Z}.
Choose a1 > az > ... > Qm > Q41 > ... , Gy — a(m — 00), such that v*™"(a) =m
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for each m > 1. For any y € Q, choose y € 92 and a ball B,(xo) such that d(y) =
ly — |, Q C Ba(xo), QN dB,(z0) = {7}. Observing that
v (x — xo) < v M(a) =m < up(x), Y e i,
we use Lemma 2.1 to obtain
V0N (x — xg) < up(z), Vel
In particular,
v a — d(y)) = v (y — o) < um(y)-

This proves the first inequality in (4.7), since y € Q is arbitrary.

Now by (4.6) and (4.7), we see that for each x € Q, the limit

u(z) = lim upy,(x)
m—0o0

exists and it satisfies
(4.8) v*"(a — d(z)) < u(z) < h(d(x)), Yz Q.
Moreover, by Theorem 3.1 of [18], the convergence is uniform in every compact set

K C Q and u € C21(Q). By the stability theorem of viscosity solutions under the

loc
uniform convergence, we see that u is a viscosity k-convex solution of (1.1)-(1.2),

which satisfies (1.12) by (4.8). O

Step 2. Suppose now that €2 is a bounded convex domain. We will complete the proof
of Theorem 1.3 . In this case , we choose a sequence of strictly convex smooth domains

(4.9) D CQ C ... Ty C Qg C .ol C A,
such that
oo
Q= J .
m=1

For each m > 1, by the result of Step 1, we choose a k-convex viscosity solution
U € C’&i(Qm) to the problem

Sk(D?*u) = (z,u, Du) in Qp,

u = 400 on 0.

By (4.8), (4.9) and Lemma 2.1, we may assume
v N gy — dipg1 (7)) < unga (@)

< um(z) < h(dm(x)), YT € Uy, Ym>1,

where d,(z) = dist(z,0Q,) and a,, is the smallest positive number, such that for
any T € 08, there is a ball B, (z9) D Q satisfying Q N dB,,, (r¢) = {Z}. Note that

(4.10)
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(4.9) and the boundedness od 2 imply {a,,} is a bounded nondecreasing sequence.
Letting a = limy;, 00 @y, and using (4.10), we see that the limit function

exists for each = € Q and it satisfies (4.8) again. Repeating the arguments from (4.8)
to the end in Step 1, we have completed the proof of Theorem 1.3 . Il
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