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Abstract

In this paper we study the long time existences for a class of fully nonlinear
parabolic equations arising from conformal geometry. Especially we prove that
every smooth compact n dimensional manifold, n > 3, admits a Riemannian
metric g with its Ricci curvature Ric and scalar curvature R satisfying

det(Ric — R - g) = const..

1 Introduction

Let (M™,g) be a compact, n-dimensional connected smooth Riemannian manifold,
n > 3, and let the Ricci tensor and the scalar curvature be denoted by Ric and R(or
R,), respectively. In [11], Gursky and Viaclovsky introduced following modified

Schouten tensor )
AN = ——(Ric, —

g n—2

ng'g),

where A € R. When A =1, A;\ is just the classical Schouten tensor; while A = n—1,
it is just the Einstein tensor which is important for gravity in General Relativity.

!The work supported by NNSFC (no. 10471122) and the Zhejiang Provincial Natural Science
Foundation of China (n0.102033). The work was partially done while the first author was visiting
the Institute for Mathematical Sciences, National University of Singapore in 2004. The visit was
supported by the Institute.
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We are interested in deforming the metric in the conformal class [go] of a fixed back-
ground metric gg to certain extremal metric with respect to the modified Schouten
tensor alone some suitable flows.
Let (A1,--+, \n) € R™. Werecall the elementary symmetric functions as functions
on R"
ks ) = T ez A

ik7
and define
Tf ={A= (1, \) € R" | o5(A) >0, <k}

We also define T'y, = —T'}.

For a symmetric linear transformation A : V' — V| where V is an n-dimensional
inner product space. The notation A € F,:f means that the eigenvalues of A lie in
the corresponding set. We note that this notation also makes sense for a symmetric
tensor on a Riemannian manifold.

The op-scalar curvature of g with respect to the scale A can be defined by

(A7) = ok(g™" - A7),

where g~' - A) is defined locally by (¢7' - A)i = ¢"(A});;. When k = 1, oy-scalar
curvature is just the scalar curvature R (upto a constant multiple).
The o0, Yamabe problem is to solve the equation

ok(A}) = constant,

where § = e?“g is a conformal metric. Notice that for ¥ = 1 and A = 1, this is
just the Yamabe equation which has been solved by Yamabe, Trudinger, Aubin and
Schoen ect.(see [14] for details). For A = 1 and A, € '}, in [22], Viaclovsky initiated
the study of the o, Yamabe problem with k£ > 1. By use of elliptic approach, A.
Li and Y. Y. Li obtained the existence for locally conformally flat manifolds ([15]).
Meanwhile, this problem was studied by Guan and Wang in [10] by a fully nonlinear
flow. They proved the convergence of the flow in C'**° to a solution of this equation for
k # n/2 on locally conformally flat manifolds. Brendle and Viaclovsky [1] extended
their result to the remaining case k = n/2. Chang, Gursky and Yang succeeded to
solved the equation for oy in dimension 4 (see [4]).

In another aspect, if A < 1 and Ag € I',, in [11], Gursky and Viaclovsky proved

that there exists a unique conformal metric § = e?“g satisfying U;/ k(Ag‘) = f(x) for
any smooth negative function f(z) < 0 on M™. As its consequence, they proved
that every smooth compact n-manifold, n > 3, admits a Riemannian metric with
Ric < 0 and its determinant det(Ric) = constant. By use of a fully nonlinear
curvature flow, Li and Sheng [16] proved that any such metric g can always be
deformed to a conformal metric with constant oj-scalar curvature at exponential
rate.
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In this paper, we establish several appropriate curvature flows, and study the

deformation of some given metric go in its conformal class [go] under these curvature
flows to some extreme metric. Each of our results corresponds to the initial metric
go satisfying one of the following conditions:
(CL)A >n—1 and Ay €T} ;
(C2)A >n—1 and Ay €Ty ;
(C3)A < 1 and A) €Ty.

For simplification, we denote

A A
)= — A,

g

Then S € T} if A} € T';. If the initial metric gy satisfies (C1), we consider the
following curvature flow

{ dg = (logop(A)) —log f(z))-g, flx)>0
g(0) = go, A>n—1,

(1.1)

where f(x) > 0 is any given smooth function on M™. We prove following

Theorem 1.1. Suppose (M, go) be a compact, connected n-manifold (n > 3). As-
sume that the metric go is smooth with its modified Schouten tensor Ago eIy and
A >n—1, then flow (1.1) exists for all time 0 < t < oo and g(t) € C>*°(M) with
A;\(t) € T for all t. For any positive integer , there exist positive constants C
depending only on go, f(x), k, n and | (independent of t), such that

gllcian < € and Jim ||Uk(A2(t)) — f(@)llcrary =0

where the norm are taken with respect to the background metric go. Furthermore,
{g(t)} converges smoothly to a unique metric g at exponential rate ast — oo and

or(A7) = f ().

By Theorem 1.1, we have the following

Corollary 1.1. If (M, go) is a compact and connected n-manifold (n > 3) and
its modified Schouten tensor Ago € T} and A > n—1, then there is a smooth metric
g i [go] such that the corresponding oy-scalar curvature oy, (Ay)) is a constant.

When X = 2(n — 1), if Ricci curvature Ricg, < 0, then A} € T'f. But every
smooth compact n-manifold, n > 3, always admits a Riemannian metric with Ric <
0 ([2], [18]). Therefore we have
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Corollary 1.2.  Every smooth compact n dimensional manifold, n > 3, admits a
Riemannian metric g with its Ricci curvature satisfying

det(Ric — R - g) = const..

If the initial metric gy satisfies (C2), we propose following curvature flow

29 = —(logow(S)) —logri(Sy)) - g, (1.2)
g(O> = Yo, )\Zn_la '

where r4(S;) is given by

1

vol(g)

log rk(Sg‘) = /M log Jk(S;\)dvol(g).

Theorem 1.2. Suppose (M, go) be a compact, connected and locally conformally
flat n-manifold (n > 3). Assume that the metric gy is smooth with its modified
Schouten tensor A;‘O e I', and X > n — 1, then flow (1.2) exists for all time
0<t<ooandg(t) e C®(M) with A;\(t) e 'y forallt.

If the initial metric gy satisfies (C3), we consider the following flow which pro-
posed by Guan and Wang ([10])

{ 29 = —(logog(A)) —logri(A})) - g,

g(0) = g0, A<1, (1.3)

where 75,(A)) is the same as in equation (1.2).

Theorem 1.3. Suppose (M, gy) be a compact, connected and locally conformally
flat n-manifold (n > 3). Assume that the metric gy is smooth with its modified
Schouten tensor A;O e T} and X\ < 1, then flow (1.8) exists for all time 0 < t < co
and g(t) € C*(M) with Ay, € T} for all t.

Remark 1.1. In Theorem 1.2 and 1.3, we only obtain the long time existence for
each flow. These results can be regarded as the continuance of the works in [10] and
[16], as well as in [23].

This paper is organized as follows. In section 2, we recall some basic properties
of o). In section 3 we reformulate equation (1.1) in terms of other scalar functions
and establish a priori estimates for admissible solutions, then prove the long time
existence and the exponentially convergence of the flow. In section 4 we establish
a priori estimates for equation (1.2) and prove the long time existence. In section
5, by use of the same idea in section 4, we give the outline of the proof of Theorem
1.3.
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2 Preliminaries

In this section, we recall some basic properties of oy, all of which can be found in
[8] or [22].

Let A : V — V be a symmetric linear transformation, where V is an n-
dimensional inner product space. For 0 < g < n, the gth Newton transformation
associated with A is

Ty(A) = 0,(A) - T = 0y 1 (A) - At o+ (~1)A%

If A; are the components of A with respect to some basis of V', then

i 1 iyigi i J
q<A)j - afsﬁ...j‘;jAﬁ o 'Aij'

Here 5;1;‘;; is the generalized Kronecker delta symbol, and we are using the Einstein

summation convention.

We note that if A: R — Hom(V,V), then

d ;d i i d
Zoe(AR)) = D1 (A() 7 AR)i = Ti-a (A1) AE)is-

We also note the identities
Too1(A)SAD = kow(A),
tr kal(A) = Tk,1<A)z = (n —k + 1)0’]{,1(14).
The following Proposition describes some important properties of the cone Ff, and
their relation to the Newton transformations:

Proposition 2.1. (i) Each set 'y is an open convex cone.
(ii) If the eigenvalues of A are in Ty, then Ty_; is positive definite.

1/k
(111) log oy, and o, are concave.

3 Proof of Theorem 1.1

3.1 Short Time existence and C'-estimate

In this section we suppose the initial metric gy is smooth with its modified Schouten
tensor Ay € I'f and A > n — 1, we consider the curvature flow (1.1). Let g(t) =
€2u(t)907 by [11]

1—-A 2—-A
A;‘ = A;\[) — Viu — H(Au)go + du ® du — T]Vu|290. (3.1)
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Here all covariant derivatives are taken with respect to the background gy. Then
equation (1.1) can be written as

2%‘ = log Uk(A2> —log f(x) (3.2)
u(z,0) =0
or J
2% — log o, (W) — 2ku — lo T
% — log oy (W) g f(@) (3.3)
u(z,0) =0
where )\ 9 _
W:n_2(Au)go—V u+du®du——|w| 9o + Agy, (34)
and
oe(W) := or(gy 'W).
Lemma 3.1. We have
Gilogon(A)) = 3QY(V2y)y (logon(A)) — log f(x)) (3.5)
—k (log or(A}) —log f(fl?))
where \
. 1 iJ
i 1 A _ 7 A
YT () (n—? (ZT’“ i )> " T'H(Ag))

Proof. 1t is easy to see that

Lon(A)) = Ta(A))id(g7tA))]

Jdt

= —kow(A)) (log o(A)) —log f(2)) + tr (Th_1(A})g ™ &£ A))

dt

and
LAY = V2% 2= Ag (%) g(t)
= Vga (logak(AQ) — log f(x))
Q(An 12 Ay (log or(A)) —log f(x)) g(t).
Then

don(A)) = P ST (AN A (log ok(A)) — log f(x))
—3tr (Tk (A))Ve, (log or(Ay) —log f(x)))
—kow(AD) (1ogak<A ) — log f(x))
which implies (3.5). O
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Because f(z) is independent of time, we have

4 (logor(A)) —log f(z)) = 3QF(V2,)i; (logoi(A)) —log f(x))

3.6
—k (log or(Ay) —log f(w)) : (36)

The maximum principle then implies
Cy <log ak(Ag‘) <0, e < ak(Ag) < e (3.7)

for some constants C; and Cy depending only on f(x) and go.
Since A2<0) € I}, flow (1.1)( and (3.5)) is parabolic near ¢t = 0. By the standard
implicit function theorem, we have the following short time existence.

Proposition 3.1. For any go € C*(M) with A) € Ty, there exists a positive
constant T* such that flow (1.1) exists and is parabolic for t € [0,T*), and for any
T(<T%),
geC™(0,T] x M), 0<a<1 and A), €T}.

Here T* 1is the maximal time such that A;‘(t) e}t
Proposition 3.2  Suppose A;\O € I} for some A\ >n—1. Let g(x,t) = e*®8 gy ()
be a solution to equation (3.2) on M x [0,T)(T < T*) with g(0) = go. Then there
exist constants § and § depending only on go, f(x), k, n, X (independent of T) such
that

d <wu(x,t) <0, (3.8)

Proof. By (3.2) and (3.3), we have

2ku = log o, (W) —log o (A))
= logoy(2=2(Au)go — Vu + du ® du — 22| Vul? (3.9)

n—

+A;) —log oy (A)).
Since M is compact, u(z,t) has the maximum at (zg,tg) € M x [0,7]. By (3.9)

2ku(xg,tg) < log Uk(A;;\o) — log ak(A;\)(xo, to)
< logok(A;,,) — Cy < 0.

Similarly, we also can take an appropriate constant 0 satisfying u(x,t) > 0. U



A class of fully nonlinear equations arising from conformal geometry 8

3.2 (l-estimate

Proposition 3.3 There is a constant C depending only on go, f(x), k, n and
AA > n —1) such that for any solution u(x,t) of flow (3.3),

Vgou(z,t)]g, <C

for all (x,t) € M"™ x [0,T).
Proof. The proof is similar to that in [16], where

1—A 2—-A

W = Sg‘o + V2u + 72(Au)go —du ® du + T|Vu\2go,

n J—
and A < 1. We sketch the proof and indicate some minor changes. We first consider
the following function

Vul®
2

H(z,t) = (1+ )ed®)

Y

where ¢ : R — R is a function of the form
o(s) = C1(Cy+ 5)P > 0,

and § < s < 4. The constants C;, Cy and p depends only on § and §, such that the
function ¢(s) satisfies ¢'(s) > 0 and ¢”(s) — (¢/(s))? — ¢/(s) > 0. It is proved in [11]
that such function ¢(s) is always existed. V and |- | are taken with respect to go.

Suppose the maximum of H occurs at (zg,ty) € M x [0,T]. We take a normal
coordinate system (z!,... ™) with respect to go. Then at (p,to) € M x [0,T] we
have

o) [Vul®\ s o

0 < Hy = wuye®™™ + (14 T)e o'uyg, (3.10)
v 2
0= H; = wuye®™ + (1+ | 2u| )e‘z’(“)(b'ui, (3.11)
and
0 Z Hij = uljulied’(“) + ululije¢(“) -+ ululie¢(“)¢’uj + ululje‘f’(“)dui (3 12)
+ (14 555 (¢ 2uiu; + ¢ uiu; + ¢ug). ‘
Define \

5 1 1 g
W) = TE  (W)s:: — T2, (W 3.13
Q) = i (A TV L) @)

where W = (w;;) be a matrix defined by

A—1

2—A
" — 2AU(5U — Uiy + UUy; — T‘VUP(SZJ + (A;\O)ij' (314)

wij =
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Obviously, (Q%) is positive definite.

Let v =1+ Y2 then by (3.11), (3.12) implies

0> ;Q”ululij + Q7 (¢" — (¢))uiuy + ¢'ui; QY (3.15)
since QYuyuy; is nonnegative. By (3.14) and T} jwy; = ko (W), we get
QUuij = Sy (ko(W) = Tilyuiu (3.16)
+%|VU|2 2 Tif:l—l - (A;\o)ijle]—O-
Since
Q" ugjuy = —;TU Uiy + LAl ZTpp Zu U (3.17)
vy O'k(W) k—1%19 O'k(W) n—2 . k—1 . qqt s
by (3.14) and (3.11), and the fact
1
o7 i wis = (logog(W)), = (2uy + 2ku + log f(x)),, (3.18)
we have
QUuiru = (2uy + 2ku +log f(2)), w + 5y (2¢"UT,?;1uiuj (319

+ (A= 2)¢|Vul? 2, T8 — (AT ) -

By the Ricci identity we have w;; = wi + Rjipu, where Ry, is the Riemannian
curvature tensor of (M, go). By (3.15), (3.16) and (3.19), together with above Ricci

identity, we have

0 > %(2u + 2ku+log f(x)),w + ng/T,ﬁ{luiuj

L 4 -
— o (A5 Ty — oo (Ao )i Til v
+3QY Ryipurty.

By (3.2) and (3.10), we have

1

1
- = —du. = —=¢' 3.21
Uuzult Oluy 2¢ ( )

(log o (4) — log f(x))

which is bounded. By (3.13) we also have

1
Uk(W)

Ve a ¥ Ay Do) SR 1 ()‘_1)/ il 2
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Substituting (3.21) and (3.22) into (3.20), we get

0 > 2y (logoy(A)) — log f(x)) + ke/
+QY (¢ — (¢) —ezs)uiuj i (8 + 952 o TV

(3.23)
+<V{J(f()gj,)v = — ¢,( ) kj 1
—W(A;\o)ilek—lul + ;Q lez-pulup.

It is clear that || Rijkllge, (Aj,)ije and ¢ are all bounded. Now the remaining proof
is same as [16] (see [11] also) O

3.3 (?-estimate

Proposition 3.4 There is a constant C depending only on go, f(x), k, n and
AA > n — 1) such that for any solution u(x,t) of flow (3.3),

’vf]ou(x? t)|90 S C

for all (z,t) € M™ x [0,T).

Proof. We use the idea of [10] to prove this proposition. If k > 2 and (w;;) € 'y,
we know |w;;| < Citr (w;;), i.e.

Jui| < Cy (|Au] + | Vul? +1) .

Because
A — 9 2 —
tr (wy;) = tr - (Au)go—V u+du®du—7\Vu\ go+A >0

i.e. Au > C, we only need to prove Au has upper bound. Consider
G := Au+ m|Vul?

on M x [0,T] for a given T' € (0, 7*), here m is a constant to be fixed later. Assume
G achieves the maximum at (zg,ty) € M x [0,7]. Without loss of generality, we
may assume that G(zo,tp) > 1. At (x¢,t0), we have

G, = Z (uye + 2mugy) > 0, (3.24)
]

G; = Z(ulli + 2muliul) =0, V. (325)
l
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By Ricci identity and (3.25), we have at (x, ty),

1> w <G Vi, |wg —wi| <O, and Jugiy — wigu] < CG.
;

TI:j_l(W
(W)

Let F =logoy(W) and F = 2 — ). We assume that (w;;) is diagonal at

) v
xg, so (F") and

Qi = s (25 (ST (W) 0y = TE, (W)

) (3.26)
- (S )a, P
are also diagonal at that point. Since (Q%) is positive definite, we have
0 > >, QG =31 QY (uuy + 2mugug; + 2muguy;) (3.27)

> Y QY (wigu + 2mugiu) + 2m Xy QUuiiuy; — o, F*)G.
In view of (3.14),
—Flujy = Fwi — 3= (Aun S, F”
iJ (qpay, — 222 25,;) — F9 (A
— v (Uluj P) |VU‘ 52])” £ (Ago)ijll ’

By the concavity of F', we have

n

- A—1 g
Q7uijy = ( _ 2(2 Fll)5ij - F”) Uiju
l

y . 2-A ij
= FYwy — FY <uz’uj - 2]Vu|25¢j> — (AA )ijll

g0
i

’ 2—-A
Z AF — FY (uiuj - 2‘VU|25U>

—c (Z F) G. (3.28)

l

Similarly
—Fiugw = Flwgu — 2= (Au),w Y, FPP — F9 (uiuj — %|VU|25M)I u
i (AN
B4 (Ago)ijl t
(3.29)
and

2inj“ijl“l = 2m (%(Zl F”)%’ - Fij) W51y
2mEFu; — 2mFY9 (u,-uj - %|Vu|25ij)l w (3.30)
(X, PG

v
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Since J
F = 2d—1; + 2ku + log f(z),
we have
AF = Z 2uy + 2kAu + Alog f(z)
/
and

2mEu; = 4muyu + 4mk|Vul* + 2m(log f(z)) .
Substituting (3.28) and (3.30) into (3.27), we get

0 > 2(Aus + 2muywy) + 2kAu + 4km|Vul? + Alog f(x)
+2m (log f(x)), w — 2%, ;; FPuquj + (2 — X) (Zp Fpp) wpuge  (3:31)
+2mQYuyu; — ¢ (32 F™) G.

By (3.24), we obtain
C > <2mQ”’ —(A=2)> FP— 2F> uguy — C (Z F) G. (3.32)
p %

Since A > n — 1, there exists a constant £y such that % > 1+ €p, then

Qii: )\_;ZFPP_FMZEOZFppu
p

n—za7

If we take m large enough, we get
<ZF;D;D> U Ui — C (ZF”) G
P i
(Z Fpp> (Au)* = C (Z F) G
" :

(; Fpp> (¢*-ca). |

Then the Newton-Maclaurin inequality yields G < C. U

C

v

>

>

Sl 3

3.4 Long Time Existence and Convergence

By (3.7) and above a priori estimates, we get

Proposition 3.5 For A >n —1, flow (1.1) exists for all t > 0, and the equation
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(1.1) is uniform parabolic.

Now by Krylov’s theorem [13] and the standard theory of parabolic equations,
we have

Proposition 3.6 Flow (1.1) with an initial metric in C*T*(0 < a < 1) admits a
unique CAT2a solution in [0,00). For any positive integer |, there exists constant
C' depending only on go,f(x),k, n, A(>n —1) and [ (independent of t), such that

lgller(M) < €,

where the norm are taken with respect to the background metric gq.

Proof of Theorem 1.1 By (3.6), we have
| log ak(Ag) —log f(x)| < Ce™™, (3.33)

Then the convergence is directly from propositions 3.5, 3.6 and inequality (3.33). 0

4 Proof of Theorem 1.2

Suppose (M, go) be a compact, connected and locally conformally flat n-manifold

(n > 3), the metric go is smooth with its modified Schouten tensor A € I'; and

A > n—1. We now consider the curvature flow (1.2). Let g(t) = e 2 gy. By (3.1),

1—2A 2— A

A A A 2 2

where the covariant derivatives are taken with respect to the background metric go.
Then equation (1.2) can be rewritten as

24 — Jog o (S)) — logry (42)
u(z,0) =0 '
or ;
2% = log 0, (W) + 2ku — log 7, (4.3)
u(z,0) =0
where
A—1 , 2\ R
W:m(Au)gg—V u—du@du+T|Vu| 9o + Sy - (4.4)

In the same way as Lemma 3.1, we have

Lemma 4.1.

d 1 .
7 (logan(5))) = 5@ (V)i (log 0 () — log i) + k (log i (57) — log )
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where

N 1 A—1 g g
ij Tll S/\ U(t) — T’Lj S)\ ) 4.5
- ot (B (E ) 0 - ms) (45)
By the standard implicit function theorem we have the following short time

existence.

Proposition 4.1. For any go € C*(M) with A) € T}, there exists a positive
constant T* such that flow (1.2) exists and is parabolic for t € [0,T*), and for any
T(< T%),

g€ C*([0,T) x M), 0 <a <1 and Ag(t) el

Here T™ is the mazimal time such that A;‘(t) el

Since A;‘(t) € I';, we have

g(t
1 (2(n—1)—n\
<(” ) n>R<Q

n—2 2(n—1)

when A > n — 1. This means that R > 0. Since (M, go) is locally conformally flat
n-manifold (n > 3), by [7], we have

Vuly < C, on M x[0,T%), (4.6)

1.e.

where V is taken with respect to gg, C' is independent of 7.
For C? estimate, we have

Proposition 4.2 There is a constant C' depending only on go, k, n and \(\ >
n — 1) such that for any solution u(x,t) of flow (4.3),

’v§0u<x7 t)|90 S C
for all (x,t) € M™ x [0,T).
Proof. We assume k> 2 and A >n — 1. let

G = Au+m|Vul?,

3 1 N—1 3
Q O'k(W) ( _2; k 1( ) J k—1

n

Assume G achieves the maximum at (xg,tg) € M x [0,T], as in the proof of propo-
sition 3.4, we have at (x,to)

O Z QijGij Z —4]{5G + 2 Zi,j,l Fijuiluﬂ

) ) (4.7)
+()\ - 2) (Zp Fpp) Zk,l Uil +2m Zi,j,l szuliulj - C(Zi F“)Ga
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i T, (W)
where Fj': log Uk(.W) and F = Bw}; = o)
then (F") and (Q") is also diagonal at the point.

We now consider two cases.

Case 1. A >n—1.

Let (w;;) is diagonal at (zo,to),

Then 51
Q7 =" (ST F)S, — F > (> FPP)Sy, (4.8)
n—2 >
where gy = % > 0. Consequently,

2mQ ;> 2meg(, F™P) 320, uj;
eg(S, F7P)(Lu)? (4.9)
21y, F)G — of, F)C

AVARVS

Using (4.9) in (4.7), we can easily obtain G < C' if we choose m > 0 large enough.

Case 2. A=n—1.
In this case,

Qij — ( ZFpp _ FU)

Then
2my " Qg + 2y FPupuy = (2m —2) Y QYuyiugj + 2 Z FPP Z uy;.  (4.10)
455l 0,5, 3,4,
2l QUuauy; = 3, (Zj;ﬁi F”U?z)
> 2 (Zj;éi FjjU%)
= TP (i)
By (4.4), we have
3 —
=D uj; — +7|V [+ (S i
JF#i
Then by (4.6)
> (z ) > oxra
JF#i

It is shown in [10] that

ZF”w2 > —al(W) >

F E(n— 1)Au — C.
n
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Then (4.10) becomes

2m 2, 5 Qg + 232, 5 F g

k(2m—2 y (4.11)
> MG (2m - 2)O %, FUG + 2(5, F?) Sy ul, — C.
Substituting (4.11) into (4.7) and taking m large enough, we have
CY F'G*<(n—=1)>_F™)> up <C> F'G
i P el i
which implies G < C. U

By the method of [10], we can prove

Proposition 4.3.  Suppose g(t) is a solution of equation (1.2) with the initial met-
ric go on the time interval [0,T*), then there is a positive constant ¢ > 0 depending
on go, k , n (independent of t), such that ¥t € [0,T"),

et

ar(g(t)) = ce” <.

Therefore, flow (1.2) exists for all ¢ > 0. A simply modification as in [10], we
also have

Proposition 4.4. There is a constant Cy > 0 independent of t such that

or(g)(t) > Cy, for te[0,+00).

Proof of Theorem 1.2 By (4.6) and propositions 4.2 and 4.4, we know flow (1.2)
is uniformly parabolic. Then by Krylov’s theorem [13] and the standard theory of
parabolic equations, we obtain Theorem 1.2. U

5 Proof of Theorem 1.3

In this section, we suppose (M, go) be a compact, connected and locally conformally
flat n-manifold (n > 3), the metric go is smooth with its modified Schouten tensor
A) e I'f and A < 1. We consider the curvature flow (1.3). To prove Theorem 1.3
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we argue as section 4. Here we only indicate the outline of the proof. At first we
Let g(t) = e"2(g,. By (3.1),

1—A 2—- A
A;\ :A;\O +V2u+m(Au)go—l—du®du— T|Vu|290, (5.1)

where the covariant derivatives are taken with respect to the background metric go.
Then equation (1.3) can be rewritten as

2% = log ak(A;\) — logry, (5:2)
u(z,0) =0
or .
2% = log oy (W) + 2ku — log 1, (53
u(z,0) =0
where 13 5 _
W = ﬁ(Au)go—l—VQu—l—du@du— %]Vu|2go+A;\O. (5.4)
We can derive following evolution equation
d 1 i
7 (log ak(A;\)) = 5@; (Vg(t)),-j (log ak(A;‘) —log rk> +k (log ak(A;‘) —log rk>
where

n—2

Then the short time existence of the flow (1.3) follows from the implicit function
theorem.
Since A, € T}, we have

Therefore R > 0 when A < 1. Since we assume (M, go) is locally conformally flat
n-manifold (n > 3), by [7], we have the following C'-estimate

|Vulg < C, on M x[0,T%), (5.6)

where V is taken with respect to gg, C' is independent of T™.
For C?-estimate, we consider the same function G as the previous sections

G = Au+ m|Vul?

We denote

. 1 1—) .

n —
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Assume G achieves the maximum at (xo,to) € M x [0,T], as in the proof of
proposition 3.4, we have (3.24) and (3.25) at (zo,t9). Let F' = logo,(W) and

Fi = aifj = frk(l‘;,w) We assume that (w;;) is diagonal at xq, so (F*/) and
1\ . 3
QY = n_9 Y F") 6+ FY (5.7)
n —
I

are also diagonal at that point. Then at (zg, %) we have
0>>) QUG = > QY (ugij + 2mugiug; + 2muguy;) .
ij il
By Ricci identities and straightforward computation, we have

0 = _4]{5G+(2—/\)(Zi Fii)Zj,lu +2m2” g z2l
=23 F”ufl - C(X; F”)G
The term 1 )
Z 2 2 > ZF“ zl+ 2)(ZF“)U%1
il i
where we assume |ujq| > |uy| for all i = 1,--- n, and Au = >, uy; < nlujy|. Now
we choose m large enough, so that (5.8) becomes

0 > —4kG +2m(E3)(S, F)ud, + (2 — N)(, F) 5,008 — O(, F*)G
> —4kG + () (2, FHGE — O(5, F7)G)
+ (B, FOG? - O3, FG) = O( FG
> O(x, F*)G? = O(x, F*)G.

Consequently we have G < C. Thus we obtain the C?-estimate.
With obvious modifications as [10], we can prove

or(g)(t) > Cy, for t € [0,400)

where the constant Cj is independent of t. Then flow (1.3) is uniformly parabolic.
By Krylov’s theorem [13] and the standard theory of parabolic equations, Theorem
1.3 follows.

References

[1] S. Brendle and J. Viaclovsky, A variational characterization for o, s, to appear
in Calc. Var. PDE.



A class of fully nonlinear equations arising from conformal geometry 19

R. Brooks, A construction of metrics of negative Ricci curvature, J. Differential
Geom., 29(1989), 85-94.

A. Chang, M. Gursky and P. Yang, An equation of Monge-Ampére type in
conformal geometry, and four manifolds of positive Ricci curvature, Ann. of
Math.(2), 155(2002), 709-789. .

A. Chang, M. Gursky and P. Yang, An a priori estimate for a fully nonlinear
equation on four-manifolds, J. Anal. Math., 87(2002), 151-186.

K.-S. Chou and X.-J. Wang, A logarithmic Gauss curvature flow and the
Minkowski problem, Ann. Inst. Henri Poicaré, Analyse non linéaire, 17(2000),
733-751.

B. Chow, The Yamabe flow on locally conformally flat manifolds with positive
Ricci curvature, Comm. Pure Appl. Math., 45(1992), 1003-1014.

B. Chow, Geometric aspects of Aleksandrov reflection and gradient estimates
for parabolic equations, Comm. Analysis and Geometry, 5(1997), 389-409.

L. Garding, An inequality for hyperbolic polynomials, J. Math. Mech., 8(1959),
957-965.

P. Guan, J. Viaclovsky and G. Wang, Some properties of the Schouten tensor
and applications to conformal geometry, Trans. AMS., 355(2003), 925-933.

P. Guan and G. Wang, A fully nonlinear conformally flow on locally conformally
flat manifold, J. Reine Angew. Math., 557(2003), 219-238.

M. Gursky and J. Viaclovsky, Fully nonlinear equations on Riemannian mani-
folds with negative curvature, Indiana Univ. Math. J., 52(2003), 399-419.

R. Hamilton, The Ricci flow on surfaces, Mathematics and general relativity,
Contemporary Math., Vol.71, AMS(1988), 237-262.

N. Krylov, Nonlinear elliptic and parabolic equations of the second order, D.
Reidel, (1987).

J. Lee and T. Parker, The Yamabe problem, Bull. Amer. Math. Soc., 17 (1987),
37-91.

A. Li and Y.-Y. Li, On some conformally invariant fully nonlinear equations,
Comm. Pure. Appl. Math., 56(2003), 1416-1464.

J. Li and W. Sheng, Deforming metrics with negative curvature by a fully non-
linear flow, to appear in Calc. Var. PDE..

Y.-Y. Li, Some ezistence results for fully nonlinear elliptic equations of Monge-
Ampere type, Comm. Pure Appl. Math., 43 (1990), 233-271.

J. Lohkamp, Metrics of negative Ricci curvature, Ann. of Math. (2), 140(1994),
655-683.

L. Simon, Asymptotics for a class of nonlinear evolution equations, with appli-
cations to geometric problems, Ann. of Math., 118(1983), 525-571.

J. Viaclovsky, Conformal geometry, contact geometry and the calculus of vari-
ations, Duke Math. J., 101(2000), 283-316.

J. Viaclovsky, Some fully nonlinear equations in conformal geometry, Differen-
tial equations and mathematical physics (Birmingham, AL, 1999), pages 425-
433. Amer. Math. Soc., Providence, RI, 2000.



A class of fully nonlinear equations arising from conformal geometry 20

[22] J. Viaclovsky, Estimates and some existence results for some fully nonlinear
elliptic equations on Riemannian manifolds, Comm. Analysis and Geometry, bf
10(2002), 815-846.

[23] R. Ye, Global ezistencs and convergence of Yamabe flow, J. Differential Geom-
etry, 39(1994), 35-50.



