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MULTILEVEL METHODS IN LARGE-EDDY SIMULATION
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Issues related to the use of multilevel-based methods within the Large-
eddy simulation (LES) framework are discussed. The bases of Large-
eddy simulation for incompressible turbulent flows are first recalled. The
emphasis is put on the mathematical models for LES and the subgrid
modeling issue. In a second time, a general multiresolution/multiscale
framework is introduced, which extend the usual definition of LES. Using
this new tool, general features of multilevel LES methods are discussed
and illustrated.

1. Introduction

It is well known that the unsteady simulation of turbulent flows leads to
some very high numerical costs. This is due to the complexity of the tur-
bulent phenomenon, in which a very wide range of characteristic scales are
present, in both space and time. The numerical resolution of a turbulent
flow thus requires the use of a very high number of degrees of freedom, since
all these characteristic scales must be resolved, ranging from the largest
energy-containing scales to the smallest dissipation scales (referred to as
the Kolmogorov scales in the energy cascade theory). A commonly used
scaling shows that the number of degrees of freedom to be used for the
simulation of a turbulent flow is proportional to Re®, where Re denotes
the Reynolds number. Since practical problems are characterized by some
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rather high values of the Reynolds number (typically several millions), the
Direct Numerical simulation of a turbulent problem is still out of reach of
the capabilities of present supercomputers. The only way to simulate such
flows is then to reduce significantly the complexity of the problem, i.e. to
reduce the number of degrees of freedom. An efficient way to do so is to per-
form a scale segregation. Indeed, the smallest scales of the flow are shown
to exhibit a more universal behavior than the large ones, and to be asso-
ciated to some much lower energy contents. The Large-Eddy Simulation
(LES) technique relies on this observation, and proposes to resolve only the
largest scales of the flow, while the smallest ones are only taken into account
through the use of a mathematical model. However, one limitation for LES
relies in the fact that the subgrid models can only account for a limited
amount of (simple) flow phenomena. This yields to some prohibitive com-
putational costs when the considered flows are governed by some coherent
structures associated to a wide range of characteristic lengths and frequen-
cies. Indeed, such flow structures may be highly anisotropic, and require
a deterministic resolution, leading to the use of very fine computational
meshes and small time steps.

It thus appears that the practical applicability of LES is limited by two
main difficulties: the first one is due to a lack of generality of the subgrid
models which are developed under some rather strong physical assumptions,
and thus do not account for complex flow phenomena. The second one is due
to the computational cost of the simulations which is very high, and thus
limits the use of LES to low Reynolds numbers and simple configurations.

Remembering that turbulence is a multiscale phenomenon, in which
each range of characteristic scales is subjected to a specific physics, it ap-
pears interesting to investigate some methods which take directly into ac-
count this specificity. Such methods, referred to as the multilevel methods,
have been developed to perform some specific numerical treatments for each
range of characteristic scales. The contribution of these methods to the nu-
merical simulation of turbulent flows is double. Indeed, since the different
characteristic scales are treated thanks to some adapted strategies, these
methods contribute to the development of some enhanced subgrid models,
resulting (at a similar cost than conventional LES) in an improvement of
the global accuracy of the simulations. Another way to take advantage of
such methods is to reduce the computational effort dealing with the small-
est resolved scales, resulting in a significant reduction of the global cost of
the simulation, at a similar degree of accuracy compared to conventional
LES.
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In the first part of this chapter, the basis of classical Large-Eddy Simula-
tion will first be recalled. Focus will particularly be made on the practical in-
terpretation of this numerical technique, and on existing subgrid closures. In
the second part, the more specific context of the multiscale/multiresolution
methods will be investigated. Some particular multilevel methods relying on
the use of a multigrid discretization of the physical domain will be detailed
and discussed.

2. The Large-Eddy Simulation Technique
2.1. Introduction to the LES Concept

The LES concept consists in directly capturing the dynamics of a targeted
range of wave numbers (see [35] for an introduction). As indicated by its
name, small* scales are discarded while large scales are resolved on the
computational grid. Retaining only large scales makes it possible to define a
solution which is smoother than the original Navier—Stokes solutions, since
the gradients of the new solution will be weaker. This is why this scale
separation step can also be interpreted as a regularization (some authors
interested in mathematical analysis also use the term mollification - see [3]
for a survey of mathematics of LES) of the Navier—Stokes solution.

This simple empirical definition of LES yields several possible interpre-
tations, which can be found in the existing literature:

e LES is a numerical technique. This point of view is related to the
fact that performing LES corresponds to solving the Navier—Stokes
equations on a grid that is too coarse to allow the capture of all
active scales of the exact solution. To recover a relevant solution, it
is known that a source term must be added to the discretized equa-
tions. From a physical standpoint, this forcing term is expected to

account for the influence of missing scales on the resolved ones.
From a more formal point of view, the forcing term is designed to
stabilize the orbit of the discrete chaotic dynamical system associ-
ated to the discrete problem.

e LES is a physical model. The set of solved equations are inter-
preted as a physical model for fluid turbulence at large scales. The
scale separation is assumed to be carried out using a controlled

mathematical operator (the most popular one being the convolu-
tion filter paradigm introduced by Leonard). The non-linear terms,

2the notion of small scales is to be discussed below
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which are responsible for the coupling between different scales, are
therefore split into a resolvable and computable part (which is to
be directly evaluated during the computation from the available
data) and a subfilter part. The latter relies on missing scales and
therefore should be replaced by a model, referred to as the subgrid
model.

What is really LES ? None of the two interpretations mentioned above
appear to be really able to account for the full LES complexity. The key
questions that every LES practitioner is interested in are

(1) In a given LES computation, i.e. for a given combination of computa-
tional grid, numerical method, subgrid model (if any), boundary and
initial conditions, what are the resolved and the subgrid scales ?

(2) What are the properties of the resolved scales, and how close are they
from the corresponding scales in the exact solution ? In other words,
what is the physical information contained in the result of a LES sim-
ulation ?

The exact answers to these two questions remain unknown are a timely
research topics. Only very few theoretical analyzes or dedicated experimen-
tal studies are devoted to these problems, while they are in fact indirectly
addressed in all research works including assessment of a LES computation
by comparison with DNS or experimental data. What is learned from ex-
isting researches id that the definition of the resolved scale depends on all
the parameters of the simulation, including purely numerical ones.

What is also known is that reliable results for application purposes can
be recovered if both the grid generation, the numerical error and source
term ( physics-grounded subgrid models or mathematically derived source
term) are controlled. Here, reliable means that satisfactory of them mean
flowfield is recovered, along with a physically relevant description of the
fluctuating motion (Reynolds stresses, turbulent kinetic energy spectrum).
Two-point and two-time correlations of the largest resolved scales (i..e.
scales whose characteristic length is significantly larger than the mesh size)
are also commonly recovered in a satisfactory way. But the status of small
resolved scales, which are the most sensitive to numerical error and source
term, is less clear. The separation between these fully physical resolved scales
and partially corrupted resolved scales is observed to be case-dependent.

The rest of this section is devoted to a brief survey of the main existing
mathematical models for LES.
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2.2. Scale separation: from practice to theory

As mentioned above, the true LES problem (i.e. what is really done on a
computer) cannot be analyzed without explicit reference to the computa-
tional grid and the numerical method. This lack of generality renders the
theoretical analysis very difficult, and some mathematical models for the
general LES problem are very often used to get some information on the
nature and the properties of the LES solution.

2.2.1. The filtered Navier-Stokes equations model

The most popular theoretical model for the LES problem is the system of
filtered Navier-Stokes equations, as proposed by Leonard in the 1970s [26].
The underlying idea is that the main property of the LES solution is that it
appears as a regularized, smoothed solution of the Navier-Stokes equations
since the small scales have been erased. It is assumed here that there ex-
ists a characteristic cutoff length h,.. The gradients of the LES solution are
expected to be less intense and the correlation length of the resolved fluc-
tuations to be greater than or equal to that of the exact solution. The true,
discrete LES solution uy, is then approximated by w, which is the filtered
Navier-Stokes solution defined like

(e, 1) = G(A) u(x, 1) = /Q G(A, 2, y)u(y, 1)dy 1)

where G(A,z) and A are the filter kernel and the filter characteristic
length, respectively. Here, A will play the role of h, and all the properties
of the numerical method are condensed in the definition of G. The filter
kernel in Eq. (1) is expressed as a function of space coordinates only, since
almost all explicit LES published at present time rely on the concept of
spatial filtering. Common filter kernels are displayed in Table 1.

Name G(A,z,z") G(k)
2
Gaussian filter \/ﬂgz eXp(—B‘xA;fl) exp(— k2ﬁ2)
: sin((z—z')kc) _m Lif k <ke
Sharp Cut-off filter (CEOI AR ke =% {0 otherwise
VA s —2'| <3 sin(kajz)
Box/Top Hat filter { 0 otherwise (kA/2)

The use of the convolution filter model for LES is a convenient simplifi-
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cation of the true LES problem, but it has some drawbacks and specificities
which are now discussed.

The first point is that it does not account for the projection error: the
filtered solution is a continuous solution involving and infinite number of
degrees of freedom. It still requires to be projected onto a discrete, finite-
dimension basis to fully mimic the properties of the true LES solution.
In accordance with this remark and observing that no scale smaller than
h, can be captured, several authors (e.g. Carati et al. [5]) advocated that
the LES approach requires a double filtering model: a first sharp cutoff
filter with cutoff length 2A to account for the grid Nyquist cutoff and a
second filter with a smoother transfer function and the same cutoff length
to account for the properties of the numerical method. This twice filtered
model is discussed in the next section.

The main drawback of filtered Navier-Stokes model for LES appears
when the corresponding governing equations are sought. For the sake of
convenience, the presentation will be done using a generic conservation law
system. The full system of filtered Navier-Stokes equations for incompress-
ible flows is presented below. The filtered equations are derived by applying
the convolution filter to the original set of equations, yielding :

v -
E#—V-F(u,u)—o (2)

The next step consists in restricting the possible choices for the filter
kernel and retaining filters complying with the following constraints:

(1) Uniform fields are not modified by the filtering process, leading to

/ G(A,y)dy =1 (3)
Q

(2) The filter commutes with both time and space derivatives:

[%,G*] (W) =0, s=u,t )

where the commutator is defined like [f, g](u) = f(g(u)) — g(f(w)).

Using such a filter, the filtered LES model simplifies as an evolution
equation for the filtered field w:

ou —_—
E#—V-F(u,u)—o (5)
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The closure problem is here formally similar to the one encountered
when dealing with Reynolds-Averaged Numerical Simulations (RANS): the
unknown term F'(u,u) must be expressed as a function of u, leading to

% YV-F(@,a) =V - (F(a,u) _Flu, u)) = Fips (6)

where J1,gs is the subgrid force. This term can not be exactly evaluated
and must then be modelled.

The simple derivation process detailed above is based on the very strin-
gent constraint (4), which is obviously unrealistic when bounded domains
are considered (and that is of course the case in most practical LES prob-
lems !). Bounded domains imply that the support of the filter kernel (or
equivalently the cutoff length) must be changed when approaching the do-
main boundary 99 to keep a well-posed problem. The use of a position-
dependent (i.e. non-homogeneous) filter kernel automatically introduces
some commutation errors, whose following compact expression was given
by Fureby and Tabor [15]

[V,G*] (u) = VA (g—i *u) + . Gz — y, A(z))u(y)dy (7)

The first term account for the space gradient of the cutoff length while
the second one arises from the trace of G on the domain boundary. It is also
very important to notice that the use of non-homogeneous filters is also a
way to model the effect of non-uniform grids in true LES computations.
Equation (7) reveals that the set of governing equations obtained using a
non-homogeneous filter kernel are much more complicated than Eq. (6),
and Ghosal and Moin [17] have shown that it can even yields unconsistent
equations if no additional constraint are imposed on G. This analysis was
extended by Vasyliev et al. [45], who showed that the commutation error
scales as AP if the moments of order 1 to (p — 1) of the convolution kernel
are identically zero and all higher-order moments are bounded. The main
remaining problem is here to find kernels G fulfilling these conditions.

Another way to derive filtered Navier-Stokes equations which mimic the
use of structured non-uniform computational grids was proposed by Jordan
[21], who observed that most of the problems arise from the fact that the
Navier-Stokes equations, written in Cartesian coordinates, are first filtered
and then rewritten in general coordinates. Inverting these two operations,
i.e. first writing the equations in general coordinates and then filtering them,
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makes it possible to use constant-cutoff length filters (but the problem of
the definition of w on A9 remains). This is illustrated writing the model
conservation law system in general coordinates:

0J tu
ot

where J~! is the Jacobian of the transformation, and V¢, Fy and U¢

are the gradient in the reference space, the flux in the reference space and

the contravariant unknowns, respectively. The new coordinate system be-

ing associated with a uniform grid distribution, an homogeneous filter is

used, ensuring that the filtering operator now commutes with the space
derivatives, yielding

+v§-F§(U£,U):0 (8)

0J 1u
ot

The difficulty is now that the subgrid terms appearing in the right-hand
side of Eq. (9) involves metric terms and contravariant quantities, whose
behavior can not be directly analyzed on the grounds of the dynamics of
turbulent flows. This problem can be partly simplified assuming that the
geometric parameters are invariants of the filtering operation, since they
are computed using discrete schemes and can be considered as being al-
ready filtered. Explicit model derivation is more complicated than in the
previous case, since unknowns cannot be directly tied to physical quantities
(contravariant velocity cannot be measured in a wind tunnel !) As a conse-

+ Ve F(US,0) = Ve (R(US0) - (@ w) ()

quence, functional models used within this framework are most of the times
obtained by translating the usual models derived in the previous approach
which rely on physical unknowns.

2.2.2. A more realistic model: the twice-filtered Navier-Stokes
equations

The filtered Navier-Stokes equations model discussed above can not account
for all the error sources present in the true LES problem when simple filter
kernels are considered (see Table 1). To recover a more realistic mathemati-
cal model still based on the convolution filter approach, several authors use
a double-filtering technique:

e A first filter (usually a smooth filter such as the Gaussian filter or
the box filter) which will account for the smoothing properties of the
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LES approach. It is exactly the same filtering step as in the preceding
section. The cutoff length is usually related to the resolution length h,.,
and thus accounts for some features of the numerical method used in
the true LES problem. The scales removed by this filter are referred
to as the subfilter scales. The associated field convolution is written as
=G xu.

e A second filter, which is a spectral sharp cutoff filter related to the
Nyquist cutoff frequency of the computational grid, h. The scales fil-
tered out at this stage are called the subgrid scales. This filter level is
noted as U = G xu = G x G *u.

The introduction of that new second filtering step aims at taking into
account the fact that scales of motion smaller that the Nyquist cutoff length
are irremediably lost in the true LES problem. The use of a single smooth
filter does not permit to account for this loss of information since smooth
filters can be inverted, allowing a theoretical perfect reconstruction of the
exact solution. The special case of the single filter approach based on the
sharp cutoff filter is also consistent with the true LES problem, but it
represents only the special case of LES computations carried out using
Fourier spectral methods.

Within the double-filter approach, the true LES solution is approxi-
mated as @ (where the bar and tilde symbols are related to the first and
second filtering step, respectively), which is solution of

% +V. -F@u) =V- (F(ﬁ, u) — F(u,u)> (10)

The unknown term in the right hand side can be further decomposed
introducing the triple decomposition

w="T+u +u" (11)
where

e T represents the scales that are captured on the grid and resolved in
the sense that they are not destroyed by the smooth filter

e u' are the subfilter scales which are captured on the computational grid:
these scales are not part of the approximate LES solution, but could
be computed on the computational grid

e u' are the ”true” subgrid scales, i.e. the scales which can not be com-
puted on the grid and are definitively missing.
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The field that can be captured on the grid is thus equal to & = @ + u'.
According to this decomposition, one obtains

F(u,u) = F(u,u) + F(u', ) + F(u,u') + F(u',u’)
h~ A ~~
F() Fl
+ F@+u',u") + Fu", T +u') + F(u", u") (12)
N ~ ————
Fz FS

The two first terms, Fy and F, involve only scales than can be captured
on the computational grid, and might be exactly computed if ' was known.
The other terms include u" and must be modelled.

2.2.3. Additional mathematical models

The filtering approach is the most popular mathematical model of LES, but
it was shown in the preceding section that it introduces some new prob-
lems (the main one being its extension to non-uniform grids on bounded
domains) which are a priori not raised in the true LES problem. To preclude
these artefacts of the filtering approach, a few authors recommend using
statistical operators or projection operators rather than a convolution filter.

A procedure based on conditional elimination of the small scales was
advocated independently by McComb [30] and Yoshizawa [48]. The under-
lying idea is that the random chaotic character of the turbulent motion
is more pronounced at the very small scales than at the larger one. The
rationale behind this hypothesis, referred to as the local chaos hypothesis
(localness being in terms of wave number) is close to the Kolmogorov’s
local isotropy assumption: very small scales are isotropic and decorrelated
from the large ones, which are deterministically affected by the boundary
conditions, and therefore are more uncertain than the latter. That loss of
memory is consistently associated with the picture of the kinetic energy
cascade. The associated scale separation procedure is a statistical average
over scales smaller than A, larger scales being left unchanged.

The main advantage of this procedure is that the artefacts of the con-
volution filter are now avoided, but, since it rely on a statistical average,
several realizations of the flow are required, while the convolution filter pro-
cedure requires only one. This requirement is not important from a purely
theoretical viewpoint, but it makes the statistical procedure very difficult
to implement in practice.
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The use of a projection operator to model the LES problem was advo-
cated by several authors, the most popular approach being the Variational
Multiscale Method developed by Hughes and coworkers [19,20]. Writing
the full solution as the sum of orthogonal components (or, in an equivalent
way, decomposing the solution space as a sum of orthogonal subspaces):

ueW, W=W oW, d.. (13)

an elegant model for the LES problem is obtained by truncating the
sum and discarding some components (i.e. operating a projection onto an
arbitrary subspace W, spanned by an arbitrary set of W;, yielding

uhEWh, u'E(u—uh)EW':W—Wh (14)

This approach is a natural one to analyze the properties of LES simu-
lations relying on variational numerical methods such as finite elements.

2.3. Usual Navier—Stokes-based equations for LES

The filtered Navier—Stokes equations, assumed to be a reliable mathemati-
cal model for LES, are given in this section. The convolution filter is sup-
posed to commute with all space and time derivatives.

The filtered Navier-Stokes equations for an incompressible flow read:

%+V-(u®u) =-Vp+vVia (15)
V-u=0 (16)

The non-linear term u ® v must be decomposed as a function of the
acceptable unknowns, namely uz and u'.

The following decomposition was proposed by Leonard (Leonard, 1974).
It is obtained by inserting the decomposition © = @+ ' into the non-linear
term, yielding:

u®u=(u+u)®([T+u) (17)
=u®u +uu +u Qu+ u' ®u (18)
—_— — ——
resolved C':Cross terms R:Reynolds stresses

The resolved term can be expressed as:
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tR®u= uu + (URuU-TRu) (19)
S~ | —

new resolved  [,.],eonard stress tensor

making three tensors appearing:

e The Leonard tensor L, which corresponds to the fluctuations of the
interactions between resolved scales (zero for RANS).

e The Cross stress tensor C, which accounts for direct interactions be-
tween resolved and unresolved scales (zero for RANS).

e The subgrid Reynolds stress tensor R, which is associated to the action
of subgrid scales on the resolved field (Reynolds tensor for RANS).

Two possibilities arise for the definition of the subgrid scale tensor 7,
which depend on the choice of the formulation of the resolved convection
term. The first one is

r=C+R (20)

and corresponds to a resolved nonlinear term of the form w ® w, while
the second one is

r=L+C+R (21)

with a resolved convection term of the form 7 ® .

These two decompositions can be used, but they introduce some inter-
esting conceptual problems. Consider the philosophy of LES: filtered equa-
tions are derived, and all the terms appearing in the equations must be
filtered terms (i.e. appear as the filtered part of something). Only the first
decomposition satisfies that condition. This is especially true when the fil-
tering operator is associated to the definition of a computational grid (and
bar just means ”defined on the grid”): the convection term is computed on
the same grid as the filtered variables, and then should be written as & ® u.
Another point is that in the first decomposition the neither the subgrid
tensor nor the resolved convection term are invariant under Galilean trans-
formations (but their sum is invariant), while in the second decomposition
both terms are invariants. A more accurate analysis reveals that R and
L + C are invariant for this class of transformation.
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2.4. Brief introduction to closure strategies

Explicit LES approaches are based on the introduction of a forcing term
in the governing equations ( Frgs in Eq. (8)), which can not be directly
computed and must be modelled as a function of the available unknowns.
As mentioned above, two classes of models can be distinguished, which are
discussed below. The present survey will be restricted to models developed
for Newtonian, non-reactive, single-phase flows without external forcing or
multiphysics coupling such as in magnetohydrodynamics. Therefore, gov-
erning equations presented above will be used as relevant models to de-
scribed the LES problem and to present the models. It is here important to
emphasize that almost all existing explicit subgrid scale models have been
developed within the framework of the filtered Navier-Stokes equations.

2.4.1. Functional subgrid scale models

The basic model Functional subgrid scale models are designed to repro-
duce the effects of the small unresolved scales on the resolved ones. They
are built on physical considerations on the nature of this interaction, and
do not aim at producing a good approximation of neither the subgrid scales
nor the subgrid scale tensor.

An examination of the existing literature shows that almost all func-
tional models have been built to enforce the correct resolved kinetic energy
balance. The very reason for that is that they are designed to mimic the
kinetic energy cascade from large to small scales, which is known to be a
universal and dominant physical mechanism in fully developed turbulent
flows. More complex dynamical effects exhibit less generality and are much
more difficult to take into account via a model, and are usually neglected
in the functional modelling approach. Nevertheless, some modified func-
tional models for stratified flows have been proposed (see [35] for a review).
It is also worthy noticing that some effects on turbulence, such as rotation
effects, are very difficult to take into account in a physical model. An impor-
tant consequence is that all scales at which important physical mechanisms
other than the energy cascade are at play must be directly captured dur-
ing the computation to get reliable results. This results in a physical guide
for the definition of resolved/subgrid scales in explicit LES with functional
subgrid scale models.

The main effect of the kinetic energy cascade is a gross drain of the
energy of the large scales (i.e. resolved scales in the present LES framework)
by the small ones (i.e. subgrid scales). This drain is expressed within the
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filtered Navier-Stokes framework as

gg=—-1:Vu (22)

where ¢; and 7 are the kinetic energy cascade rate and the subgrid
tensor, respectively. A simple empirical mathematical model for that is the
definition of a subgrid viscosity vy whose amplitude will be calibrated to
enforce the desired mean energy loss. The resulting term in the filtered
Navier-Stokes equations (in the incompressible case) is

Fues =V (~8), S= (Vi+ V) (23)

This simple approach is sustained considering the analogy with the ki-
netic gas theory, in which the macroscopic viscosity and diffusivity of a
gas originate in the small-scale molecular motion. But it is worth noting
that this is nothing but an analogy: viscosity and diffusivity characterize
the fluid and can be considered as constants because there is a clear scale
separation between the molecular motion and the velocity fluctuations at
the macroscopic level, while there is no spectral gap in the turbulent spec-
trum, resulting in a flow-dependent definition of the subgrid viscosity. The
idea of representing the small turbulent scale effects through the definition
of a turbulent viscosity (a subgrid viscosity in the present parlance) is not
new. The idea of parameterizing small scales of turbulence through the
use of an effective viscosity can be traced back in the early 19th century:
Saint-Venant in 1834 clearly distinguished two scales of motion in a turbu-
lent flow, namely a larger scale at which the average (over fluid element)
velocity varied smoothly in space and time, and a smaller scale at which
the motion could be very irregular. In his description, the effective viscos-
ity parameter defined at larger scales depended on the irregular motion at
the small scales. Thus it could vary from on point to another and from
one kind of flow to another. A consequence” of Eq. (23) is the following
approximation for the subgrid tensor

T = —2l/t5 (24)

It is important to remark that this parametrization of the subgrid tensor is deduced
from the subgrid viscosity assumption, since the functional modelling strategy does not
aim at reproducing it at all.
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In the incompressible flow case the tensor S is trace-free and relationship
(24) holds for the deviatoric part of 7 only:

- %I = —21,5 (25)

The most popular subgrid scale viscosity model (and the oldest one in
the history of modern LES) was published by Smagorinsky [39]. Remarking
that the dimension of v; is v, = [L]?[T] "}, the problem is to identify the
characteristic space- and time-scales for the subgrid-scale motion. The space
scale is defined as CsA (where C’ is a constant to be adjusted to tune the

model) and the time-scale is evaluated using an evaluation of the local shear

|S| = V25 : S, yielding

v = (CsA)?[S] (26)

The constant C's can be evaluated in the very simple case of isotropic
incompressible turbulence at very high Reynolds number: assuming that
(i) the Kolmogorov spectrum shape F(k) = Cge?/3k=5/3 (with Cx = 1.4,
e and k the Kolmogorov constant, the turbulent dissipation rate and the
wave number, respectively) is observed at all scales,and (ii) that turbulent
scales are in local equilibrium (turbulent kinetic energy production rate,
kinetic energy cascade rate and viscous dissipation rate are equal), the value
C's = 0.18 is found and yield good LES results for that flow. But numerical
experiments prove that this model is too dissipative in shear flows. This
can be easily explained writing the associated subgrid scale dissipation &,
(which appears as a sink term in the resolved kinetic energy equation and
a source term in the subgrid kinetic energy equation):

€t = —T: § = 2Vt§ . § = (CSA)2|§|3 (27)

Since the Smagorinsky model is based on the local isotropy hypothe-
sis, its use for shear flow simulation will result in an overestimation of |S]
since the mean shear will be accounted for in the evaluation of S while it
should not be. That flaw is directly tied to the Gabor-Heisenberg uncer-
tainty principle: the Smagorinsky model is local in space (it is computed
using a local evaluation of the gradient) and non-local in wavenumber (all
resolved scales contribute to the evaluation of S). A direct consequence is
that the Smagorinsky model (or similar subgrid-viscosity models based on
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the first-order derivatives of the resolved velocity field such as the struc-
ture function model [27] or the WALE model [33]) are not consistent from
the spectral point of view, i.e. they will not automatically vanish when all
the scales are resolved. The limiting DNS case will not be recovered in the
proper way. A good example is that Smagorinsky subgrid viscosity does
not return a null subgrid viscosity when applied to a laminar Poiseuille or
Couette flow (where there is no subgrid scale at all !). Since the subgrid vis-
cosity depends directly upon the cutoff length A, tuning this length makes
it possible to improve the results. This is what is done in the very near
wall region, where the subgrid viscosity is supposed to scale as the cube of
the distance to the wall. In this region, a new definition of A is employed
to enforce the correct asymptotic behavior. A classical example is the van
Driest damping function, which is based on the following modification of
the characteristic length A in the near wall region:

A Afy(2), fulz) =1—e =uw/? (28)

where z,u,, and v are the distance to the wall, the friction velocity and
the molecular viscosity, respectively.

In high Reynolds number turbulent shear flows, a heuristic criterion to
obtain satisfactory results is to chose the cutoff length A such that [1]

LX —10-20, L., & \/Z]ISP (29)
where ¢; is the turbulent dissipation and S the mean shear.

All recent improvements of the Smagorinsky model (or similar subgrid-
viscosity models based on the first-order derivatives of the resolved velocity
field) share the same key idea of increasing the localness of the subgrid
viscosity in terms of wave number and to evaluate the subgrid term using
the smallest resolved scales only. The expected benefit is twofold: first, the
resulting model is expected to be self-adaptive in that sense that it will
automatically vanish when all scales are resolved (i.e. when the energy of
the smallest scales captured on the computational grid is zero or nearly
zero) and second, the rate of energy transfer is expected to be much better
predicted since the physical analysis reveals that the energy transfer is
local in wavenumber®. Being more local in wave number, these improved
models are less local in space and the width of their discrete stencil is larger,

at least 75% of the energy transfer of mode k is done with modes in the range [k/2,2k].
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yielding possible non-trivial problems dealing with their definition near the
boundaries of the computational domain.

A few improvement strategies The main strategies for improving the
basic subgrid viscosity models are now surveyed:

(1) Removal of the mean flow contribution. The key idea here is to
split the instantaneous resolved field u(z,t) as the sum of its statis-
tical mean value (uw)(z,t) and its statistical fluctuation, @”(z,t). The
subgrid viscosity is then evaluated using @'’ (z, t), resulting in a cancel-
lation of the influence of the mean shear. This technique, first proposed
by Schumann [37], was proved to yield good results. The main un-
derlying problem consists in computing (@)(z,t). In his original work,
Schumann proposed to compute it by averaging the resolved field in
directions of spatial periodicity (resulting in a fully non-local model in
these directions), while Carati et al. [4] recently proposed to use several
statistically equivalent simulations (performed on a parallel computer)
to carry out the statistical average.

(2) Use of the kinetic energy at the cutoff or the subgrid kinetic
energy. The basic idea here is that the kinetic energy of the smallest
resolved scales and the subgrid kinetic energy are very relevant pa-
rameters for subgrid scale detection and parametrization. The subgrid
viscosity is then rewritten as

v = C\/gA (30)
where C ~ 0.1 and ¢ are a constant and the kinetic energy under
consideration, respectively. In the case where the smallest resolved scale
energy is looked at, g is computed applying a discrete low-pass filter,
referred to as the test filter, to the instantaneous resolved field and
computing the kinetic enrgy of the small scales educed this way. The
localness of the resulting subgrid viscosity is then directly governed
by those of the test filter, and equivalently by its stencil width. This
approach was first proposed by Bardina [2]. A common example is the
following one-dimensional discrete test filer (where 4 is the grid point
index and ¢ a dummy variable)

¢; = i (fit1 +2¢; + pi—1) (31)

The kinetic energy of the subgrid scales cannot be accurately extracted
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this way, and an additional evolution equation is solved to compute it.
The most common closed equation is very similar to the Kolmogorov-
Prandtl model:

¢

0 — —
—q +qu: 21/tS : S— T +V (VtVQ) +I/V2q (32)

ot
where terms appearing on the right hand side are the production by
the resolved scales, the turbulent dissipation, the turbulent diffusion
and the viscous dissipation, respectively. The localness in space of the
original model is not modified strictly speaking since only local quanti-
ties are used, but the equation for ¢ introduce a non-local history effect
which is equivalent. Some algebraic estimates for the subgrid kinetic
energy have been proposed by several authors, which where observed
to be accurate in isotropic turbulence [22].
More complex forms of the subgrid viscosity can be defined using non-
linear combinations of (26) and (30), yielding the one-parameter Mixed
Scale model family proposed by Sagaut and Loc [35]:

l—o

v, = C[S|*¢= At (33)

where C' and « are two real parameters.

These models yield better results than rough subgrid viscosity models,
but their efficiency is very sensitive to the test filter or the way complex
mechanisms such as transition are taken into account in Eq.(32).

(3) Best constant value in the least-square sense: dynamic models.
The idea, proposed by Germano et al. [16,28], is to find the optimal
value (local in space and time) of the constant C, i.e. the value of the
constant which will minimize a given error estimate for the considered
formulation of the subgrid viscosity model under consideration : v; =
Cf(u,A). The localness in wave number is increased using an ad hoc
error estimate based on the following exact relationship, referred to as
the Germano relationship, that ties the subgrid tensor at two different
filtering levels (the first one being related to the bar symbol and the
second - the test filter with cutoff length SA, 5 > 1 - to the bar symbol):

GRT-100) - (1ou—1u00)+@ou—Tou) =0 (34)
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where 7, T and 7 are the subgrid tensor at the first filter level, the
subgrid tensor at the second filter level, and the subgrid tensor at the
first filter level filtered at the second level, respectively. It is important
to notice that the tensor £ can be directly computed from the resolved
LES field @ using the test filter. The next step consists in defining an
error estimate. This is achieved replacing the exact subgrid tensors 7
and T by the corresponding models

T=-20fW,A), T=-2Cf(1,BA)
in Eq. (34), yielding the definition of the tensorial error estimate E

E =L +20f@,AA) - 20f(a,A) (35)

Assuming that the constant C is nearly constant over intervals of length
BA, one obtains the simplified formula

E=L+20(f@BA) — f(@,A)) = £ +20M (36)

To get a scalar subgrid viscosity Lilly [28] propose to compute C' to
minimize F in the least-square sense, leading to

1L:M
2M: M
This method is known to yield the expected properties: the subgrid
viscosity vanishes in fully resolved regions and also exhibits correct
asymptotic behavior in the near wall region on fine grids. It success-
fully decreases the dissipation of the Smagorinsky viscosity during the
transition to turbulence, allowing an accurate description of the tran-
sition phase. But it has some severe drawbacks dealing with numerical
stability: the constant C' defined as in Eq. (37) is observed to take
very large values (corresponding to mathematically ill-posed problems)

C =

(37)

and negatives values can occur over long times (leading to an exponen-
tial growth of perturbations). To cure these problems, many techniques
have been proposed (see [35] for a review): to clip the constant between
0 and an arbitrary upper bound, to perform averages over homoge-
neous directions, closest neighbors or streamlines, or combinations of
these methods. Iterative methods have also been proposed. The result-
ing subgrid viscosity is obviously less local in space than the original
one.
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Additional difficulties are known to arise when the two cutoffs (pri-
mary LES filter and test filter ones) are not located within the inertial
range of the spectrum, and the procedure must be modified to recover
consistent evaluations of the subgrid viscosities.

(4) Filtered models, Variational Multiscale Methods and hyper-
viscosities. This strategy is very close to the one based on the removal
of the mean flow contribution described above, the main difference be-
ing that a low-pass filter in space is used instead of a statistical average,
rendering its use more flexible. Several implementations of the same ba-
sic idea have been proposed independently, which will be described be-
low using the framework developed by Hugues [19]. The instantaneous
resolved velocity field is split into a large scale component, u<(z,t) and
a small scale component u~(x,t). The key idea underlying all these
models consists in using 7 or 4~ to evaluate each term appearing in
the model for the full subgrid tensor, namely the subgrid viscosity and
the shear stress tensor. In practice, this splitting is achieved at each
time step of the LES computation by applying a discrete test filter G4
to the LES resolved field u:

uS = Ga(@), uw” =T—uS = (1-Gq)@) (38)

The four possible combinations are illustrated below taking the
Smagorinsky model (26) as an example.

e The Large-Large model, which corresponds to the original model
(26) in which both parts are computed using the full resolved field,
leading to very poor localness properties in terms of wave number

e The Large-Small model proposed by Hughes, in which the subgrid
viscosity is evaluated using the full resolved filed, while the velocity
gradient tensor is restricted to u” (z, t):

T =-2(CsA)?*S|S>, S~ = % (Vu” + Viu~) (39)

e The Small-Small model of Hughes, in which both parts are com-
puted using the small resolved scales only

T = —2(CsA)*S~|S” (40)

e The Small-Large model, which is strictly equivalent to the filtered
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model concept developed by Ducros on the grounds of the struc-
ture function model and further extended by Sagaut et al. [36]:

7= -2(CsA)*S”[S (41)

The Small-Small and Large-Small models share the property that, if the
u” and u< are orthogonal, the subgrid energy drain will acts on the
u” component only. In the case of a Fourier spectral implementation,
this orthogonality property was shown to yield spurious energy pile-
up in the u< component due to the fact that non-local energy transfers
toward subgrid modes are not taken into account. These two models can
also be easily recast as hyperviscosity models assuming the following
differential approximation of the test filter G4 is valid

Gq(T)(x) = U — aA’PV?PT + o( A?P) (42)

where « and p are filter-dependent parameters, which leads to

u” ~ aA*PVHY (43)

yielding the following approximations

7 = —2aC%A* PV [S|V2P(S)  Large-Small model (44)

T = —20°C2A2CPHY |2 (5)|V?P(S) Large-Small model — (45)

These new formulations make the improved spectral localness proper-
ties clearer and show how they are governed by those of the test filter.

Generalized versions based on a filtering approach have been proposed
by Vreman [47].

2.4.2. Structural subgrid scale models

The structural models aim at predicting the subgrid scales (or the subgrid
tensor) directly, rather than recovering their effects on the resolved scales
through the use of a forcing term. Obviously, an accurate prediction of the
subgrid scales would lead to a satisfactory estimation of the forcing term
FLEs.
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While the distinction between the single- and the twice-filtered Navier-
Stokes model was not important in the functional modelling case, it is a
central feature in the structural model case. Looking at Eq.(11), it is clear
that only the u' field can be reconstructed on the computational grid. As a
consequence, one can distinguish between two general classes of structural
models:

(1) Models and methods for reconstructing u' only. This approach was
coined as the soft deconvolution problem by Adams, and makes it possi-
ble to evaluate the term Fj in Eq.(12). Since interactions with the field
u'" are not taken into account, these models must be supplemented by
a secondary model of structural type which will account for F» and F3
in Eq.(12) , leading to the definition of mized models, also called linear
combination models. This combination is also supported by physical
arguments developed by Shao et al., who found in a priori tests that
terms Fy and F; are rapid terms (i.e. terms which react quickly to
changes in the resolved field) which carry most of the information tied
to anisotropy of resolved scales, while F» and F3 are slow terms mostly
related to an isotropic energy cascade.

(2) Models and methods for estimating both u' and u". An auxiliary com-
putational grid is now introduced to capture u" or its surrogate. This
approach can be referred to as a full reconstruction approach.

Soft deconvolution models All models belonging to this family rely on
a partial inversion of the first filtering step introduced within the twice-
filtered Navier-Stokes equations LES model framework. The purpose is to
evaluate the field u* ~ & = T + v’ using U as a starting point and then to
use it as a predictor of the whole resolvable field @, yielding the following
expression for generalized soft deconvolution models:

TR R ® U — uF @ ur (46)
Many strategies have been developed, among which:

(1) The iterative deconvolution, as advocated by Stolz and Adams
[40,41,42]. Writing % = G * @, one obtains

) a= Y (-Gru (47)

p=0,+00
The approximate solution u* is obtained using a truncated expansion
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w =Y (I-G)'u (48)
p=0,N

with N < 5 in practice. The lowest-order expansion (N = 0) cor-
responds to the model proposed by Bardina referred to as the scale-
similarity model :

Ww=u—F=u®u—-u®u (49)

The Taylor series expansion approach, which relies on a differential
approximation of the convolution filter.
Recalling that (in 1D)

7= / Glo - y)uly)dy (50)

and introducing the Taylor series expansion of u(y)

(y — )k d

u(y) = u(z) + Z Twu(w) (51)
k=1,400 :
one obtains
_1\k k
@)= (I+ Y (kl,) Mk;l—k u(z) (52)
k=1,400 :

where M, is the kth moment of the filter kernel G:

My, = /zka(z)dz

For Gaussian and top hat filters, which are symmetric, non-vanishing
moments are such that M}, = O(A¥). The deconvolution can therefore
be written as

e DL
u(z) = | I+ Z (k') Mkﬁ
k=1,400

g
—~

ot

w
~
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The approximate inverse u* is obtained using a truncated Taylor series
expansion:

-1
dk
dk

SN

- (54)

uw (z)= [T+ Z (_l)kMk
!
k=1,N

The computation of the inverse differential operator can be achieved
in different ways. A first solution is to discretize it and to inverse it
numerically. A second (and much more common) solution is to develop
it using another truncated Taylor series expansion : (1 + €)™t =1 —
€ + €2... Restricting this development to second-order terms (i.e. up to
O(A?) terms), one recovers the following well-known model (referred
to as Clark model, gradient model or tensor diffusivity model):

10 0 5
12 &rk 61‘k

This model can also be derived performing a Taylor series expansion of
the subgrid stresses. A finite-difference equivalent model referred to as
the velocity increment model was proposed by Brun and Friedrich.

All soft-deconvolution models are under-dissipative in the sense that
they do not prevent energy pile-up in the resolved scales. This is consis-
tent with the fact that they do not account for interaction with ”true”
subgrid scales represented by u" field. In the case of the tensor dif-
fusivity model, this lack of dissipation is associated to anti-diffusive

properties along proper axes of S associated to negative eigenvalues.

Full reconstruction of subgrid scales These models require the defini-
tion of an auxiliary fine grid with characteristic mesh size ' < h on which
the field u" will be reconstructed. They can be recast within the general
framework of multilevel techniques. The original LES grid with mesh size
h is then referred to as the coarse grid (or coarse resolution level). This
new resolution level is represented using another filtering step within the
filtered Navier-Stokes equations framework. The common structure of all
these methods is the following

(1) Extend the coarse grid solution @ on the fine grid. This is achieved using
an interpolation step, which can be supplemented by a deconvolution
step to recover u.
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(2) Reconstruct the subgrid scale field u” on the fine grid, and add it to @
to get u
(3) Compute the non-linear term F'(u,u) on the fine grid

(4) Restrict it at the coarse resolution level to obtain F(u,u). This step
can be implemented as a projection or a combination of a filtering step
and a projection step.

The gain in terms of computational time with respect to a usual LES
computation performed on the fine grid is achieved using at least one among
the two techniques listed below (see [35, 6] for details):

e Use a cheap method (i.e. cheaper than solving the Navier-Stokes equa-
tions) to evaluate u” on the fine grid. This can be done using many
methods, e.g. : (i) fractal interpolation of the resolved field (ii) kine-
matic extrapolation based on an estimate of the production term.

e Define a cycling strategy between the two resolution levels, i.e. freeze
the u' on the fine grid for some time. This time can be prescribed
using phenomenological arguments or can be computed using a priori
error estimates. Further cost reduction can be achieved using a set of
embedded resolution level (Terracol et al. [43,44] used up to 3 resolution
levels in the case of a compressible plane channel flow).

3. Rewriting LES as a Multiscale/Multilevel problem

The scale separation concept has been extensively introduced and discussed
in the previous section. It is now proposed to extend this concept to the
case which consists to introduce several (not only one) filtering (or repre-
sentation) levels of the solution. As it will be further detailed, the concept of
decomposition of the flow variables between resolved and unresolved parts
will not be limited to a a scale separation between large and small scales.
Indeed, the more general context of multilevel/multiresolution methods will
also be investigated.

3.1. A N-level multiscale turbulent field decomposition

As a first step, the particular case of a multiscale decomposition of the
flow variables has to be described. Similarly to what is done in classical
Large-Eddy Simulation, different filtering levels of the flow variables are
introduced through the use of some filtering operators denoted by G,,
1 < n < N, acting as a low-pass frequency filters on the solution, and
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associated to their respective cutoff lengthscale A(™),
The application of the filtering operator GG,, on the variable u is then for-
mally defined by a convolution product?:

@%*W@JﬁiLGﬂwa—S (1) de (56)

In the following, it will be assumed that the hierarchy of primary filters G,,
is chosen such that growing values of the parameter n correspond to coarser
and coarser representations of the flow variables. This is equivalent to say
that the respective cutoff lengthscales A(™) of the filters G, are increasing
with n, i.e. A1 > A" For the particular case n = 0, it will be imposed
that Gy = Id.

Another filtering operator G, has then to be introduced, which results from
the successive application of the primary filters G,,, to G,:

Gh()=Gp*xGp1* .. xGy1 *Gpx () (57)

This definition yields to a hierarchy of filtering operators {G'},_, y, which
will be used to perform the scale separation at each level n. In the following,
these filtering operators Gi* will be referred to as hierarchical or combined
filters, and generally differ® from the primary filters G,,. The filtered (re-
solved) variable at each level n is then defined as:

a'™ = Gp(u)
=G (w) (58)

=Gp*Gp_1 *x...xG1 *u

The cutoff lengthscalef of the filter G will denoted by Z(n). The filtered
variable 7 (") then formally corresponds to a representation of the wavenum-

bers k < k,, with k, = W/Z(n) the cutoff wavenumber associated to the
filter G'. In a similar way, @™ corresponds to a representation of turbulent

scales larger than Z(n).

dAs it is usually the case in Large-Eddy Simulation, the cutoff length A(™) is assumed
to be constant in both space and time, to simplify the following developments. Similarly,
no explicit dependency of the filter kernel G,, with time will be considered.

®The identity G7* = G, is however verified for the ideal case of a sharp separation between
large and small scales at each level n, when the primary filters are all some sharp cutoff
filters.

Tt is to be noted here that the cutoff lengthscale of the combined filter G generally

differs from the one of the primary filter Gy, i.e. Z(n) # A(™)_ The equality is however
verified when Reynolds filtering operators are considered as primary filters
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It is now convenient to introduce the quantity du¥,1 < [ < N —1,
which is associated to the wavenumbers k;11 < k < k;. This quantity will
be referred to as the detail between the two successive levels [ and [+ 1, and
represents the complement (frequency complement) of information between
these two representation levels. It is evaluated as:

sul = g O _ g+
= (Id— Gp)»al (59)
= (g{ — i+1) u

In the particular context of Large-Eddy Simulation, the following de-
composition of the variable u is considered:

u=aY +u (60)

where u' = du(®.

In this case, the simulation is restricted to the description of the filtered
field "), while the effects of the unresolved subgrid scales carried by u' is
accounted for thanks to the use of a subgrid model. From the definition of
the details, the resolved field at the finest level (") can be expressed as a
function (denoted by M) of the resolved field at a given level n > 1:

gl
—~
=
=
|

= Mg (@™, 6u=D, ., su)
n—1

=a™ + ) oul® (61)
=1

This relation shows that the filtered variable at the finest resolution level
can thus be reconstructed thanks to its multilevel (multiscale) decomposi-
tion by summation of all its components at coarser filtering levels.

Such a multilevel decomposition is illustrated in the spectral space on
figure 1, in the simple case in which the primary filters GG,, are sharp cut-off
filters with respective cut-off wavenumbers k,,.
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Fig. 1. Multilevel decomposition of the turbulent field (sharp cut-off fil-
ters).

Obviously, the simulation tends to a direct simulation when A — 0, i.e.
7™M — wu. As it will be detailed in the following, the main idea of the mul-
tilevel will be - without increasing the cost of the simulation - to consider
some sufficiently small values of A™) to use a simple subgrid closure to
represent the effect of the scales associated to u’, and minimize the errors
due to this parametrization.

3.2. Corresponding Navier-Stokes-based governing
equations

The multilevel decomposition can be formally applied to any set of vari-
ables and equations. We will however restrict ourselves to the framework of
turbulence simulation, and thus consider the Navier-Stokes equations. For
a sake of simplicity in the developments, the incompressible framework will
be considered here. The extension to the compressible case is similar to the
one performed in classical Large-Eddy Simulation.

The filtered equationsat any filtering level n are obtained by applying
the filtering operator G* to the Navier-Stokes equations written for a New-
tonian incompressible fluid. Under the assumption (discussed in section 2)
of commutation between the filtering operator and the time and spatial
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derivatives, the following set of filtered equations is obtained:
v.a™ =0

0
Z g 7 oMY = vy 27(n) _ (n)
8tu +V.(u X u ) Vp\" +vV-iu V.T

In this expression, 7(") is the subgrid stress-tensor of the level n, arising
from the non-linearity of the Navier-Stokes equations, defined as:

+(n) — m(n) — ™ ® 7 (v (63)

(62)

As it is the case in classical Large-Eddy Simulation, this term cannot be
directly computed at the filtering level n, since the unfiltered velocity field
u appears in its expression. A specific closure is thus needed for this term
to close the system of equations (62). The next section of this chapter will
be devoted to some existing possible parametrizations for this term.

It is to be noted that an evolution equation can also be obtained for
the details between two consecutive levels n and n + 1. Indeed, by simply
subtracting the filtered Navier-Stokes equations at the coarser level n + 1
from equations (62), and since @™ = 7™tV 4 §u(" and (™ = p*+H) 4
6p(™, the following system is derived for the details 6u(™ and dp(™):

%5%”) + V. (5u(n) @ ou™ + sy @ grth) 4 gt g 5u(")) (64)
= _V(Sp(n) +uvV2u™ — v, (T(n) . T("'H))

This system will be the main basis of the NLDE (Non-Linear Disturbance
Equations) approach [25], which allows to get a reconstruction of the tur-
bulent fluctuations around a given mean flow.

3.3. The closure problem

As it has been shown in the previous section, the application of the hier-
archical filter GI* on the Navier-Stokes equations leads to some extra terms
in the filtered equations which are not directly computable at this level.
As in the classical Large-Eddy Simulation terminology, these terms will be
referred to as the subgrid terms from level n. At each filtering level, a math-
ematical closure has thus to be considered for the subgrid stress-tensor 7(™) .
Several solutions exist to perform such a closure. This section deals with a
brief survey of existing parametrizations for the subgrid-stress tensor 7(™) .
First, the simplest case which uses a classical subgrid model at each level n
of filtering of the solution will be presented. It is equivalent to account for
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the subgrid scales (corresponding to the wavenumbers k > k,,) in a statis-
tical way. This point is illustrated in Figure 2.

Log(E(k) Log(E(k))

7 |
[ . W T
' cled

nown

/uS“z’ D

: /

Kn o koa Kk Log(k) Ko kos Kk Kk Log
Fig. 2. ”Standard” parametrization of Fig. 3. Multilevel parametrization of the
the subgrid scales (sharp cut-off filter). subgrid scales (sharp cut-off filter).

However, for n > 1, a part of the subgrid information related to the level n is
known, since it is explicitly resolved at the finer filtering levels [ € [1,n —1].
Indeed, this information is contained in the details of the finer levels, and
it thus appears possible to directly use it in the computation of the sub-
grid terms at level n. This point is illustrated in Figure 3, and is the basic
idea for the development of several specific multilevel closures, which will
be described in this section. It is to be noted that these specific closures
rely on an extension of the Germano’s identity to the case of a n-scale
decomposition.

3.3.1. Use of a "classical” subgrid model

This kind of parametrization remains the most simple to implement. Here,
a classical subgrid model (see section 2 for a survey) is retained at each
filtering level n. The subgrid stresses at each level are then expressed as a
function of the resolved variables at this level:

M~ My (Z("), u(”)) (65)

where My, stands for one of the subgrid models presented in section 2.
While this kind of parametrization for the subgrid terms remains obviously
the simplest one to implement, it relies on the fact that all the scales which
are not, resolved at the level n are represented through the use of a statis-
tical model. It is then obvious to think that such a model has a decreasing

accuracy when n (equivalently Z(n)) increases, i.e. when the quantity of
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subgrid information to account for increases. Indeed, for too large values of
n, the assumptions considered in the development of the subgrid models®
may be dramatically violated, leading to a high level of error in the model.
For this reason, some appropriate multilevel models have been developed
by several authors. One of the common basis of these models is the general-
ization of Germano’s identity to the multilevel framework, which is detailed
in the next section.

3.3.2. Multilevel generalization of the Germano’s identity

From the expression of the subgrid stress-tensor at the filtering level n, we
can write:

Gn+1 * T(n) =u® ’u/(n+1) — Gn+1 * (ﬂ(n) X ﬂ(n)) (66)
We then obtain the following relation:
7D Gy x (™ = £ (67)

where the tensor £(™) can be directly computed from the resolved field at
the two successive levels n and n + 1:

Ungwﬂ(mm®ﬂw)_ﬂww®ﬂmﬂ> (68)

Relation (67) is a multilevel formulation of the well-known Germano’s

identity [16]. Indeed, with n = 1, and with the notations ¢ = 5(1) and
¢ = Go * ¢, we get the classical expression of this identity, similar to (34):

L=T-7 (69)
where we recall that:
T=uURQu—TU®T (70)
T=u®u—-u®q (71)
L=TQu-u®0 (72)

By recurrence, we also get from (67) the following expression for the
subgrid-stress tensor from a level n > 1:

7 — gy (7'(1)) + Tf Gtz (E(m)) (73)
m=1

gGenerally isotropy and homogeneity of the unresolved scales
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where we impose that G/, = Id for m > .

It thus appears from this relation that the subgrid terms from a given level
n can be directly computed if the subgrid term from the finest filtering
level 7(1) is known. The consequence is that the only resulting errors in the
parametrization of 7(") are relative to those done when modelling 7(!). In
the following, relation (73) will be referred to as the generalized Germano’s
identity, which is one of the major relation between the subgrid terms at
different filtering levels.

3.3.3. Specific multilevel closures

In this section, two specific closures, well suited to the multilevel framework,
will be described. The basic common idea of these closures is, at a level
n > 1, to use the information resolved on finer levels from a deterministic
way rather than modelling it from a statistical way as it would be the case
with one of the standard LES parametrization.

o A first closure can be derived directly from the generalized Germano’s
identity. The subgrid terms at any level n > 1 are thus expressed by
using directly the relation (73) and by considering a "usual” closure for
the subgrid terms from the finest representation level® (n = 1). The
expression of the subgrid-stress tensor at any level n > 1 then reads:

7~ gn (Msgs (Z“), ﬂu)))
+ :;2;:11 G2 (Gm+1 * (E(m) ® E(m)) — glmtl) E(m“))

(74)
Here, it should be noticed that no particular a priori assumption is
made about the form or intrinsic nature of the subgrid terms (partic-
ularly, the backscatter phenomenon is not prohibited), except for the
term 7(1).
Several implementations of this closure can be found in the literature,
leading to some different classes of methods. These various methods
differ by the way to perform practically the multiscale decomposition,
the number of levels which are considered, and some additive hypothe-
sis/simplifications of the expression (74). Section 3.4 presents how the
main multilevel methods are derived in practice.

hThis closure should then be of a reliable accuracy since the flow should satisfy the usual
LES assumptions at this resolution level
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e The second possible closure relies on an extension of the dynamic mixed
closure of Zang et al. [49] to the case of a N-level scale decomposition.
This model, proposed by Terracol et al. [43], relies on a specific form
of the scale-similarity term at a given level n > 1, which includes a
contribution relative to the information resolved at the finer levels.
While all the original developments were carried out in the compressible
case, only the incompressible one will be detailed here to be consistent
with the previous developments.

First of all, the following decomposition of the velocity field is intro-
duced:

n—1
w=1u" + Z Sul™ + s (75)
=1

where u/ = 6u(®). This decomposition is then introduced directly in the
expression of the subgrid term 7(") from level n, leading to the following
decomposition, similar to the Germano’s consistent decomposition:

) — ) L o) 4 pn) (76)
where the three terms L™, C™ and R read:

n—1 n—1
L = gn ((u(n) n Z6U(n)> ? (ﬂ(”) + Z(;u(n)>> (77)
=1 =1
n—1 n—1
R
=1 =1

c =gn ((u(”) + nz_: 5u(”)> ® ul) (78)
=1

-G

_ g{l ﬂ(”) + Z 511,(”)) ® g{l (U,/)

=1

n—1
+07 | we (H(”) +> 6u(">>>

=1

n—1
— g7 (ur) @ G (H(") + Z 5u(")>
1=1

R™ = Gp (w @ w) — G} (u) ® G} (u) (79)

These three terms refer respectively to the resolved, cross, and Reynolds
stress tensors of the subgrid-stress tensor:
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— L™ is the resolvable part of 7("), and appears as an extension of
Bardina’s scale similarity model to the multilevel case. It repre-
sents the large scales interactions, and in addition the interactions
between large scales and the small scales resolved on the finer
levels, and interactions between these ”resolved subgrid scales”
themselves. This part of the subgrid stress-tensor contains all the
deterministic information that can be directly computed.

— C™ is the cross-term tensor, which represents interactions be-
tween the large scales and the unresolved subgrid scales, and be-
tween resolved and unresolved subgrid scales.

— R is the classical Reynolds stress-tensor, which represents the
interactions between the unresolved subgrid scales.

Since L(™ can be directly computed from the resolved field, it is proposed
to perform a direct computation of this term, while modelling only the two
other terms C" and R(™ from a statistical way. Such a parametrization of
these two terms can be achieved thanks to a classical Smagorinsky model
with an appropriate value of the Smagorinsky coefficient, obtained by mean
of the dynamic procedure.

Similarly to what was proposed by Zang et al. [49], the subgrid stress tensor
at two consecutive filtering levels n and n + 1 are expressed as:

7 = [ _gctn (Am)) ‘?
A1) — g (A(n+1)) ‘S (n+1) ‘ (D) (81)

where ‘g(n)‘ = \/2§(n) . 5™

As in the usual dynamic approach, it is assumed! that Cg(ln) is the same for
all the wavenumbers between k,,4; and k,.

The term LT(n) is obtainedd similarly to L(™ by introducing the velocity

iThis assumption is however only needed at the finest level n = 1. Indeed, for n > 1,
another procedure can be applied, in which two different coefficients C’Ign) and Cg”'l)
are considered, and are computed recursively from the finest to the coarsest resolution
level.

iTt should be noted that LT™ # L(+1)_ Indeed this last term is obtained from the the
velocity field decomposition at level n + 1 (not n).
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field decomposition (75) at level n into the expression of 7 (n+1),

L = gpt ((u " 4+ Zéu ) ® (a(”) + Zéu(”)>> (82)
=1
— n—1
{H’l (u(n) + Z 6u(n)> ® g{l+1 (a(n) + Z 5u(n)>
=1 =1

By applying the Germano’s identity (67) to the two expressions (80) and
(81), the following relation is derived:

£ = (LT(”) — Gagr % L(")) — 204 pr(m) (83)
where:

M) = (A0) 5 50 (A0) Gk (|57 5T) (89
An optimized value of the coefficient C’C(l") is then obtained by a least-square
minimization of the residual of relation (83):
£ _ (LT(") — Gagr % L("))

2M (%) M (n)
It is to be noted that, as it is the case for the classical dynamic model, the

o = - (85)

values obtained for this coefficient at each level are much lower (roughly one
order of magnitude) than the values commonly retained for the Smagorin-
sky constant. This is due to the presence of the scale-similarity term L")
which exhibits a high degree of correlation with the real subgrid term 7(™) .

A second remark is that this model, exactly as the classical dynamic
model, is subject to some numerical instabilities that can arise when too im-
portant variations or intense negative values of the parameter C'[(in) are ob-
tained. For this reason, some stabilization techniques such as volume/plane
averaging or clipping of the coefficient itself or of its numerator and denom-
inator parts have to be carried out.

3.4. Typology of existing methods

Several multilevel methods can be found in literature, which can be classi-
fied in different subclasses, depending on the nature of the primary ”filter-
ing” operators GG,. This section is a proposal of a possible classification of
some existing multilevel methods, together with their brief description.

First of all, the choice of the primary operators G,, has to be discussed.
Depending on this choice, two main classes of multiscale decomposition
arise:
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(1) To consider that the filtering operation is carried out by applying low-
pass filters (in wavenumber) on the flow variables at each level n, as
the ones commonly used in Large-Eddy Simulation. This leads to the
multiscale representation of the aerodynamic variables described in the
previous sections.

Three general types of method, belonging to this first class of multiscale
decomposition can be cited:

e The deconvolution-like methods [40,7,7,7,7,?,7?], which propose
to perform an approximate reconstruction of some scales smaller
than the resolved scales in order to compute explicitly the subgrid
terms. This is achieved by introducing two filtering levels. With the
former notations, the ”resolved” field will be @(?), while the field
at the finest resolution level @(") is only used (and approximated)
to build the subgrid terms.

e The ”"improved” functional models based on an additional sepa-
ration between large and small resolved scales, such as the ones
based on the removal of the mean flow, the Variational Multiscale
Model [18,19, 20], and filtered models. In all these approaches, a
classical functional model such as the Smagorinsky model is mod-
ified such that different combinations of resolved scales are used
to compute the shear-stress tensor and the subgrid viscosity.

e The multilevel methods based on the use of a hierarchical repre-

sentation of the solution, and obtained in practice thanks to the
use of a hierarchy of computational grids with different resolutions,
for instance by using a multigrid< algorithm or the Adaptive Mesh
Refinement (AMR) technique.
In this case - as it will be detailed in the next sections - the scale
decomposition is obtained implicitly by the use of several grid lev-
els, with different grid resolutions. Each grid level then naturally
introduces its own cutoff lengthscale (the grid Nyquist cutoff), and
the effective ”filtering” at each level results from a combination
of this natural cutoff, the numerical scheme, and a possible addi-
tional explicit filtering, as it was specified in the first part of this
chapter.

kThe multigrid terminology is used here referring to its primary definition ”use of dif-
ferent computational grids”, and should not be compared to the multigrid methods
developed for convergence acceleration in steady CFD algorithms, and which make use
of specific numerical treatments.
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(2) To consider the particular case of a two-level decomposition of the flow
variables between a filtered (LES) part, and an averaged (RANS) part.
This yields to the framework of the so-called RANS/LES hybrid ap-
proaches, which are of growing interest for practical applications of
the LES technique. In this case, a classical low-pass filter is consid-
ered at the finest resolution level (n = 1), while the ”coarse” resolution
level (n = 2) is defined through the use of a Reynolds averaging op-
erator. It should be noticed that in this case, the multilevel method
is then extended to the multiresolution framework since the different
resolution levels are obtained thanks to different kind of representa-
tions/resolutions of the flow.

It thus appear that the multilevel methods in Large-Eddy Simula-
tion can be divided into four subclasses. However, one common point of
all these methods is that they all aim at increasing (locally or globally) the
accuracy of the simulation, while keeping affordable computational costs.
Two main applications then arise: i) increase accuracy at a constant com-
putational cost; ii) decrease the computational cost at a constant accuracy.

The case of the RANS/LES hybrid methods is a major (and rich) topic
which will not be detailed in this chapter, limited to multilevel LES. For a
description of hybrid RANS/LES strategies, the reader is refered to [35].

The deconvolution-like methods belong to the structural subgrid scale
closures, and have thus been extensively described in section 2.4. In that
case, because only two filtering levels were defined, some more simple no-
tations were retained: the resolved field (at level number 2) is denoted by
. The approximate inverse (at level number 1) is denoted by u*.

Similarly, the improvements of functional models based on an additional
scale separation have been detailed in section 2.4, where the resolved field
wis ©, the large resolved scales u< are equivalent to %@ ?, and finally the
small resolved scales u” are the details between these two filtering levels
du).

The next section will now be devoted to the description of the remaining
subclass emerging from the former classification. The case of a multigrid
decomposition will thus be considered. The specific problems and possi-
ble treatment arising in this case will be analyzed, for both the case of
embedded and zonal multigrid strategies.
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4. Multilevel LES by use of several grid levels

The concept of multiscale separation has been extensively introduced and
discussed in the previous sections, from the continuous point of view. How-
ever, for practical applications, an equivalent discrete formalism has to be
introduced.

From the discrete point of view, the way to perform the multiscale separa-
tion and to define the different filtering levels in practice is highly dependent
of the numerical method that is used. Indeed, the decomposition is straight-
forward when spectral solvers are used. In that case, a simple truncation
of the Fourier representation of the flow variables allows to perform the
scale separation (when sharp cutoff filters are used), as it was done by sev-
eral authors (see the Dynamic MultiLevel (DML) approach of Dubois et al.
[13,14,12,11,10]).

However, when the computation is performed in physical space, the fil-
tering step is generally more difficult to perform. Some discrete equivalents
to the continuous filters have to be developed. Moreover, when using such
approximations of the filters, an important feature of the filters is that it
has to reduce the complexity of the problem, or equivalently the number
of degrees of freedom. This is generally not the case with classical finite-
difference approximations relying on Taylor series expansions.

Spectral approaches have a limited field of applications. For that rea-
son, practical computations are often performed in physical space, meaning
by the introduction of a discretization grid. As it has been mentioned pre-
viously, any grid, with a grid cell size of A introduces naturally a cutoff
lengthscale (referred to as the Nyquist cutoff) equal to 2A, and which rep-
resents formally the smallest flow structure that can be resolved on the
mesh. Additionally, the numerical scheme also introduces its own cutoff, so
that it is thus very hard to define properly what are the effective cutoff
lengthscale and filtering operator of the simulation.

Following these observations, the simplest possible way to perform the
scale separation in the physical space, while reducing simultaneously the
complexity of the solution, relies on the use of different grids with varying
characteristic cell sizes between them. With such a strategy, each grid level
thus introduces its own filtering of the solution, and the difficult point is
then to perform a coupling between the different grids. In practice, such a
coupling appears necessary in two main configurations:

e When the different grid levels are embedded, and define a hierarchy
of nested grids , an adapted coupling process between the different
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grid levels has to be introduced. If the grids are only partially nested
(in a sense that will be defined in section 4.1.2), and define a zonal
multigrid hierarchy, some coupling interfaces between the different res-
olution levels are present and require a proper treatment. This remark
also stands for the Adaptive Mesh Refinement methods, in which such
a zonal multigrid hierarchy is generated dynamically during the com-
putation. The general case of embedded grids is detailed in section 4.1.

e When the different grid levels do not overlap each others, the coupling
between them occurs only at an interface. We then have to deal with a
multidomain/multilevel approach. This case, and the underlying diffi-
culties, is fully described in section 4.2. More particularly, emphasis will
be made to the particular treatment required at the coupling interface
between two domains with different grid resolutions.

4.1. Embedded multilevel LES
4.1.1. Fully embedded strategies

The N different filtering levels considered here correspond to different dis-
cretization grids of a (continuous) domain 2. Each grid level will be denoted
by Q,,n = 1..N, where ; refers to the finest grid, and Qy to the coarsest
one, respectively. Each grid level then defines implicitly a filtering level of
the solution, since it can only account for a limited range of scales. The
range of grid-resolved scales thus decreases as n grows, as in the continuous
formalism presented in section 3.1. The finest grid ; is thus associated
to the finest filtering level, and performs implicitly the primary filtering
operation G1x. That is equivalent to say that the continuous filter kernel
GGy is in practice assimilated to the discretization operator on grid €2y, de-
noted by D;. For the continuous variable u, the filtered variable at the finest
resolution level is thus defined as:

) =D (u) (86)

In a similar way, each level of the embedded grid hierarchy defines its own
filtering level of the solution, as it is illustrated by figure 4.1 in the restricted
case of three filtering/grid levels.



April 11, 2005 Master Review Vol. 9in x 6in — (for Lecture Note Series, IMS, NUS) chapter-sagaut

42 P. Sagaut and M. Terracol
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Fig. 4. Practical definition of the filtering levels (N = 3).

The definition of the filtered variables at each grid level then require the
introduction of Restriction operators' denoted R"*! and which allow to
perform an interpolation of the flow variables resolved at a given level (2,, to
the next (coarser) level ©,,11. The filtered variables on the ”coarse” (n > 1)
levels are thus defined recursively from the resolved variables at the finest
resolution level, by successive applications of the restriction operators. The
filtered variable at level n is then defined as:

a( = Rr_ g1
= (RZ—1°RZ:%O...OR5) (M &)

~ J

n
Ri

The restriction operator R)'_; thus appears formally as the discrete equiv-
alent of the primary filter G,,.

Similarly to R™*!, a Prolongation operator P}, is introduced, which al-
lows to perform an interpolation of the variables from the grid level Q11
to the finest level Q,. It is to be noted here that such operators do not
allow to reconstruct the missing information between the two successive

IThe two terms Restriction and Prolongation are commonly used in the multigrid meth-
ods terminology.
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levels n and n + 1. The details (frequency complement) from level n are
then computed as the interpolation error between the two successive levels
nandn+1:
Su® = g — pgﬂg(nﬂ)

= (Id = P} oR;*) at
Table 2 summarizes the equivalences between the continuous formalism
(described in section 3.1) and the discrete formalism considered in the case
of a multigrid LES algorithm.

(88)

Continuous case Discrete case
G =G} DM
Gn,n € [2,N] n Q1 = Qp,n € [2,N]
Gr,n € [2,N] " =RI oR' 1o..0R?: Q0 — Q,,n € [2,N]

On the basis of such a multilevel decomposition, and to reduce the com-
putational costs associated to LES, Voke proposed to introduce a cycling
strategy in time between the different grid levels (the multiple mesh sim-
ulation), in the restricted case of a two-level flow decomposition. The idea
of such an approach is then to reduce the simulation cost by integrating in
time on coarse levels, with large time steps, and using finer grids to increase
the accuracy of the simulation. A more advanced method, also based on a
cycling strategy in time between the different grid levels was then proposed
by Terracol and his coworkers. The idea is, at a given time, to perform
the simulation only at the most pertinent level. The approach may then be
seen as an extended, time-consistent multigrid algorithm. The major hy-
pothesis on which relies the method is that the small scales time variation
can be neglected during time integration on coarse resolution levels. This
hypothesis is referred to as the Quasi-Static (QS) approximation by several
authors. Among them, Dubois and his coworkers justified it by exhibiting
a very different behavior between the small and the large scales of the flow.
In particular, small scales are shown to reach much more quickly a state of
equilibrium. Some mathematical estimations of the small scales variation
rate were derived, leading to the following result:

8 —(n
, < au( )

‘%&L(”) (89)

2
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where | . |, refers to the norm associated to the kinetic energy.

Under this assumption, Terracol et al. [43,44] proposed to perform some
V-cycles between the different grid levels, in which the solution is advanced
successively in time on the different grids. At the end of each cycle, the
solution at a given level n < N is then corrected thanks to the QS approx-
imation:

N N
7™ (t +)° At,) =gty (t + ZAtl> + oul™ (1) (90)
l=n l=n

where At,, is the integration time at level n, and the details du(™ have
been kept frozen during time integration on the coarser grid levels. Figure
5 illustrates this algorithm in the restricted case of three filtering levels of
the solution.

This algorithm differs from the one proposed by Voke [46] since it incor-
porates an explicit enrichment procedure of the solution at each grid level
at the end of one cycle (by adding the frozen details to the coarser grids
solution).

Log(E(K))

—m o

2@

$(3)

Log(k)

Fig. 5. Schematic representation of the multilevel strategy.

Several aspects of a this multilevel algorithm have been investigated:
the first one was dealing with the way to perform the coupling between
the different levels. The major point that was pointed out was the problem
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of the subgrid closure used on the coarse levels (n > 1). It was clearly
established that an adapted multilevel subgrid closure (as one of those
presented in section 3.3.3) is mandatory on the coarse levels. Indeed, in
the case of a more simple coupling between the levels, the results obtained
in multilevel simulations were similar to those from a monolevel coarse
grid simulation. The second aspect investigated was the way to perform
the cycling strategy itself. Indeed, the cycling strategy has to adapt itself
dynamically to the unsteadiness of the flow. A dynamic cycling algorithm
between the different grid levels was derived, allowing to estimate, at the
beginning of each cycle, both the number of grid levels to be considered,
and the possible integration time on each level. For this, a criteria, based
on a control of the Quasi-Static approximation was introduced. The key
idea is then, during one cycle between the grids, to ensure that the time
variation of the details at each level remains negligible compared to the
time variation of the large scales. In practice such an approach was shown
to yield to an effective reduction in CPU time by a factor of up to five
(compared to a fine monolevel LES), when three grid levels (N = 3) are
used [44].

4.1.2. Partially embedded strategies

As in the previous section, the idea is here to introduce a hierarchy of
embedded grid levels. However, in order to reduce the complexity of the
simulation, it appears interesting to adapt this hierarchy of grids in space,
in order to use refined grids only in some regions requiring a particular
attention. Indeed, classical subgrid closures are generally well-suited for
the simulation of flows exhibiting a real large-scale behavior, and in which
the effect of the small scales can be represented simply under the classical
assumptions of isotropy and homogeneity. The regions of the flow which
exhibit such a behavior thus do not require the use of very fine grids. On
the other hand such fine grids are mandatory in the regions of the flow in
which some small anisotropic and/or inhomogeneous scales are present. In
this case, the small scales of the flow cannot be taken into account through
the use of a simple subgrid model, and need to be resolved directly (i.e.
represented by the grid). This is for instance the case in wall-bounded flows,
in which the near-wall streaks must be resolved directly.

A simple way to perform such computations, while keeping some affordable
CPU requirements, relies on the use of a zonal hierarchy of embedded grids,
where the fine grids are only located in some reduced regions of the compu-
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tational domain. Obviously, the coarsest grid level 2 must cover the entire
computational domain. Such a configuration is schematically described by
figure 6. It appears clearly that such an approach can be seen as a hybrid
approach between the zonal and embedded multilevel LES strategies.

Q3

Fig. 6. Zonal multilevel decomposition of a domain Q (N = 3).

Such a grid configuration thus allows, as the zonal multilevel methods pre-
sented in section 4.2, to get access locally to a good accuracy of the simula-
tion (from both the physical and numerical point of views), while keeping
some affordable computation costs.

Some specific topological constraints on the grid hierarchy have however to
be imposed, in order to guarantee its coherence:

e Two successive grid levels n and n + 1 (n < N) must be properly
included:

O C Qg1 (91)

e The previous inclusion must be strict in the sense that the cells sur-
rounding the grid 2,, must belong to the immediate coarser grid 2,41,
except at the boundaries of the computational domain. Following (91),
this is equivalent to the following relation:

Nl =0 (92)

where I';, denotes the boundaries of the grid €, which are not some
boundaries of the computational domain :

T, =0, \ (00, N Q) (93)

A simple way to interpret these constraints is just that any grid level n has
only to exchange information with the immediate finer and coarser grid
levels n — 1 and n + 1.
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Considering such a zonal multigrid hierarchy, the coupling between the
different grid levels is a two-way coupling:

e A coarse-to-fine coupling occurs at the boundaries I',, of the fine grid
levels (n < N) which are not physical boundaries of the domain. At
these interfaces, the coupling problem is exactly the same as in the case
of the zonal multilevel approach presented in section 4.2. Indeed, at the
coupling interface between the level n and the coarser level n + 1, it
appears a priori necessary to take explicitly into account the jump in
resolution /representation of the flow variables. For this, an interpola-
tion technique from level n 4+ 1 to level n, combined with an artificial
reconstruction of the missing contribution has to be used.

e A fine-to-coarse coupling occurs from any grid level n < N to the
coarser level n + 1. In that case, the flow regions resolved at a level n
which are overlapped by a finer grid level n — 1 are reset at each time
iteration by interpolating the flow variables from the finer level n —1 to
the grid level n. This interpolation is carried out by using a restriction
operator R'_; such as the ones used in the fully embedded strategies.

It thus appears clearly that partially embedded multilevel strategies appear
as some hybrid approaches between fully embedded and zonal multilevel
strategies.

Remark: A particular case of such a zonal multilevel grid hierarchy can
be obtained dynamically thanks to the use of an Adaptive Mesh Refine-
ment (AMR) algorithm. In this case, a refinement sensor has to be defined
to detect the regions of the flow where a finer mesh would be required. It
should be noted here that there exists a very few works dealing with the
problem of deriving such a sensor in the specific context of LES. Indeed,
usual sensors are generally based on the local shear of the flow, or on some
estimations of the truncation error of the numerical scheme. However some
specific sensors should be derived for LES, since the objective should not be
here to detect high-shear regions, nor to detect (only) small scales, but to
detect the regions of the flow in which the subgrid scales do not satisfy the
classical assumptions under which the subgrid models have been developed.
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4.2. Zonal multilevel LES

As it has been pointed out in the previous section, an efficient way to re-
duce the overall cost associated to LES relies on the use of some local mesh
refinement strategies. The global idea of these approaches is to use some
fine computational grids only in some specific flow regions which require
the use an explicit resolution of the fine flow structures, such as the near-
wall region in wall-bounded flows, while using some coarser grids However,
in some other flow regions, where the flow dynamics is simpler to capture.
Another practical way to adapt the mesh resolution to the flow physics re-
lies on the use of a multidomain/multiresolution approach in which several
computational domain with different mesh sizes are considered. Contrary
to what has been presented previously, the different grid levels (domains)
do not overlap, i.e. 2, N Qp 1 = @.

Such strategies raise an important problem since the sudden changes
in mesh sizes between adjacent domains are intrinsically linked to some
changes in the characteristic sizes of the flow structures. It is to be noted
that this problem is generally not accounted for in practical simulations
since most of the authors who worked on the subject retained a continuous
boundary treatment between the different computational domains. Among
others, one can cite the works by Simons et al. [38], who retained an ap-
proach based on fluxes conservation. A Galerkin method with B-splines
basis functions was also developed by Kravchenko et al. [24,23].

However, the use of a continuous treatment of the flow variables at the
interface may introduce a buffer region in the fine grid region, in which some
smaller scales (unresolved in the coarse grid domain) are progressively re-
generated. This may lead to an unexpected behavior of the multidomain
simulation when the fine resolution domains have a small extent. Indeed in
that case, the buffer region may become as large as the domain, leading to a
global coarse grid behavior of the simulation. For that reason, some authors
such as Quéméré et al. [34] have developed a specific coupling approach be-
tween two LES computational domains with different grid resolution. In
this approach, the representation discontinuity is explicitly taken into ac-
count at the interface between the two domains, leading to a discontinuous
treatment for both the flow variables and numerical fluxes. Figures 7 and
8 illustrate the major differences that may occur on the representation of
the flow when a continuous and respectively a discontinuous approach is
retained for the interface treatment, and more particularly the buffer region
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appearing when a continuous treatment is used, and in which small scales
are progressively re-generated.
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Fig. 7. Zonal multilevel LES with con- Fig. 8. Zonal multilevel LES with dis-

tinuous coupling at the interface continuous coupling at the interface

The discontinuous treatment at the interface proposed by Quéméré et
al. [34] relies on a two-step strategy:

(1) The fine-to-coarse coupling from the grid level n to the grid level n + 1
is relatively easy to perform. A simple restriction operator R**! such
as the ones used for embedded multilevel strategies is applied to the
aerodynamic variables resolved at level n, in order to obtain a value for
the filtered field in the ghost cells of the coarser grid level n + 1. Since
such operators act as a low-pass frequency filter on the flow variables,
the frequency jump is here explicitly (and in a simple way) taken into
account, since it is only required to remove some high-frequency content
to the filtered field from level n.

(2) The coarse-to-fine coupling from the grid level n + 1 to the grid level n
is somewhat more difficult to perform. As a first step, a classical inter-
polation operator (prolongation) Py, is used to obtain some values in
the ghost cells of the fine grid domain ,,. It is to be noted here that
this step allows only to provide a field with a frequency content which is
equivalent to the one from the coarse grid level n+ 1. Then, in a second
step the obtained values have to be modified such that their frequency
content matches the one from level n. For that purpose, the details
between the two levels are computed in the fine grid cells adjacent to
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the coupling interface, as:
Ju™ = (™ — pn | o Rn+l (W)) (94)

In a final step, the values in the ghost cells of the fine grid domain are
obtained by adding the details from the last row of the fine grid cells
adjacent to the interface to the values in the ghost cells obtained by
interpolation from the coarse grid:

am| —pr <g("+1)‘ (95)

) . Su™
GCp,

RCn 41

n

where GC; and RC; denote respectively for the grid level €2; the ghost
cells and the real cells close to the interface. The coefficient Cj, referred
to as the enrichment constant was introduced by the author to stabilize
the simulations. A commonly used value for this coefficient is Cs ~ 0.95.

The approach was first applied to some plane channel flow computations
by Quéméré et al. [34]. In these simulations, the approach was used to
consider some fine grids in the near-wall region only, while the center part of
the channel was computed using a coarser grid domain. Some aspect ratios
of up to four between the respective fine and coarse grid cell sizes were
considered, together with some different positions of the coupling interface.

This method was also used by some other authors on some more applied
configurations. For instance, the computation of the flow over a delta wing
was carried out by Mary [31] using this technique, and by Mary and Nolin
[32] on a A-airfoil wing profile.
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