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Abstract

In this paper, we introduce a new anisotropic diffusion partial differential
equation, in which the gradients is adjusted by the wavelet transform of
the solution. The new model adopts wavelet transform theory so that the
numerical implementation is more effective and accurate. The existence and
uniqueness of the solutions are proved. The equation can formulate image
enhancement and the numerical implementation shows that the new model
gives a better result in image noise removal and edge detection.



0.1 Introduction

In the past decade, the use of partial differential equations (PDE) in image
processing became a raising research area. This approach models image
in a continuous spatial domain so that it takes the advantages of effective
treatments from the PDE’s theory and obtains high accuracy and stability of
the processing with help of the rich results of numerical analysis. One of most
influential work in this aspect is the anisotropic diffusion model introduced
by Perona and Malik in 1990 [28]. Assume a target image @ is destroyed (by
noise, blurring, or other reasons). Then only a destroyed image, say ug, is
observed. To recover @ from wugy , Perona and Malik proposed a directional
diffusion that preserves edges. They formulated the processing to solving the
following nonlinear anisotropic diffusion equation (P-M model):

Z_QZ — V- (c(|Vu)Vu), € Q(C RY), (1)
u(z,0) = ug(x),

ou

pri 0, =z €09, (2)

where ¢(p) is a positive decreasing function with lim,_, ¢(s) = 0. The initial
function ug(x) standards for the observed image. The model tries to recover
the target image @ after a certain time duration ¢. That is, the solution
of the equation (1) at time #, say u(z,t), provides an approximation of 4.
The strategy of the anisotropic diffusion process is to force strong forward
diffusion to occur in the regions where the image is smooth while to force
backward diffusion to be created in the regions where edges are present.
Since this kind of anisotropic diffusion avoids blurring edges in the diffusion
processing, it results images that gradually produce cleaning edges of the
target image in the t-spaces.

Several important models in image processing have been derived from the
P-M model (1). For example, if we select (pe(p))’ = 0, ie., ¢(p) = %,p =
|Vul,. then the P-M model (1) becomes

Ju Vu
— =div(=— 3
o~ ) )
which leads to the variational problem
min F(u),
where the energy functional
E(u) = / \Vu|dzdy (4a)
Q
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is the total variation of the image w ([7], [8], [9], [10], and [34]).
Adding a motion control term to the diffusion term in (3), we obtain the
mean curvature motion equation ([14], [25] ):

u u
G = [Vuldiv(Z) )
which provides the geodesic active contour model [3], [27], [30], [31] , and
links to the level-set method [15], [24], [29].

However, the P-M model meets several serious practical and theoretical
difficulties [16]. The first difficulty is that it is very sensitive to noise. Assume
an image carries strong noise. The P-M model will conserve the noise in the
processing. Another difficulty arises from the existence of the local backward
diffusion in the area where (pc(p))’ < 0. There is no existent theory supports
the uniqueness of the solutions of the equation (1). Examples show that (1) is
unstable in the sense that very close images could produce divergent solutions
[37]. To overcome the instability of P-M model, Catte, Lions, Morel, and Coll
[6], introduced a regularization of the model. They substitute Vu inside the
divergence term by its smooth version G, * Vu (called the regularization of

Vu), where
1 |z|2

Gy(z) = 53¢ ¥, TE R=.
is the Gaussian kernel. Thus, the regularized model they proposed is
0
5 = div(e(|V (Gy xu) V), (6)
u(0,2) = ug(z), x €,
% =0, z€dtel0,00).

In this model, the Gaussian filter reduces the influence of noise on the im-
age u in processing. Meanwhile, this slight change in (6) also avoid the
inconsistency caused by P-M model. Other methods of regularization have
been also adopted. Torkamani-Azar and Tait (1996) [32] suggested using

ERESIESED)

Gi(z) = e =22 instead of G, in (??), Acton (1998) [1] proposed a
more comp[iicate replacement (Vuo () - ¢ for Vu, where v — v o ( is the
morphological opening operator and v — v -  is the morphological closing
operator.

All of these models try to regularize Vu to reduce the influence of noise.
The effectiveness of a regularization depends on the type of noise on the
image. For instance, if the noise does not obey Gaussian distribution, then
G, * Vu does not provide a good regulation. The motivation of this paper
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is to introduce a new regularization of Vu oriented by wavelet transforms.
It provides a more efficient and accurate formulation for edge-preserving dif-
fusion. The paper is organized as follows. In Section 2, we introduce the
wavelet regularization of P-M model. In Section 3, we discuss the consis-
tency of the new regularized model. In Section 4, we develop an adaptive
numerical method for its solutions. Finally, we present some examples in
Section 5.

0.2 Wavelet Regularization of Anisotropic Dif-
fusion

As we discussed in the previous section, if an image « is destroyed by noise
so that only the noisy image u is observed. Therefore, the gradient Vu
diverges from Vu. To obtain a good edge-preserving diffusion model for the
image processing, we need to regularize Vu. Wavelet theory provides a good
framework for the regularization. As usual, a vector-valued function v =
(Y1(x), -+, (z)T € L2 N LY(R?) is called a wavelet if

Y(x)de =0, == (x,9)".
R2
The continuous wavelet transform of u with respect to ) in R? is defined by
Wiu(z) == Wy(u,z,s) = g s(v — x)u(v)dv = (P *u) (), s>0,
where 1,(-) = 5(2). (See [11], [13], [18], [19].) To use wavelet transform
of u to estimate Vi, we construct the wavelet i) as follows. Let ¢1, ¢y C
L' N C(R) be two one-dimensional non-negative r-regular (r > 1) functions

[22], which exponentially decay and satisfy ||¢;||,r = ||¢2||z2 = 1. Defining
o(x) = ¢1(x1)Pa(x2), we have

i 115 [ o Dutdy — ul)ll =0, we PE)1<p<o0,
1i y)dy — = R?).
tim 115 [ oDy —utlle =0, ueCR)

If w is also differentiable, then

lim l/ (Vo) (a: ; y)u(y)dy —Vu(r) =0, z¢cR? (7)

50+ §2



which yields, by setting ¢ = Vo,

lim W, u(z) = Vu(z). (8)

s—0t

In image processing, the image function « is usually not differentiable every-
where. Hence, W, ju(x) provides a regularization of Vu. Thus, we obtain a
wavelet regularization of the anisotropic diffusion model (1).

e Wavelet regularization of Type 1:

ou .

5= div(c(|Wy s(u)])Vu), (9)
w(0,2) = ug(x), x€Q,

ou

% =0, z€dte [0700)7

where s is a fixed scale.

Remark 1 IfVu does not exist everywhere, the equation (9) has to be under-
stood in a generalized sense. That is, we shall seek for the viscosity solutions
of the equation (9). The details in this aspect are referred to [?] and [?].

The model (9) generalizes the equation (6) in the sense that, if we choose
¢ = e’ and s = o, then (9) becomes (6). The new model enables us to select
the regularization kernels for u in a wide scope. However, the regularization
of this type is uniform on the whole spatial domain. If the noise does not
evenly distribute on the whole image region, the regularization does not
model the desired procession well. To obtain a finer regularization, we need
to model the procession based on a local analysis of the observed images,
which will enable us to distinguish the edge and noise. There are several
ways to do local analysis. In this paper, we adopt the method suggested in
[20] and [21]. As [20] and [21] pointed out, the local Lipschitz regularity of
u provides a characterization of edge as well as of noise. According to [21],
the Lipschitz regularity of a function f at a point z( is defined as follows.

Definition 2 Let 0 < o < 1. A function f(z) is called uniformly Lipschitz o
over an open set O C R?, denoted by f € Lip,(O), if there exists a constant
K such that for all x1,x5 € O,

|f(z1) = f(22)| < Kl|zy — 22|

The superior bound o of all & such that f(x) is uniformly Lipschitz & :
a =sup{al f € Lips(0)}
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is called the Lipschitz reqularity of f(x) over O, and f is said to have Lip-
schitz reqularity o at xq if and only if there is an open set O, C R? such that
xg € Oy and f has Lipschitz regularity o over O,.

It is known that an image has Lipschitz regularity 0 at the discontinuous
edge and has Lipschitz regularity o € (0, 1) at other (continuous) edges. The
authors of [20] proved that the local Lipschitz regularity of an image can
be detected by its wavelet transforms at multiscales, which is stated in the
following theorem.

Theorem 3 [Mallat and Hwang [20]] Let 0 < o < 1. Let 6(x) be a twice
differentiable scaling function on R* such that [u, 0(x)dx = 1 and 0(x) ex-
ponentially decays as |x| — oo. Let ¢! = 88—1?1,@&2 = 88—1?2,@/1; = 5¢(2), and
Y2 = 5Y*(2). For a function f € L*(R?), let its wavelet transforms be
Wi = fxil and W . f = fx17. Let the wavelet transform modulus is
denoted by

My, f(x) = /WL F (@) + W2 f (@)

Then f is uniformly Lipschitz o over an open set O C R? if and only if there
exists a constant K such that for all points x € O

M¢,5f<x) S K¢Sa.

By the theorem, f has Lipschitz regularity a at x if and only if there is
an open set O,z € O, such that for all z € O,, My f(Z) = O(s®). Thus,
the Lipschitz regularity of an image can be measured from the evaluation
of the wavelet maxima across scales. Particularly, when Z is a point on
the discontinuous edge, then My f(Z) = K;(s), where K;(s) is a bounded
function of s.

Recall that the Gaussian noise as a distribution is singular everywhere,
which can be characterized by negative Lipschitz orders (see [20]). Let n(z)
be a stationary, white noise random field of variance o2. Let My ¢n(zx) be the
modulus of the wavelet transform of n(z) at the scale s, and let E(X) be the
expected value of a random variable X. The authors of [20] proved that

20111 |2 2012
Py = UL+ 1)

where 1'and 1? are the wavelets defined in Theorem 3. Thus, we can discrim-

inate the image singularity (which occurs at edge) from the noise singularity

by their wavelet transform modulus across scales: As the scale s increases,

the wavelet transform modulus of edge points increase while the modulus

created by noise decrease .



Based on the different behaviors of wavelet transforms of image singu-
larity and noise singularity across scales, we suggest the following wavelet
regularization. Let s; and sy be two positive scales and s > s1. Let

Mw,81,82f(x> = min{cs1 M’t/),S1 f(l‘), ngMw’”f(I)}, (10)

where ¢, is chosen so that ¢,My f(z) is a constant for each s when f has
Lipschitz singularity 0. We mow use My, s, f(z) to introduce the wavelet
regularization of Type 2.

e Wavelet Regularization of Type 2.

g—? = div(c(My,s, 5,u)Vu), (11)
u(0,2) = up(z), €,

ou

. QO

EE 0, z€dtel0,00),

Note that, in the region dominated by image content M, s, o, f(7) = My o, f(z),
while in the region dominated by noise My s, o, f(x) = My s, f(z). Hence, this
regularization automatically adjusts the wavelet estimates of |Vu| according
to the local analysis of the image function v when u carries noise.

In applications, spline wavelets are powerful tools. Recall that the one-
dimensional, central, cardinal B-spline is inductively defined by

Ni(z) = X[_%é)@),
Nf(x)= NS« Ni(xz), m=23---. (12)

We often use the tenser product to construct bivariate B-splines of order m:
Ny () = Ny (21) N (22), @ = (21,25)" € R

B-splines have several important properties. First, for a fixed integer m,
It is an identical approximation kernel (see [?] and [11]), ie., N (z) >
0, Jgo NG, (z)d2 = 1, and

iim 5 [ Ny — f@) =0, 2R, feC®),
R

s—0t 82

. 1 ey

i 15 [ N5 7y — Sl =0, T € 2R,
s—0t+ 'S R S



Second, it approximates Gaussian as the order m tends to infinity. More
precisely, we have (see [12] and [33])
m o . 1 _=?
Jim [/ T5N;, (&) = 56”12 = 0
This property is extremely useful when we want to discretize Gaussian kernel.
We now adopt the gradient of B-splines to construct spline wavelets for our
purpose. For a given integer m and a fixed h > 0, we define

1 1
) = o e (ONE) (), W f =5y f
and
MB’mthf(l’) = min(cm1|wfn1 * f(x)’7 Cm2|1/}fn2 * f(x)D’

where ¢, is chosen so that c¢,,[1¢, * f(z)| is a constant for each integer m
when f has Lipschitz singularity 0.at z. In practice, h is the distance vector
of two successive sample points in xjand xodirections respectively. We now
introduce the wavelet regularization of Type 3.

e Wavelet Regularization of Type 3

g_z — div(c(Mpmy matt) V1), (13)
w(0,x) = ug(z), =€,
%:07 [EGaQ7t€[0,OO),

0.3 Consistence of Wavelet regularization Mod-
els

In this section we prove the existence and uniqueness of the solution of the
wavelet regularization models in (9), (11), and (13). The proofs for these
three types are similar. Hence, we only present the proof for Type 2, which
follows the idea in [6]. We start from the following lemma.

Lemma 4 Let w = w(x,t) > 0,z € Q,t € [0,00), and u = u(z,t) be the
solution of the equation

ou _

5 div(wVu), ) (14)
u(z,t) = uo(x), x €L,

ou

prie 0, (z,t) €0 x]0,00).



Then ||u(-,t)||r2 is a decreasing function of t.

Proof.

0 s 0 9 B ou(z,t)
gl Ol = 5 [ oo =2 [ ™5 e

:2/Qu(x,t) div(w(z, t)Vu(z,t))ds

= —Q/w(Vu-Vu)derQ]{ wua—qfds
Q 90 an

——Z/w(Vu-Vu)d:cSO,
0

which implies that ||u(-,t)||z2 is a decreasing function of t.
The following lemma gives an upper bound of |[Wu(x,1)|.

Lemma 5 ?7Let ¢ be a r-reqular scaling function (r > 1) and 1» = V. Let
uy() := u(w,t) be the solution of the equation (14) and Wiu, be the wavelet
function of u; with respect to 1) and s > 0. Then

1
(Wouw(@)l < —[[¢llealluoll2, = €,
v S

where |[Y||z2 = /|[a][72 + [[12][3..
Proof. We have

1)1 .
Win(@)] = < |5 (¥0) *w) (@)
1/.1 ,-— 1 - 1/2
< 3 (50Nl + 1 a2 )
1

= [l ] 2

s
By Lemma 4, ||u||r2 < ||ug||z2 for ¢ > 0, which yields
1
Wiu(a)| < Illoelleol 12, €
We now prove the existence of the solution of (9) (or (11), (13) ).

Theorem 6 (Existence) Assume that ¢/(p) < 0. The equation (9) (or
(11), (13) ) has a solution u(x,t) such that

lul, )2 < uollzz, > 0.



Proof. We prove the theorem for (11). The proofs for (9) and (13) are
similar. By Lemma ?7?, for each s > 0, we have

1
Muy(x) < [0l z2]luol| 2z, (15)

which yields
1

M < -
shSQUt(‘Z‘) min(sl, 52)

1]l lJuoll L2, 2 € Q2 (16)

Without loss of generality, we assume s; < s, and write M = i ]| 2| |wol | L2-
Since ¢(p) > 0 is decreasing. Then

(Mg, s,ur(z)) > (M) >0, V(z,t) € Qx][0,00),

which implies that the equation (11) is uniformly elliptic. Hence is has a
solution. By Lemma 4, we have ||u(-,t)||zz < ||uo||zz, ¢ > 0.

To obtain the uniqueness of the equation (9) (or (11), (13) ), we need
Gronwall’s inequality.

Lemma 7 [Gronwall’s inequality of integral form] Let v(t) be a nonnegative,
integrable function on [0,T)], satisfying

v(t) < Cy /tv(s)ds + Cs, (17)
0
where Crand Cy are nonnegative. Then
v(t) < Cy (14 Cite™), te[0,T]. (18)
In particular, if Co = 0, then v(t) =0 on [0,T].

We now prove the uniqueness of the solution of (9) (or (11), (13) )
Theorem 8 Let c¢(p) be a positive function satisfying the Lipschitz condition
le(p) —c(g)] < Llp—ql, Vp,q€R.

Then solution of the equation of (9) (or (11), (13) ) is unique.

Proof. Let u(z,t) and v(x,t) be the solution of (11). We have

ou _

i div(c(Mg, s,u)Vu),
ov _

5 = div(c(Ms, s,v) V)



and

ou Ov

% = % = 0, T € aQ,
u(z,0) = v(z,0) = up(z), =z €.
For convenience, we write a(x,t) = (M, s,u) and a(z,t) = (M, 5,v).
Hence, we have
O(u —v) : : _
2(u —v)———= =2(u—v) (div[(aV(u — v)] — 2div[(ea —a)Vv]). (19)

ot

Taking integral (over §2) on the both sides of the equation above, then the
integral of the left-hand side of (19) yields

/92(u—v)%d9: %/Q(u—v)QdQ: %Hu(-,t)—v(-,t)HLz.

By the Green’s formula, the first term on the right-hand side is

; /Q (1 — v) div [(aV (1 — v)] dO

— _Q/QQV(u —v)-V(u— v)dQ+27g a(u — U)st’

Q

where the second integral is 0 due to a(g;”) = 0 on 0f2. Thus, we have

2 /Q(u — o) div [(aV (1 — v)] dQ = —2 /Q oV (4 — v) - V(- v)dL.
Similarly,

9 /Q(u — o) div ((a — 3)Vv) dO
B _ o O(u—0)
= Q/Q(a —a)Vou - V(u—v)dQ — 2%9 (a — a)Vdes

Q

= 2/(a —a)Vu - V(u—v)dSd.

Combining them together, we have

0 2
Fellulst) = o )l

:_Q/QQV(u—v)-V(u—v)dQ%—Q/Q(a—a)Vv-V(u—v)dQ

10



We now estimate the right part of the equation above. Recall that
a(x,t) = c(Ms, s,u) > (M) > 0.

Hence the first integral satisfies the inequality
—2/ aV(u—v)-V(u—0v)dQ2 < =2¢(M)||V(u(-,t) —v(-,1))||32
Q

From |c(p) — ¢(q)| < Llp — q|, we derive

|CL(I‘7t) - a($7t>| - |C<M81782u) - C(Msl,szv)l
< L |Ms, s,u — My, 5,0|
< max{| M, (u—v)[,|Ms, (u—v)[}
< Cllu —vl|e

where C' = 1/ max(sy, $2)||¢|| 2. Thus,
2/(a —a)Vu-V(u—v)dS2
Q
< 20||u—v||L2/ Vo - V(- v)|dO
Q
< 200[u(-,t) = v(- )2l Vo] 22|V (u = v)]| 2
Finally, we have
9
) = o I
< =20(M)||V (u(-, t) = v(-,0)[|72 + 2C[u(-, t) — v(-, )| 2 [[ Vol 2 [V (1 — )] 2.
For any p > 0,
2C0|u(-5t) = v( )] 2l Vol 2| [V (u — v)]| 2
C 2
< (Sl = o Ol Toll ) -+ 2V 0) = o

Choosing = +/2¢(M), we have

a 2 02 2 2
Hellulst) = o )z < WHU(-J) —o( DIzl (20)

Applying Gronwall’s inequality to ||u(-,t) — v(-,t))||2. (as a function of ¢),
we have |u(-,t) — v(-,1))[|7: = 0. Hence, the solution of (6) is unique.
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0.4 Numerical Solutions and Adaptive Algo-
rithms

We now discuss the numerical solutions of the equations (9), (11), and (13).
Let h be the space step, At be the time step, and u; = u(ih, jh,nAt) be the
discrete representation of the solution w(z,t) at the time ¢t = nAt. Let g(u)
be the wavelet regularization of |Vu|, which is defined by g(u) = !Wwvsu| in
Typel, g(u) = M, v in Type 2, and g(u) = Mg, ,,u in Type 3 respec-
tively. We also write

, . 1 1
Qi =¢C (9 (Uu>) yo Qig1/2,5 = 5(%3‘ + Qi) Quigrie = §(Ofm + Qi ji1)-

The Euler explicit method for the equation is

At
n+1 n n n n n n n n n
ij = Uig T ﬁ[o‘i—l/z,j“i—l,j T jo1oUi1 T Xigryo Uiy T Qg2

(21)

u

— (1o Ty o+ Oy oy O 2 U]
with the initial conditions
up ;= ug(ih, jh), 1<i<N;,1<j <Ny,

n _.mn n  __.mn .
Ui = Uiy, Uiy =Uiny, 0<E<Np+1,

n _ .n n  _ n .
Upj = UTj Uy = Unyr, 0 < N+ 1

For writing the iterative formula (21) is the matrix form, we define U" =

(u;fjl)leN2 . Then (21) becomes

U™ = (I — AtA, gn)U™.

Assume ¢(0) = 1. It is known that the algorithm is convergent when At <
%hQ To remove the restriction on At, we can employ the implicit scheme

Un+1 —yn— AtA]%UnUnJrl,

which yields
(I + AtA,yn) U =U", (22)

Since I + AtA;, y» is invertible for each At > 0, we have
UMt = (I + AtAy ) U™,

12



where At can be any positive number.
In the algorithms (21) and (22), the size of matrix U™ usually is very large.
We now develop adaptive method for accelerate the algorithm. Denote

1
Optij = 7 (Uip1; — i), Owiij; = —(Uim1; — Uij),
h h

1
Ol = E(Umﬂ —Uj), ONU; = +(Uij1 — Uij)

> =

Then (21) can be written as

t
n+l _ n n n n n n n n n
uiy = iy 00 0B O 0N U O WU O 05 .
(23)
We set

Py = [opui] + [onui;| + |wui;| + [ dsui;

and define the matrix P,» = (p?]) Nux N ° Usually the matrix P,» is a sparse

one in the numerical sense. By (23), we suggest the following adaptive algo-
rithm.

Algorithm 9 INPUT: image matriz Uy, time-step At, threshold 9, iteration
n, conduct function c, edge-stop parameter K, low-pass filter ¢, scales s1 and
Sg.
SET index-set S = (;
FORk=1TOn
FORi=1TO N,
FOR j =1 TO N,
IF (i,j) NOT IN S
COMPUTE de = (0pu; ;) ; dn = (dnu; ;) ; dw = (dwu ;) ;
ds = (0su; ;) ;
p = |de| + |dn| + |dw| + |ds];
IFp<d
PUT (i,j) IN S;
ELSE
CALL ALGORITHM (USING c(p), K, ¢, s1,s2) TO
COMPUTE Air1/2,5y g 5-1/25 Xi—1/2.55 4 j41/2;
SET u; ; = Ui7j+%[ai+1/27j56"’0{1'7]'_1/2677/"—0[1'_1/2’]'6w+

i j+1/208];
END (IF p)
END (IF (i,5))
END (FOR j)
END (FOR i)

13



END (FOR k)
Y =U;
OUTPUT image Y.
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