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Abstract

In this paper we study the long time existences for a class of fully nonlinear
parabolic equations arising from conformal geometry. Especially we prove that
every smooth compact n dimensional manifold, n ≥ 3, admits a Riemannian
metric g with its Ricci curvature Ric and scalar curvature R satisfying

det(Ric−R · g) = const..

1 Introduction

Let (Mn, g) be a compact, n-dimensional connected smooth Riemannian manifold,
n ≥ 3, and let the Ricci tensor and the scalar curvature be denoted by Ric and R(or
Rg), respectively. In [11], Gursky and Viaclovsky introduced following modified
Schouten tensor

Aλ
g :=

1

n− 2
(Ricg − λ

2(n− 1)
Rg · g),

where λ ∈ R. When λ = 1, Aλ
g is just the classical Schouten tensor; while λ = n−1,

it is just the Einstein tensor which is important for gravity in General Relativity.

1The work supported by NNSFC (no. 10471122) and the Zhejiang Provincial Natural Science
Foundation of China (no.102033). The work was partially done while the first author was visiting
the Institute for Mathematical Sciences, National University of Singapore in 2004. The visit was
supported by the Institute.
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We are interested in deforming the metric in the conformal class [g0] of a fixed back-
ground metric g0 to certain extremal metric with respect to the modified Schouten
tensor alone some suitable flows.

Let (λ1, · · · , λn) ∈ Rn. We recall the elementary symmetric functions as functions
on Rn

σk(λ1, · · · , λn) = Σi1<···<ikλi1 · · ·λik ,

and define
Γ+

k = {Λ = (λ1, · · · , λn) ∈ Rn | σj(Λ) > 0,∀j ≤ k}.
We also define Γ−k = −Γ+

k .
For a symmetric linear transformation A : V → V , where V is an n-dimensional

inner product space. The notation A ∈ Γ±k means that the eigenvalues of A lie in
the corresponding set. We note that this notation also makes sense for a symmetric
tensor on a Riemannian manifold.

The σk-scalar curvature of g with respect to the scale λ can be defined by

σk(A
λ
g ) := σk(g

−1 · Aλ
g ),

where g−1 · Aλ
g is defined locally by (g−1 · Aλ

g )
i
j = gil(Aλ

g )lj. When k = 1, σ1-scalar
curvature is just the scalar curvature R (upto a constant multiple).

The σk Yamabe problem is to solve the equation

σk(A
λ
g̃ ) = constant,

where g̃ = e2ug is a conformal metric. Notice that for k = 1 and λ = 1, this is
just the Yamabe equation which has been solved by Yamabe, Trudinger, Aubin and
Schoen ect.(see [14] for details). For λ = 1 and Ag ∈ Γ+

k , in [22], Viaclovsky initiated
the study of the σk Yamabe problem with k > 1. By use of elliptic approach, A.
Li and Y. Y. Li obtained the existence for locally conformally flat manifolds ([15]).
Meanwhile, this problem was studied by Guan and Wang in [10] by a fully nonlinear
flow. They proved the convergence of the flow in C∞ to a solution of this equation for
k 6= n/2 on locally conformally flat manifolds. Brendle and Viaclovsky [1] extended
their result to the remaining case k = n/2. Chang, Gursky and Yang succeeded to
solved the equation for σ2 in dimension 4 (see [4]).

In another aspect, if λ < 1 and Aλ
g ∈ Γ−k , in [11], Gursky and Viaclovsky proved

that there exists a unique conformal metric g̃ = e2ug satisfying σ
1/k
k (Aλ

g̃ ) = f(x) for
any smooth negative function f(x) < 0 on Mn. As its consequence, they proved
that every smooth compact n-manifold, n ≥ 3, admits a Riemannian metric with
Ric < 0 and its determinant det(Ric) = constant. By use of a fully nonlinear
curvature flow, Li and Sheng [16] proved that any such metric g can always be
deformed to a conformal metric with constant σk-scalar curvature at exponential
rate.
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In this paper, we establish several appropriate curvature flows, and study the
deformation of some given metric g0 in its conformal class [g0] under these curvature
flows to some extreme metric. Each of our results corresponds to the initial metric
g0 satisfying one of the following conditions:

(C1)λ > n− 1 and Aλ
g0
∈ Γ+

k ;

(C2)λ ≥ n− 1 and Aλ
g0
∈ Γ−k ;

(C3)λ < 1 and Aλ
g0
∈ Γ+

k .
For simplification, we denote

Sλ
g := −Aλ

g .

Then Sλ
g ∈ Γ+

k if Aλ
g ∈ Γ−k . If the initial metric g0 satisfies (C1), we consider the

following curvature flow

{
d
dt

g = (log σk(A
λ
g )− log f(x)) · g, f(x) > 0

g(0) = g0, λ > n− 1,
(1.1)

where f(x) > 0 is any given smooth function on Mn. We prove following

Theorem 1.1. Suppose (M, g0) be a compact, connected n-manifold (n ≥ 3). As-
sume that the metric g0 is smooth with its modified Schouten tensor Aλ

g0
∈ Γ+

k and
λ > n − 1, then flow (1.1) exists for all time 0 < t < ∞ and g(t) ∈ C∞(M) with
Aλ

g(t) ∈ Γ+
k for all t. For any positive integer l, there exist positive constants C

depending only on g0, f(x), k, n and l (independent of t), such that

||g||Cl(M) ≤ C, and lim
t→∞ ||σk(A

λ
g(t))− f(x)||Cl(M) = 0

where the norm are taken with respect to the background metric g0. Furthermore,
{g(t)} converges smoothly to a unique metric g at exponential rate as t →∞ and

σk(A
λ
g ) = f(x).

By Theorem 1.1, we have the following

Corollary 1.1. If (M, g0) is a compact and connected n-manifold (n ≥ 3) and
its modified Schouten tensor Aλ

g0
∈ Γ+

k and λ > n− 1, then there is a smooth metric
g in [g0] such that the corresponding σk-scalar curvature σk(A

λ
g ) is a constant.

When λ = 2(n − 1), if Ricci curvature Ricg0 < 0, then Aλ
g0
∈ Γ+

k . But every
smooth compact n-manifold, n ≥ 3, always admits a Riemannian metric with Ric <
0 ([2], [18]). Therefore we have
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Corollary 1.2. Every smooth compact n dimensional manifold, n ≥ 3, admits a
Riemannian metric g with its Ricci curvature satisfying

det(Ric−R · g) = const..

If the initial metric g0 satisfies (C2), we propose following curvature flow
{

d
dt

g = −(log σk(S
λ
g )− log rk(S

λ
g )) · g,

g(0) = g0, λ ≥ n− 1,
(1.2)

where rk(S
λ
g ) is given by

log rk(S
λ
g ) =

1

vol(g)

∫

M
log σk(S

λ
g )dvol(g).

Theorem 1.2. Suppose (M, g0) be a compact, connected and locally conformally
flat n-manifold (n ≥ 3). Assume that the metric g0 is smooth with its modified
Schouten tensor Aλ

g0
∈ Γ−k and λ ≥ n − 1, then flow (1.2) exists for all time

0 < t < ∞ and g(t) ∈ C∞(M) with Aλ
g(t) ∈ Γ−k for all t.

If the initial metric g0 satisfies (C3), we consider the following flow which pro-
posed by Guan and Wang ([10])

{
d
dt

g = −(log σk(A
λ
g )− log rk(A

λ
g )) · g,

g(0) = g0, λ < 1,
(1.3)

where rk(A
λ
g ) is the same as in equation (1.2).

Theorem 1.3. Suppose (M, g0) be a compact, connected and locally conformally
flat n-manifold (n ≥ 3). Assume that the metric g0 is smooth with its modified
Schouten tensor Aλ

g0
∈ Γ+

k and λ < 1, then flow (1.3) exists for all time 0 < t < ∞
and g(t) ∈ C∞(M) with Aλ

g(t) ∈ Γ+
k for all t.

Remark 1.1. In Theorem 1.2 and 1.3, we only obtain the long time existence for
each flow. These results can be regarded as the continuance of the works in [10] and
[16], as well as in [23].

This paper is organized as follows. In section 2, we recall some basic properties
of σk. In section 3 we reformulate equation (1.1) in terms of other scalar functions
and establish a priori estimates for admissible solutions, then prove the long time
existence and the exponentially convergence of the flow. In section 4 we establish
a priori estimates for equation (1.2) and prove the long time existence. In section
5, by use of the same idea in section 4, we give the outline of the proof of Theorem
1.3.
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2 Preliminaries

In this section, we recall some basic properties of σk, all of which can be found in
[8] or [22].

Let A : V → V be a symmetric linear transformation, where V is an n-
dimensional inner product space. For 0 ≤ q ≤ n, the qth Newton transformation
associated with A is

Tq(A) = σq(A) · I − σq−1(A) · A + · · ·+ (−1)qAq.

If Ai
j are the components of A with respect to some basis of V , then

Tq(A)i
j =

1

q!
δ

i1...iqi
j1...jqjA

j1
i1 · · ·Ajq

iq .

Here δ
i1...iqi
j1...jqj is the generalized Kronecker delta symbol, and we are using the Einstein

summation convention.
We note that if A : R → Hom(V, V ), then

d

dt
σk(A(t)) = Tk−1(A(t))i

j

d

dt
A(t)j

i = Tk−1(A(t))ij d

dt
A(t)ij.

We also note the identities

Tk−1(A)i
jA

j
i = kσk(A),

trTk−1(A) = Tk−1(A)k
k = (n− k + 1)σk−1(A).

The following Proposition describes some important properties of the cone Γ±k , and
their relation to the Newton transformations:

Proposition 2.1. (i) Each set Γ+
k is an open convex cone.

(ii) If the eigenvalues of A are in Γ+
k , then Tk−1 is positive definite.

(iii) log σk and σ
1/k
k are concave.

3 Proof of Theorem 1.1

3.1 Short Time existence and C0-estimate

In this section we suppose the initial metric g0 is smooth with its modified Schouten
tensor Aλ

g0
∈ Γ+

k and λ > n − 1, we consider the curvature flow (1.1). Let g(t) =

e2u(t)g0, by [11]

Aλ
g = Aλ

g0
−∇2u− 1− λ

n− 2
(∆u)g0 + du⊗ du− 2− λ

2
|∇u|2g0. (3.1)



A class of fully nonlinear equations arising from conformal geometry 6

Here all covariant derivatives are taken with respect to the background g0. Then
equation (1.1) can be written as





2du
dt

= log σk(A
λ
g )− log f(x)

u(x, 0) ≡ 0
(3.2)

or 



2du
dt

= log σk(W )− 2ku− log f(x)

u(x, 0) ≡ 0
(3.3)

where

W =
λ− 1

n− 2
(∆u)g0 −∇2u + du⊗ du− 2− λ

2
|∇u|2g0 + Aλ

g0
, (3.4)

and
σk(W ) := σk(g

−1
0 W ).

Lemma 3.1. We have

d
dt

log σk(A
λ
g ) = 1

2
Qij

λ (∇2
g(t))ij

(
log σk(A

λ
g )− log f(x)

)

−k
(
log σk(A

λ
g )− log f(x)

) (3.5)

where

Qij
λ =

1

σk(Aλ
g )

(
λ− 1

n− 2

(∑

l

T ll
k−1(A

λ
g )

)
gij(t)− T ij

k−1(A
λ
g )

)

.

Proof. It is easy to see that

d
dt

σk(A
λ
g ) = Tk−1(A

λ
g )

i
j

d
dt

(g−1Aλ
g )

j
i

= −kσk(A
λ
g )

(
log σk(A

λ
g )− log f(x)

)
+ tr (Tk−1(A

λ
g )g

−1 d
dt

Aλ
g )

and
d
dt

(Aλ
g ) = −∇2

g(t)
du
dt

+ λ−1
n−2

∆g(t)

(
du
dt

)
g(t)

= −1
2
∇2

g(t)

(
log σk(A

λ
g )− log f(x)

)

+ λ−1
2(n−2)

∆g(t)

(
log σk(A

λ
g )− log f(x)

)
g(t).

Then
d
dt

σk(A
λ
g ) = λ−1

2(n−2)

∑
i T

ii
k−1(A

λ
g )∆g(t)

(
log σk(A

λ
g )− log f(x)

)

−1
2
tr

(
Tk−1(A

λ
g )∇2

g(t)

(
log σk(A

λ
g )− log f(x)

))

−kσk(A
λ
g )

(
log σk(A

λ
g )− log f(x)

)

which implies (3.5).
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Because f(x) is independent of time, we have

d
dt

(
log σk(A

λ
g )− log f(x)

)
= 1

2
Qij

λ (∇2
g(t))ij

(
log σk(A

λ
g )− log f(x)

)

−k
(
log σk(A

λ
g )− log f(x)

)
.

(3.6)

The maximum principle then implies

C2 ≤ log σk(A
λ
g ) ≤ C1, eC2 ≤ σk(A

λ
g ) ≤ eC1 (3.7)

for some constants C1 and C2 depending only on f(x) and g0.
Since Aλ

g(0) ∈ Γ+
k , flow (1.1)( and (3.5)) is parabolic near t = 0. By the standard

implicit function theorem, we have the following short time existence.

Proposition 3.1. For any g0 ∈ C2(M) with Aλ
g0
∈ Γ+

k , there exists a positive
constant T ∗ such that flow (1.1) exists and is parabolic for t ∈ [0, T ∗), and for any
T (< T ∗),

g ∈ C3,α([0, T ]×M), 0 < α < 1 and Aλ
g(t) ∈ Γ+

k .

Here T ∗ is the maximal time such that Aλ
g(t) ∈ Γ+

k .

Proposition 3.2 Suppose Aλ
g0
∈ Γ+

k for some λ ≥ n− 1. Let g(x, t) = e2u(x,t)g0(x)
be a solution to equation (3.2) on M × [0, T ](T < T ∗) with g(0) = g0. Then there
exist constants δ and δ depending only on g0, f(x), k, n, λ (independent of T) such
that

δ ≤ u(x, t) ≤ δ. (3.8)

Proof. By (3.2) and (3.3), we have

2ku = log σk(W )− log σk(A
λ
g )

= log σk(
λ−1
n−2

(∆u)g0 −∇2u + du⊗ du− 2−λ
2
|∇u|2

+Aλ
g0

)− log σk(A
λ
g ).

(3.9)

Since M is compact, u(x, t) has the maximum at (x0, t0) ∈ M × [0, T ]. By (3.9)

2ku(x0, t0) ≤ log σk(A
λ
g0

)− log σk(A
λ
g )(x0, t0)

≤ log σk(A
λ
g0

)− C2 ≤ δ.

Similarly, we also can take an appropriate constant δ satisfying u(x, t) ≥ δ.
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3.2 C1-estimate

Proposition 3.3 There is a constant C depending only on g0, f(x), k, n and
λ(λ ≥ n− 1) such that for any solution u(x, t) of flow (3.3),

|∇g0u(x, t)|g0 ≤ C

for all (x, t) ∈ Mn × [0, T ).

Proof. The proof is similar to that in [16], where

W = Sλ
g0

+∇2u +
1− λ

n− 2
(∆u)g0 − du⊗ du +

2− λ

2
|∇u|2g0,

and λ < 1. We sketch the proof and indicate some minor changes. We first consider
the following function

H(x, t) = (1 +
|∇u|2

2
)eφ(u),

where φ : R → R is a function of the form

φ(s) = C1(C2 + s)p > 0,

and δ ≤ s ≤ δ. The constants C1, C2 and p depends only on δ and δ, such that the
function φ(s) satisfies φ′(s) > 0 and φ′′(s)− (φ′(s))2− φ′(s) > 0. It is proved in [11]
that such function φ(s) is always existed. ∇ and | · | are taken with respect to g0.

Suppose the maximum of H occurs at (x0, t0) ∈ M × [0, T ]. We take a normal
coordinate system (x1, . . . , xn) with respect to g0. Then at (p, t0) ∈ M × [0, T ] we
have

0 ≤ Ht = ululte
φ(u) + (1 +

|∇u|2
2

)eφ(u)φ′ut, (3.10)

0 = Hi = ululie
φ(u) + (1 +

|∇u|2
2

)eφ(u)φ′ui, (3.11)

and

0 ≥ Hij = uljulie
φ(u) + ululije

φ(u) + ululie
φ(u)φ′uj + ululje

φ(u)φ′ui

+ (1 + |∇u|2
2

)eφ(u)((φ′)2uiuj + φ′′uiuj + φ′uij).
(3.12)

Define

Qij(W ) =
1

σk(W )

(
λ− 1

n− 2

∑

l

T ll
k−1(W )δij − T ij

k−1(W )

)
, (3.13)

where W = (wij) be a matrix defined by

wij =
λ− 1

n− 2
∆uδij − uij + uiuj − 2− λ

2
|∇u|2δij + (Aλ

g0
)ij. (3.14)
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Obviously, (Qij) is positive definite.

Let v = 1 + |∇u|2
2

, then by (3.11), (3.12) implies

0 ≥ 1

v
Qijululij + Qij(φ′′ − (φ′)2)uiuj + φ′uijQ

ij (3.15)

since Qijuliulj is nonnegative. By (3.14) and T ij
k−1wij = kσk(W ), we get

Qijuij = 1
σk(W )

(kσk(W )− T ij
k−1uiuj

+2−λ
2
|∇u|2 ∑

l T
ll
k−1 − (Aλ

g0
)ijT

ij
k−1).

(3.16)

Since

Qijuijlul = − 1

σk(W )
T ij

k−1uijlul +
1

σk(W )

λ− 1

n− 2

∑
p

T pp
k−1

∑
q

uqqlul, (3.17)

by (3.14) and (3.11), and the fact

1

σk(W )
T ij

k−1wijl = (log σk(W ))l = (2ut + 2ku + log f(x))l , (3.18)

we have

Qijuijlul = (2ut + 2ku + log f(x))l ul + 1
σk(W )

(
2φ′vT ij

k−1uiuj

+ (λ− 2)φ′v|∇u|2 ∑
p T pp

k−1 − (Aλ
g0

)ijlT
ij
k−1ul

)
.

(3.19)

By the Ricci identity we have ulij = uijl + Rjlipup where Rijlp is the Riemannian
curvature tensor of (M, g0). By (3.15), (3.16) and (3.19), together with above Ricci
identity, we have

0 ≥ 1
v
(2ut + 2ku + log f(x))l ul + 1

σk(W )
φ′T ij

k−1uiuj

+ 1
σk(W )

φ′ (λ−2)
2
|∇u|2 ∑

l T
ll
k−1 + kφ′ + Qij(φ′′ − (φ′)2)uiuj

− 1
σk(W )

φ′(Aλ
g0

)ijT
ij
k−1 − 1

vσk(W )
(Aλ

g0
)ijlT

ij
k−1ul

+ 1
v
QijRjlipulup.

(3.20)

By (3.2) and (3.10), we have

1

v
ulult = −φ′ut = −1

2
φ′

(
log σk(A

λ
g )− log f(x)

)
(3.21)

which is bounded. By (3.13) we also have

1

σk(W )
φ′T ij

k−1uiuj = −φ′Qijuiuj +
1

σk(W )

(λ− 1)

(n− 2)
φ′

∑

l

T ll|∇u|2. (3.22)



A class of fully nonlinear equations arising from conformal geometry 10

Substituting (3.21) and (3.22) into (3.20), we get

0 ≥ 2k|∇u|2
v

− φ′
(
log σk(A

λ
g )− log f(x)

)
+ kφ′

+Qij (φ′′ − (φ′)2 − φ′) uiuj + 1
σk(W )

φ′
(

(λ−1)
(n−2)

+ (λ−2)
2

) ∑
l T

ll|∇u|2

+<∇f(x),∇u>
vf(x)

− 1
σk(W )

φ′(Aλ
g0

)ijT
ij
k−1

− 1
vσk(W )

(Aλ
g0

)ijlT
ij
k−1ul + 1

v
QijRjlipulup.

(3.23)

It is clear that ‖Rijkl‖g0 , (Aλ
g0

)ijl and φ are all bounded. Now the remaining proof
is same as [16] (see [11] also).

3.3 C2-estimate

Proposition 3.4 There is a constant C depending only on g0, f(x), k, n and
λ(λ > n− 1) such that for any solution u(x, t) of flow (3.3),

|∇2
g0

u(x, t)|g0 ≤ C

for all (x, t) ∈ Mn × [0, T ).

Proof. We use the idea of [10] to prove this proposition. If k ≥ 2 and (wij) ∈ Γ+
k ,

we know |wij| ≤ C1tr (wij), i.e.

|uij| ≤ C1

(
|4u|+ |∇u|2 + 1

)
.

Because

tr (wij) = tr

(
λ− 1

n− 2
(∆u)g0 −∇2u + du⊗ du− 2− λ

2
|∇u|2g0 + Aλ

g0

)
> 0

i.e. ∆u ≥ C, we only need to prove ∆u has upper bound. Consider

G := 4u + m|∇u|2

on M × [0, T ] for a given T ∈ (0, T ∗), here m is a constant to be fixed later. Assume
G achieves the maximum at (x0, t0) ∈ M × [0, T ]. Without loss of generality, we
may assume that G(x0, t0) ≥ 1. At (x0, t0), we have

Gt =
∑

l

(ullt + 2multul) ≥ 0, (3.24)

Gi =
∑

l

(ulli + 2muliul) = 0, ∀i. (3.25)
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By Ricci identity and (3.25), we have at (x0, t0),

|∑
l

ulli| ≤ cG ∀i, |ulij − uijl| ≤ C, and |ullij − uijll| ≤ CG.

Let F = log σk(W ) and F ij = ∂F
∂wij

=
T ij

k−1
(W )

σk(W )
. We assume that (wij) is diagonal at

x0, so (F ij) and

Qij = 1
σk(W )

(
λ−1
n−2

(∑
l T

ll
k−1(W )

)
δij − T ij

k−1(W )
)

= λ−1
n−2

(∑
l F

ll
)
δij − F ij

(3.26)

are also diagonal at that point. Since (Qij) is positive definite, we have

0 ≥ ∑
ij QijGij =

∑
i,j,l Q

ij (ullij + 2muliulj + 2mululij)

≥ ∑
ijl Q

ij (uijll + 2muijlul) + 2m
∑

ijl Q
ijuliulj − c(

∑
i F

ii)G.
(3.27)

In view of (3.14),

−F ijuijll = F ijwijll − λ−1
n−2

(∆u)ll
∑

p F pp

−F ij
(
uiuj − 2−λ

2
|∇u|2δij

)
ll
− F ij

(
Aλ

g0

)
ijll

.

By the concavity of F , we have

Qijuijll =

(
λ− 1

n− 2
(
∑

l

F ll)δij − F ij

)
uijll

= F ijwijll − F ij

(
uiuj − 2− λ

2
|∇u|2δij

)

ll

− F ij
(
Aλ

g0

)
ijll

≥ 4F − F ij

(
uiuj − 2− λ

2
|∇u|2δij

)

ll

− c

(∑

i

F ii

)
G. (3.28)

Similarly

−F ijuijlul = F ijwijlul − λ−1
n−2

(4u)l ul
∑

p F pp − F ij
(
uiuj − 2−λ

2
|∇u|2δij

)
l
ul

− F ij
(
Aλ

g0

)
ijl

ul

(3.29)
and

2mQijuijlul = 2m
(

λ−1
n−2

(
∑

l F
ll)δij − F ij

)
uijlul

≥ 2mFlul − 2mF ij
(
uiuj − 2−λ

2
|∇u|2δij

)
l
ul

−c (
∑

i F
ii) G

(3.30)
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Since

F = 2
du

dt
+ 2ku + log f(x),

we have
4F =

∑

l

2utll + 2k∆u + ∆ log f(x)

and
2mFlul = 4multul + 4mk|∇u|2 + 2m(log f(x))lul.

Substituting (3.28) and (3.30) into (3.27), we get

0 ≥ 2 (∆ut + 2multul) + 2k∆u + 4km|∇u|2 + ∆ log f(x)

+2m (log f(x))l ul − 2
∑

i,j,l F
ijuilujl + (2− λ)

(∑
p F pp

)
ulkulk

+2mQijuilulj − c (
∑

i F
ii) G.

(3.31)

By (3.24), we obtain

C ≥
(

2mQii − (λ− 2)
∑
p

F pp − 2F ii

)
uiluil − C

(∑

i

F ii

)
G. (3.32)

Since λ > n− 1, there exists a constant ε0 such that λ−1
n−2

≥ 1 + ε0, then

Qii =
λ− 1

n− 2

∑
p

F pp − F ii ≥ ε0

∑
p

F pp,

If we take m large enough, we get

C ≥
(∑

p

F pp

)
uiluil − C

(∑

i

F ii

)
G

≥ 1

n

(∑
p

F pp

)
(4u)2 − C

(∑

i

F ii

)
G

≥ 1

n

(∑
p

F pp

) (
G2 − CG

)
.

Then the Newton-Maclaurin inequality yields G < C.

3.4 Long Time Existence and Convergence

By (3.7) and above a priori estimates, we get

Proposition 3.5 For λ > n − 1, flow (1.1) exists for all t > 0, and the equation
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(1.1) is uniform parabolic.

Now by Krylov’s theorem [13] and the standard theory of parabolic equations,
we have

Proposition 3.6 Flow (1.1) with an initial metric in C4+α(0 < α < 1) admits a
unique C4+α,2+α solution in [0,∞). For any positive integer l, there exists constant
C depending only on g0,f(x),k, n, λ(> n− 1) and l (independent of t), such that

||g||Cl(M) ≤ C,

where the norm are taken with respect to the background metric g0.

Proof of Theorem 1.1 By (3.6), we have

| log σk(A
λ
g )− log f(x)| ≤ Ce−kt. (3.33)

Then the convergence is directly from propositions 3.5, 3.6 and inequality (3.33).

4 Proof of Theorem 1.2

Suppose (M, g0) be a compact, connected and locally conformally flat n-manifold
(n ≥ 3), the metric g0 is smooth with its modified Schouten tensor Aλ

g0
∈ Γ−k and

λ ≥ n− 1. We now consider the curvature flow (1.2). Let g(t) = e−2u(t)g0. By (3.1),

Sλ
g = −Aλ

g = Sλ
g0
−∇2u− 1− λ

n− 2
(∆u)g0 − du⊗ du +

2− λ

2
|∇u|2g0, (4.1)

where the covariant derivatives are taken with respect to the background metric g0.
Then equation (1.2) can be rewritten as





2du
dt

= log σk(S
λ
g )− log rk

u(x, 0) ≡ 0
(4.2)

or 



2du
dt

= log σk(W ) + 2ku− log rk

u(x, 0) ≡ 0
(4.3)

where

W =
λ− 1

n− 2
(∆u)g0 −∇2u− du⊗ du +

2− λ

2
|∇u|2g0 + Sλ

g0
. (4.4)

In the same way as Lemma 3.1, we have

Lemma 4.1.

d

dt

(
log σk(S

λ
g )

)
=

1

2
Qij

λ (∇2
g(t))ij

(
log σk(S

λ
g )− log rk

)
+ k

(
log σk(S

λ
g )− log rk

)
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where

Qij
λ =

1

σk(Sλ
g )

(
λ− 1

n− 2

(∑

l

T ll
k−1(S

λ
g )

)
gij(t)− T ij

k−1(S
λ
g )

)
. (4.5)

By the standard implicit function theorem we have the following short time
existence.

Proposition 4.1. For any g0 ∈ C2(M) with Aλ
g0
∈ Γ−k , there exists a positive

constant T ∗ such that flow (1.2) exists and is parabolic for t ∈ [0, T ∗), and for any
T (< T ∗),

g ∈ C3,α([0, T ]×M), 0 < α < 1 and Aλ
g(t) ∈ Γ−k .

Here T ∗ is the maximal time such that Aλ
g(t) ∈ Γ−k .

Since Aλ
g(t) ∈ Γ−k , we have

σ1(A
λ
g(t)) = tr (Aλ

g(t)) < 0

i.e.
1

n− 2

(
2(n− 1)− nλ

2(n− 1)

)
R < 0,

when λ ≥ n − 1. This means that R > 0. Since (M, g0) is locally conformally flat
n-manifold (n ≥ 3), by [7], we have

|∇u|g0 ≤ C, on M × [0, T ∗), (4.6)

where ∇ is taken with respect to g0, C is independent of T ∗.
For C2 estimate, we have

Proposition 4.2 There is a constant C depending only on g0, k, n and λ(λ ≥
n− 1) such that for any solution u(x, t) of flow (4.3),

|∇2
g0

u(x, t)|g0 ≤ C

for all (x, t) ∈ Mn × [0, T ).

Proof. We assume k ≥ 2 and λ ≥ n− 1. let

G = 4u + m|∇u|2,

Qij =
1

σk(W )

(
λ− 1

n− 2

∑

l

T ll
k−1(W )δij − T ij

k−1

)
.

Assume G achieves the maximum at (x0, t0) ∈ M × [0, T ], as in the proof of propo-
sition 3.4, we have at (x0, t0)

0 ≥ QijGij ≥ −4kG + 2
∑

i,j,l F
ijuilujl

+(λ− 2)(
∑

p F pp)
∑

k,l u
2
kl + 2m

∑
i,j,l Q

ijuliulj − c(
∑

i F
ii)G,

(4.7)
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where F = log σk(W ) and F ij = ∂F
∂wij

=
T ij

k−1(W )

σk(W )
. Let (wij) is diagonal at (x0, t0),

then (F ij) and (Qij) is also diagonal at the point.
We now consider two cases.

Case 1. λ > n− 1.
Then

Qij =
λ− 1

n− 2
(
∑
p

F pp)δij − F ij ≥ ε0(
∑
p

F pp)δij, (4.8)

where ε0 = λ−(n−1)
n−2

> 0. Consequently,

2mQijuliulj ≥ 2mε0(
∑

p F pp)
∑

l,i u
2
li

≥ 2m
n

ε0(
∑

p F pp)(4u)2

≥ 2m
n

ε0(
∑

p F pp)G2 − c(
∑

i F
ii)G.

(4.9)

Using (4.9) in (4.7), we can easily obtain G < C if we choose m > 0 large enough.

Case 2. λ = n− 1.
In this case,

Qij =

(
(
∑
p

F pp)δij − F ij

)
.

Then

2m
∑

i,j,l

Qijuliulj + 2
∑

i,j,l

F ijuliulj = (2m− 2)
∑

i,j,l

Qijuliulj + 2
∑
p

F pp
∑

k,l

u2
kl. (4.10)

But ∑
i,j,l Q

ijuilulj =
∑

i,l

(∑
j 6=i F

jju2
il

)

≥ ∑
i

(∑
j 6=i F

jju2
ii

)

=
∑

i F
ii

(∑
j 6=i u

2
jj

)

By (4.4), we have

wii =
∑

j 6=i

ujj − (ui)2 +
3− n

2
|∇u|2 + (Sλ

g0
)ii.

Then by (4.6)

∑

i

F ii


∑

j 6=i

u2
jj


 ≥ 1

n− 1

∑

i

F iiw2
ii − C

∑

i

F iiG.

It is shown in [10] that

∑

i

F iiw2
ii ≥

k

n
σ1(W ) ≥ k

n
(n− 1)∆u− C.
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Then (4.10) becomes

2m
∑

i,j,l Q
ijuliulj + 2

∑
i,j,l F

ijuliulj

≥ k(2m−2)
n

G− (2m− 2)C
∑

i F
iiG + 2(

∑
p F pp)

∑
k,l u

2
kl − C.

(4.11)

Substituting (4.11) into (4.7) and taking m large enough, we have

C
∑

i

F iiG2 ≤ (n− 1)(
∑
p

F pp)
∑

k,l

u2
kl ≤ C

∑

i

F iiG

which implies G ≤ C.

By the method of [10], we can prove

Proposition 4.3. Suppose g(t) is a solution of equation (1.2) with the initial met-
ric g0 on the time interval [0, T ∗), then there is a positive constant c > 0 depending
on g0, k , n (independent of t), such that ∀t ∈ [0, T ∗),

σk(g(t)) ≥ ce−
et

c .

Therefore, flow (1.2) exists for all t > 0. A simply modification as in [10], we
also have

Proposition 4.4. There is a constant C0 > 0 independent of t such that

σk(g)(t) ≥ C0, for t ∈ [0, +∞).

Proof of Theorem 1.2 By (4.6) and propositions 4.2 and 4.4, we know flow (1.2)
is uniformly parabolic. Then by Krylov’s theorem [13] and the standard theory of
parabolic equations, we obtain Theorem 1.2.

5 Proof of Theorem 1.3

In this section, we suppose (M, g0) be a compact, connected and locally conformally
flat n-manifold (n ≥ 3), the metric g0 is smooth with its modified Schouten tensor
Aλ

g0
∈ Γ+

k and λ < 1. We consider the curvature flow (1.3). To prove Theorem 1.3
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we argue as section 4. Here we only indicate the outline of the proof. At first we
Let g(t) = e−2u(t)g0. By (3.1),

Aλ
g = Aλ

g0
+∇2u +

1− λ

n− 2
(∆u)g0 + du⊗ du− 2− λ

2
|∇u|2g0, (5.1)

where the covariant derivatives are taken with respect to the background metric g0.
Then equation (1.3) can be rewritten as





2du
dt

= log σk(A
λ
g )− log rk

u(x, 0) ≡ 0
(5.2)

or 



2du
dt

= log σk(W ) + 2ku− log rk

u(x, 0) ≡ 0
(5.3)

where

W =
1− λ

n− 2
(∆u)g0 +∇2u + du⊗ du− 2− λ

2
|∇u|2g0 + Aλ

g0
. (5.4)

We can derive following evolution equation

d

dt

(
log σk(A

λ
g )

)
=

1

2
Qij

λ (∇2
g(t))ij

(
log σk(A

λ
g )− log rk

)
+ k

(
log σk(A

λ
g )− log rk

)

where

Qij
λ =

1

σk(Aλ
g )

(
1− λ

n− 2

(∑

l

T ll
k−1(A

λ
g )

)
gij(t) + T ij

k−1(A
λ
g )

)
. (5.5)

Then the short time existence of the flow (1.3) follows from the implicit function
theorem.

Since Aλ
g(t) ∈ Γ+

k , we have

σ1(A
λ
g(t)) = tr (Aλ

g(t)) > 0.

Therefore R > 0 when λ < 1. Since we assume (M, g0) is locally conformally flat
n-manifold (n ≥ 3), by [7], we have the following C1-estimate

|∇u|g0 ≤ C, on M × [0, T ∗), (5.6)

where ∇ is taken with respect to g0, C is independent of T ∗.
For C2-estimate, we consider the same function G as the previous sections

G = 4u + m|∇u|2.
We denote

Qij =
1

σk(W )

(
1− λ

n− 2

∑

l

T ll
k−1(W )δij + T ij

k−1

)
.
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Assume G achieves the maximum at (x0, t0) ∈ M × [0, T ], as in the proof of
proposition 3.4, we have (3.24) and (3.25) at (x0, t0). Let F = log σk(W ) and

F ij = ∂F
∂wij

=
T ij

k−1
(W )

σk(W )
. We assume that (wij) is diagonal at x0, so (F ij) and

Qij =
1− λ

n− 2

(∑

l

F ll

)
δij + F ij (5.7)

are also diagonal at that point. Then at (x0, t0) we have

0 ≥ ∑

ij

QijGij =
∑

i,j,l

Qij (ullij + 2muliulj + 2mululij) .

By Ricci identities and straightforward computation, we have

0 ≥ −4kG + (2− λ)(
∑

i F
ii)

∑
j,l u

2
jl + 2m

∑
i,l Q

iiu2
il

−2
∑

i,l F
iiu2

il − C(
∑

i F
ii)G.

(5.8)

The term ∑

i,l

Qiiu2
il ≥

∑

i,l

F iiu2
il + (

1− λ

n− 2
)(

∑

i

F ii)u2
11

where we assume |u11| ≥ |uii| for all i = 1, · · · , n, and ∆u =
∑

i uii ≤ n|u11|. Now
we choose m large enough, so that (5.8) becomes

0 ≥ −4kG + 2m( 1−λ
n−2

)(
∑

i F
ii)u2

11 + (2− λ)(
∑

i F
ii)

∑
j,l u

2
jl − C(

∑
i F

ii)G

≥ −4kG +
(
(2m(1−λ)

n(n−2)
)(

∑
i F

ii)G2 − C(
∑

i F
ii)G

)

+
(

2−λ
n

(
∑

i F
ii)G2 − C(

∑
i F

ii)G
)
− C(

∑
i F

ii)G

≥ C(
∑

i F
ii)G2 − C(

∑
i F

ii)G.

Consequently we have G ≤ C. Thus we obtain the C2-estimate.
With obvious modifications as [10], we can prove

σk(g)(t) ≥ C0, for t ∈ [0, +∞)

where the constant C0 is independent of t. Then flow (1.3) is uniformly parabolic.
By Krylov’s theorem [13] and the standard theory of parabolic equations, Theorem
1.3 follows.
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