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Abstract

We analyze the local convergence rate of the augmented Lagrangian method in
nonlinear semidefinite optimization. The presence of the positive semidefinite cone con-
straint requires extensive tools such as the singular value decomposition of matrices,
an implicit function theorem for semismooth functions, and variational analysis on the
projection operator in the symmetric matrix space. Without requiring strict comple-
mentarity, we prove that, under the constraint nondegeneracy condition and the strong
second order sufficient condition, the rate of convergence is linear and the ratio constant
is proportional to 1/¢, where ¢ is the penalty parameter that exceeds a threshold ¢ > 0.

Key words: The augmented Lagrangian method, nonlinear semidefinite programming,
rate of convergence, variational analysis.

1 Introduction

The nonconvex semidefinite programming problem has wide applications in system control,
structural design, and other fields. It has recently become a focal point in optimization
research. For example, in the recent release of the library COMPleib [22], a total of 168 test
examples for nonlinear semidefinite programs, control system design, and related problems
are collected. Among very few algorithms for this problem, the augmented Lagrangian
method appears to perform well [24]. It naturally calls for a suitable theoretical explanation
for this phenomenon. In its general setting, the augmented Lagrangian method can be used
to solve the following optimization problem
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(OP) min f(z) s.t. h(z)=0, g(z) € K,

where f: X — R, h: X — R and g : X — Y are twice continuously differentiable
functions, X and Y are two finite-dimensional real Hilbert spaces equipped with a scalar
product (-, -) and its induced norm || - ||, and K is a closed convex cone in Y. For any given
Z € X and € > 0, let the open ball be B.(Z) := {z € X ||| — Z|| < €} . Suppose that X’
and Y’ are two finite-dimensional real Hilbert spaces and that F : X x X' — Y'. If I is
Fréchet-differentiable at (z,z') € X x X', then we use JF(z,2') (respectively, J,F(z,z))
to denote the Fréchet-derivative of F' at (x,z’) (respectively, the partial Fréchet-derivative
of F at (z,2') with respect to x) and VF(z,2') := JF(z,2')*, the adjoint of JF(z,z")
(respectively, V,F(z,2") := Jp F(z,2')*, the adjoint of J,F(x,2’)). Moreover, if F is twice
Fréchet-differentiable at (z,2') € X x X', we define

J?F(z,2') .= J(TF)(z,2"), J:F(x,1) := To(TF)(z,2),

V2F(z,2') == J(VF)(z,2'), and V2 F(z,2') := Jo(V.F)(z,2).

A feasible point € X to (OP) is called a stationary point if there exist ( € R™ and
¢ € Y such that the following Karush-Kuhn-Tucker (KKT) condition is satisfied at (z, ¢, £):

VaoLo(z,(,6) =0, h(z)=0, glx)eK, (K", and (g(x),&) =0, (1.1)
where the Lagrangian function Ly : X X R™ x Y — R is defined as
Lo(z, ¢, €) := f(z) + (¢, h(x)) — (&, 9(x))
and K* is the dual cone of K| i.e.,
K :={veY|{(v,z) >0 Vze€ K}.

Any point (z,(, &) € X xR™xY satisfying (1.1) is called a KKT point and the corresponding
point (¢, &) is called a Lagrange multiplier at . Let M(z) (maybe empty) be the set of all
Lagrangian multipliers at .

Let ¢ > 0 be a parameter. The augmented Lagrangian function with the penalty para-
meter ¢ for problem (OP) is defined as (cf. [38, Section 11.K])

Le(,¢,€) == f(x) + (¢, h(x)) + gllh(ﬂﬁ)ll2 + 2% [ITgc- (€ —eg(aD* = lIEI?] . (1.2)

where (x,(, &) € X x R™ x Y and IIg+«(-) denotes the metric projection operator onto the
set K*. If there is no inequality constraint, problem (OP) specializes to

min f(z) s.t. h(z)=0. (1.3)
The corresponding augmented Lagrangian function is

Lo(@,¢) = f(@) + (¢ h(@) + @2, (2,0) € X x R,

which was introduced by Arrow and Solow [2] in the study of a differential equation method
for solving (1.3). The augmented Lagrangian method was initiated by Hestenes [17] and



Powell [29] for solving the equality constrained problem (1.3) and was generalized by Rock-
afellar [32] to the following nonlinear programming problem

(NLP) min f(z) s.t. h(z) =0, g(x) >0,

where f: R" — R, h: " — R and g : " — RP are twice continuously differentiable.
Problem (NLP) is a special case of (OP) with X := R", YV :=R?, and K := R

For the equality constrained optimization problem (1.3), Powell sketched a proof in
[29] to show that if the linear independence constraint qualification and the second-order
sufficient condition are satisfied, then the augmented Lagrangian method can converge
locally at a linear rate without having ¢ — oco. For convex programming, Rockafellar [32]
established a saddle point theorem in terms of L.(-) and Rockafellar [33] and Tretyakov [45]
proved the global convergence of the augmented Lagrangian method for any ¢ > 0.

The augmented Lagrangian method for solving (OP) can be stated as follows. Let ¢g > 0
be given. Let (¢%,£%) € R™ x K* be the initial estimated Lagrange multiplier. At the kth
iteration, determine z¥ by minimizing L., (7, (¥, &%), compute (¢, ¢5+1) by

{ <k+1 = Ck 4 ckh(xk),
EFL = Mg (6% — cpg(a?))

and update cpy1 by
Cht+1:=Ck O Cpil := KCk

according to certain rules, where k > 1 is a preselected positive number. If the sequence of
parameters {cg } is chosen to satisfy ¢, — +00, then the global convergence of the augmented
Lagrangian method can be similarly discussed to the penalty function method [4]. If ¢ has
a finite limit, then there exists a positive integer Ny such that ¢ = ¢ for k£ > Ny and some
positive number c. In this paper, instead of considering global convergence properties, we
consider the local convergence properties of the augmented Lagrangian method for (OP)
when the second case occurs; namely the case in which ¢ = ¢ for all sufficiently large k. For
simplicity in our analysis, for k sufficiently large, we choose ¥ as an exact local solution of
Lc('v Ck’ fk)

In [3] (also see [4, Section 2.2]), Bertsekas established an important result on the lin-
ear rate of convergence of the augmented Lagrangian method for the equality constrained
problem (1.3), in which the ratio constant is proportional to 1/c. The significance of Bert-
sekas’s result resides in the fact that theoretically, subject to numerical stability, we can
select a large ¢ to accelerate the convergence, which partially explains why the practical
performance of this method has been good. In [4, Chapter 3|, assuming the strict com-
plementarity condition, Bertsekas also discussed similar results for nonlinear programming
(NLP). On the other hand, without assuming the strict complementarity condition, many
authors (e.g., Conn et al. [11], Contesse-Becker[12], and Ito and Kunisch [19] ) derived
linear convergence rate for the augmented Lagrangian method. For more on the augmented
Lagrangian method for nonlinear programming, see the two monographs [4, 16] and the
survey paper [37].

The main objective of this paper is to study, without assuming the strict complementar-
ity, the rate of convergence of the augmented Lagrangian method for solving the nonlinear
semidefinite programming problem



(NLSDP) min f(z) st. h(z) =0, g(z) € SY,

where Sﬁ is the cone of all positive semidefinite matrices in SP, the linear space of all p by
p symmetric matrices in RP*P. The difficulty for achieving this objective lies in the facts
that the positive semidefinite cone Sﬁ is non-polyhedral for p > 1 and very few established
tools exist for dealing with the augmented Lagrangian method in such a general setting. A
work of similar nature (but of different target) is Pennanen’s local convergence analysis of
proximal point methods for the inclusion problem

0e7(z), (1.4)

where 7 is a set-valued mapping from a Hilbert space X’ to itself [28]. Based in part on
Rockafellar’s convergence analysis for the inclusion problem (1.4) with monotone operators
[35, 36], Pennanen [28] established local linear convergence results of the proximal point
methods under the condition that 7! has a Lipschitz localization property at a solution Z
0 (1.4). One interesting part of Pennanen’s results is that he used his theory to establish
the local linear convergence of the proximal point method of multipliers (the regularized
augmented Lagrangian method) for solving (NLP) without assuming the strict comple-
mentarity condition. This suggests that one may do the same for (NLSDP). However, by
focusing on the optimization problem (OP) instead of the more general inclusion problem
(1.4), we hope to gain more by using the rich symmetry structure uniquely possessed by
this optimization problem. Indeed, we are not only able to prove that the ratio constant
is proportional to 1/c¢ with the penalty parameter ¢ exceeding a threshold ¢ > 0, but also
able to provide nice properties on the generalized Hessian of the dual function used in our
analysis (cf. Proposition 4.2) for (NLSDP) that relate the augmented Lagrangian method
to an approximate generalized Newton method.

The organization of this paper is as follows. In Section 2, we discuss several technical
results used in our convergence analysis. In Section 3, we develop a general theory on
the rate of convergence of the augmented Lagrangian method for a class of constrained
optimization problems under two basic assumptions. Section 4 is devoted to applying the
theory developed in Section 3 to nonlinear semidefinite programming. Finally, we give our
conclusions in Section 5. To show how the removal of strict complementarity complicates
the analysis, we provide a simple proof of the counterpart under strict complementarity as
an appendix.

2 Preliminaries

To analyze the problem without the strict complementarity condition, one needs to use tools
from semismooth matrix functions. This section serves as a preparation for our analysis.
We will cite and prove some results that are essential to our discussion.

Let X and Y be two finite-dimensional real real Hilbert spaces. Let O be an open set
in X and @ : O C X — Y be a locally Lipschitz continuous function on the open set 0. By
Rademacher’s theorem, ® is almost everywhere Fréchet-differentiable in O. We denote by
Dg the set of Fréchet-differentiable points of ® in @. Then, the Bouligand-subdifferential



of ® at z € O, denoted OpP(z), is
0p®P(x) == {klim Jo(z") |2 € Dy, a* — x} .

Clarke’s generalized Jacobian of ® at z is the convex hull of dp®(x) (see [10]), i.e.,
0P (z) = conv {0p®P(z)} .

The following concept of semismoothness was first introduced by Mifflin [26] for func-
tionals and was extended by Qi and Sun [30] to vector valued functions.

Definition 2.1 Let ®: O C X — Y be a locally Lipschitz continuous function on the open
set 0. We say that ® is semismooth at a point x € O if

(1) @ is directionally differentiable at x; and
(ii) for any Az € X and V € 0®(x + Ax) with Az — 0,
O(x + Az) — O(z) — V(Az) = o(||Az]]) .

Furthermore, ® is said to be strongly semismooth at x € O if ® is semismooth at x and for
any Az € X and V € 0®(x + Az) with Az — 0,

®(z + Az) — ®(z) — V(Az) = O(]|Az|?).

By combining Clarke’s implicit function theorem for locally Lipschitz continuous func-
tions [10, Section 7.1] with [41, Theorem 1.1] and [21, Lemma 2], we can get the following
result directly.

Lemma 2.1 Suppose that H : X XY +— X is a locally Lipschitz continuous function in an
open neighborhood of (Z,y) € X x Y with H(Z,y) = 0. If every element in m,0H (T,7), the
projection of OH (T,Y) onto the space X, is nonsingular, then there exist an open neighbor-
hood Oy of y and a locally Lipschitz continuous function () : Oy — X satisfying z(y) =T
such that for every y € Oy,

H(z(y),y) =0.

Furthermore, if H is (strongly) semismooth at every point in the open neighborhood of (Z,7),
then x(-) is (strongly) semismooth at every point in Oy .

The following two lemmas on the Bouligand-subdifferential of composite functions are
useful in determining 7;05(V4L:)(-). The first one is proved in [42, Lemma 2.1] and the
second one needs a proof, which will be given here.

Lemma 2.2 Let F : X — Y be a continuously differentiable function on an open neigh-
borhood O of T € X and ® : Oy CY — X' be a locally Lipschitz continuous function on
an open set Oy containing § := F(Z), where X' is a finite-dimensional real vector space.
Suppose that @ is directionally differentiable at every point in Oy and that JF(Z) : X — Y
is onto. Then it holds that

Op(® o F)(z) = 0p(y) T F(z).



Lemma 2.3 Let F : X — Y be a continuously differentiable function on an open neigh-
borhood O and ® : X — X' be a locally Lipschitz continuous function on O, where X' is a
finite-dimensional real vector space. Suppose that ® is semismooth at every point in O. Let
U: X — Y’ be defined as

U(z):=F(x)®(z) = F(x) - ®(x), ze€X,

where Y’ is a finite-dimensional real vector space and “-” is a bi-linear operator from'Y x X'
toY'. Then for every x € O and Az € X,

0¥ (z)(Azx) = JF(z)(Az)®(z) + F(2)0p®(z)(Ax) . (2.1)

Proof. Let x € O and Ax € X be two arbitrary but fixed points. By using the fact that
if @ is Fréchet differentiable at y € O, then WV is also Fréchet differentiable at y we obtain

0¥ (z)(Azx) O JF(z)(Az)®(z) + F(x)0p®(z)(Ax) .

Conversely, let W € 0¥ (z). Then there exists a sequence of Fréchet differentiable points
{z¥} C O converging to = such that W = limj_., J¥(2¥). Since ® is assumed to be
semismooth at each z¥, we have

@' (2%, Ax) € Op®(2¥)(Ax).
Thus, for any k > 1,

JYU(2F)(Az) = JF(2F)(Az)®(2F) + F(2*)d' (2*; Ax)
€ JF(")(Ax)®(zF) + F(2*)0p®(2¥)(Az),

which, together with the upper semicontinuity of dp®(-), implies

W(Ax) = lim JU(zP)(Az) € TF(x)(Az)®(z) + F(2)0p®(z)(Ax).

Consequently, (2.1) holds. O

Let K be a closed convex set in Y. It is well known [48] that the metric projector IIx(-)
is Lipschitz continuous with the Lipschitz constant as 1. Then for any y € Y, dllg(y) is
well defined. Below is a lemma on the general properties of Ok (+).

Lemma 2.4 [25, Proposition 1] Let K C'Y be a closed convex set. Then, for anyy € Y
and V € 0llk(y), it holds that

(1) V is self-adjoint.
(ii) (d,Vd)>0 VYdeY.
(i) (Vd,d—Vd)>0 Vdey.



For discussions on nonlinear semidefinite programming we need more properties about
the Bouligand-subdifferential of the metric projector IT s? (-) over SY under the the Frobenius
inner product in SP. We write C' > 0 to mean that C' is a symmetric positive semidefinite
matrix. Let Z € SP and Z, := Hsﬁ (Z). Suppose that Z has the following spectral
decomposition

7 = PAP', (2.2)
where A is the diagonal matrix of eigenvalues of Z and P is a corresponding orthogonal
matrix of the orthonormal eigenvectors. Then

Z.=PA P,

where A is the diagonal matrix whose diagonal entries are the nonnegative parts of the
respective diagonal entries of A [18, 46]. Define three index sets of positive, zero, and
negative eigenvalues of Z, respectively, as

a::{i])\i> 0}, ﬂ::{i‘AiZO}, ’}/::{i’)\i<0}.

Write
A, 0 0
A=| 0 0 © and P=[P, Pz P,]
0 0 Ay

with P, € Rrxlel, Ps e P18l and P, e 1PN, Let © be any matrix in SP with entries

max{\;,0} + max{\;,0} .. = .
iy — f ; )
@J |)\Z‘+‘>\j| 1(2])¢ﬁ><,8

@ije[O,l] if(i,j)EﬁX,@.

(2.3)

The projection operator IT s? (+) is directionally differentiable everywhere in SP [5, 6] and is
a strongly semismooth matrix-valued function [43]. For any H € SP, we have

Pl HP, P.HP;  ©.,0P.HP,

= - =T 15 =T 15 B
s (Z;H) =P P3P, Tlys(PyHPp) 0 P, (2.4)

7T [—
P HP,00,, 0 0

where “o” denotes the Hadamard product [27, 43]. When 8 = 0, Hsi(-) is Fréchet-
differentiable at Z and (2.4) reduces to the classical result of Lowner [23]:

_ PLHP,  ©u 0P.HP, | .,
JUgr (Z)H =P | P VHeSP. (2.5)
P HP,00,, 0

The tangent cone of S_’; at 7, denoted ’]:gi (Z.), can be completely characterized as follows
TS$(7+) ={BeS?|B= Hgi(ZJr;B)} ={B e 8”|[Ps PW]TB[?ﬁ P,] = 0}.
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The characterization of Tgr (Z ) was first obtained by Arnold [1] by using a different ap-

proach from the above. The lineality space of 7:9i (Z.), i.e., the largest linear space in

,Z:gf_ (Z,), denoted by lin (’Z:gi (7+)>, takes the following form:
lin (T (Z+)) = {B € S"|[Ps )" B[Py P,] = 0}.
The critical cone of SY at Z € 8P associated with Z is given by
Z.oPY _ ? | PL BP P'ep. —0 P BP. —
C(Z;8%) = {Bes?|PyBPs =0, PyBP, =0, P,BP,=0}.
The affine hull of C(Z;S%), denoted by aff(C(Z;S%)), can thus be written as

aff (C(Z;S%)) = {B € 8°| Py BP, =0, P, BP, =0} (2.6)

The following lemma on 9pII s? (Z) is part of [42, Proposition 4], which is based on [27,
Lemma 11].

Lemma 2.5 Let © € SP satisfy (2.3). Then W € 63H3£(Z) if and only if there exists
Wy € 831_[8“” (0) such that
+

PP, P'HP;  ©4,0P.HP,
W(H)=P | PyHP,  Wy(PsHPp) 0 P’ VHeS?.
PLHPo06,, 0 0
Let Q be the set of all orthogonal matrices of order |3| x |3]. Let
P:={PeRP|P =P, Pg P,]=[Pa (PsQ) Py}, Q€ Q} . (2.7)

Note that all P € P have the same P, and P,. From the definition of dpIl
we know that if Wy € 0gll
Q;; € [0,1] such that

S-‘f‘ (0) and (2.5)

5161 (0), then there exist matrices @ € Q and Q € SI°l with entries
+

Wo(D) = Q(Q0 (QTDQ))QT VD e S

For an extension on the above result, see [9, Lemma 4.7]. Thus, by using Lemma 2.5 we
obtain the following useful lemma, which does not need further explanation.

Lemma 2.6 For any W € 83HS§ (Z), there exist two matrices P € P and © € SP satisfy-

ing (2.3) such that
W(H)=P(©o(PTHP))PT VHeS".

The following result, due to Debreu [13], is useful for the study of the Bouligand-
subdifferential of V L.(-).



Lemma 2.7 Let ¢ : X — R be continuous and positive homogeneous of degree two:
p(td) =t?¢(d) Vt>0anddec X.

Suppose that there exists a positive number pug > 0 such that for any d satisfying Ld = 0,
one has ¢(d) > nol|d||?, where L : X +— Y is a given linear operator. Then there exist
positive numbers n € (0,10] and cog > 0 such that for any c > co,

>n(d,d) VdeX.
Next, we provide a technical result used in Section 4.

Lemma 2.8 Let a,b,c, and cy be four positive scalars with ¢ > co. Let

1 t?
t; b =a——-t+ —m—, te€l0,1]. 2.8
¢(767Ga 700) a c +b+(c—00)t’ 6[) ] ( )
Then, for any ¢ > max {cg, (b — co)?/co}, V(5 ¢,a,b,co) is a convex function on [0,1],

1 b

3 t b — — 29
trerﬁ]w(,c,a, ,C0) =a AN (2.9)
and
max 9 (t; ¢, a, b, cp) = max {w((); c,a,b,c0), ¥(1;¢,a,b, co)} ) (2.10)
te(0,1]

Proof. By simple calculations for any ¢ € [0, 1] we have

. = €0 b2
Vip(t; c,a,b, co) = c(c—¢o) - (¢ —co)(b+ (c —co)t)?

and
2b2

(b4 (c—co)t)?”
Then, since for ¢ > ¢y, VZ1(t,c,a,b,co) > 0 for all t € [0,1], ¥(-;¢,a,b,c) is a convex
function on [0, 1]. Consequently, (2.10) holds.

Let t := b/(co + \/cco). Then Viip(t;c,a,b,co) = 0. Since for any ¢ > max {co, (b —
c0)?/co}, t € (0,1] and (- ¢, a, b, c) is convex on [0, 1], we have

v%tw(tv ¢ a, bv CO) =

i t: b = Y(t; b
tg%ég]w( 76, @, 700) @b(f,c,a, ’CO)’

which, implies that (2.9) holds. O

3 General discussions on the rate of convergence

In this section, we always assume that the cone K presented in the optimization problem
(OP) is a self-dual cone, i.e, K = K* and that IIx(-) is semismooth everywhere. In
particular, this is the case for any closed symmetric cone because a closed symmetric cone
is always self-dual [15] and IIx(-) is strongly semismooth everywhere [44]. The cones R’



and Si are special cases of symmetric cones. For more on symmetric cones, see Faraut and
Koranyi [15].

Let ¢ > 0 and T be a stationary point of (OP). Then M(Z), the set of Lagrange
multipliers at T, is nonempty. Since f,h, and g are assumed to be twice continuously
differentiable, we know from (1.2) and [48] that the augmented Lagrangian function L.(-)
is continuously differentiable and for any (z,(,§) € X x R™ x Y,

VaLe(z, ¢, &) = Vf(z) + Vh(z)(C + ch(z)) — Vg(z)IIk (€ — cg(x)) - (3.1)

Therefore, from (1.1) and [14], we have V,L.(Z,(, &) = 0 for any ((,§) € M(ZT).
Define F, : X xR x Y — Y by

Fe(z,6,8) =& —cg(x),  (2,(,6) € X xR x Y.

Since ITx(-) is assumed to be semismooth everywhere, IIx (-) is directionally differentiable
at any point y € Y. Hence, by using the fact that for any (z,(,§{) € X x R x Y,
JF(2,(,§): X xR™ xY Y is onto, we know from Lemma 2.2 that

aB(HK ° FC)(:E7 Cv 6) = aBHK(g - Cg(l'))ch(l', Ca 5) . (32)
For any (x,(,€) € X x R™ x Y, let
Ve(z,(,6) = Vg(z)(k o Fe)(z,(,§) = Vg(@)Ik (€ — cg(x)) .

Let (z,(,&) € X x ®™ x Y. Then from the semismoothness of IIx(-) and Lemma 2.3 we
obtain that for any (Az, A(,Af) € X x R™ x Y,

8B‘llc(x’ <v 5)(Al‘7 AC’ Af)
= V2g(2)(Az)Ik (€ — cg(z)) + Vg(2)dp Ik o Fe)(x, ¢, §)(Az, A, Ag).

From (3.1) and the definition of W.(-) we know that

(3.3)

O5(VaLe)(z,¢,6) = (V?f(2),0,0) + (Z(Q + chi(2))V2hi(z) + cVh(z) Th(z), Vh(), 0>
i=1
—83\110(.%', C7 5) )
which, together with (3.2) and (3.3), implies that for any Az € X,

(me08(VaLe)(2,C,€)) (Ax) = V3, Lo(x, ¢ + ch(z), Ik (§ — cg()))(Az)

3.4
+cVh(z) Th(z)(Az) + ¢ Vg(x)0pllk (§ — cg(x)) T g(x)(Az), &4

where
VieLo(x, ¢+ ch(z), k(€ — cg(@)))(Ax) = V?f(2)(Az) + V?h(z)(Az)(C + ch(x))
~V?g(2)(Az)Ik (€ — cg(2)) -
Let ((,€) € M(Z) be a Lagrange multiplier at Z. For any W : Y + Y, let

A(CEW) := V2 Lo(%,C,€) + cVA(Z)Th(ZT) + cVg(@)WITg(T) . (3.5)
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Then for any Az € X,

(72 08(VaLe) (@, C,€)) (Az) = {Ac(( &, W)(Az) [ W € OplIk(§ —cg(@)} - (3.6)

Next, we make two basic assumptions for the constrained optimization problem (OP).
The first one is about the positive definiteness of A.((, ¢, ).

Assumption B1. Suppose that ((,€) is the unique Lagrange multiplier at T, i.e., M(Z) =
{(¢,€)} and that there exist two positive numbers co and 7 such that for any ¢ > ¢ and

W e Opllk(§ — cy(T)),

(d, A(C,E,W)d) > n(d,d) VdeX.

For the remaining part of this section, we suppose that Assumption Bl is satisfied.
Let 5 := ((,€). Then V,L.(Z,7) = 0. Let ¢y and 1 be two positive numbers defined in
Assumption Bl and ¢ > ¢g be a positive number. Since by (3.6) and Assumption B1, every
element in 7,05(VyL)(T,7y) is positive definite, we know from Lemma 2.1 that there exist
an open neighborhood Oy of ¥ and a locally Lipschitz continuous function z.(-) defined on
Oy such that for any y € Oy, V,Lc(z.(y),y) = 0. Furthermore, since Ilx(-) is assumed
to be semismooth everywhere, z.(-) is semismooth (strongly semismooth if V2f, V2g, and
V2h are locally Lipschitz continuous and ITx(-) is strongly semismooth everywhere) at any
point in Oy. Moreover, there exist two positive numbers € > 0 and Jy > 0 (both depending
on c) such that for any x € B.(Z) and y € B;,(7) := {y € R™ x Y |||y — || < do} C Oy,
every element in m,0p(L.)(z,y) is positive definite. Thus, for any y € Bs,(v), z.(y) is the
unique minimizer of L.(-,y) over B.(Z). For ease of reference, we write these conclusions in
the following proposition.

Proposition 3.1 Suppose that Assumption B1 is satisfied. Let ¢ > c¢o. Then there exist two
positive numbers € > 0 and dg > 0 (both depending on ¢) and a locally Lipschitz continuous
function x.(-) defined on the open ball Bs,(y) such that the following conclusions hold:

(i) The function z.(-) is semismooth at any point in Bs, ().

(ii) IfV2f,V2g, and V?h are locally Lipschitz continuous and I (+) is strongly semismooth
everywhere, then x.(-) is strongly semismooth at any point in Bs, ().

(iii) For any x € B.(T) andy € By, (y), every element in m,0p(L.)(x,y) is positive definite.
(iv) For anyy € Bs,(7), xc(y) is the unique optimal solution to

min L.(x,y) s.t.x € B(T).
Let 9. : R™ x Y — R be defined as
Ve((, ) = I%inf) Le(z,¢,6), ((,§) e R xY. (3.7)

xebe (T
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Since for each fixed = € X, L.(z,-) is a concave function, 9. (-) is also a concave function as
it is the minimum function of a family of concave functions. By using the fact that for any
y € Bs,(¥), zc(y) is the unique minimizer of L.(-,y) over B.(Z), we have

Ve(y) = Le(xe(y),y), Yy € Bs, (Y) -
For any y € B, (y) with y = ((,§) € R™ x Y, let

( o > . ( (e~ ea(otol) > ' (3:8)
Then we have

VaLo(zc(y), Ce(y),e(y) = VaLe(ze(y),y) =0, y € By (Y)- (3.9)

Proposition 3.2 Suppose that Assumption B1 is satisfied. Let ¢ > co. Then the concave
function 9.(-) defined by (3.7) is continuously differentiable on Bs,(y) with

_ h(ze(y)) N _
vz9c(y) - < —C_lf +C_1HK(§ o cg(xc(y))) ) ) Yy = (<7§> € B&o(y) . (3'10)

Moreover, V.(-) is semismooth at any point in Bs,(y). It is strongly semismooth at any
point in Bs, (7) if V2f, Vg, and V2h are locally Lipschitz continuous and Tk (+) is strongly
semismooth everywhere.

Proof. Let y = ((,€) € Bs,(y). Then from (3.9) and [10, Theorem 2.6.6] we have for any
(A, A) € R™ x Y that

0e(y)(AC,AE) = TeLe(ze(y), y)(0zc(y) (AG, AE))
+TcLe(xe(y), Y) (AQ) + TeLe(we(y), y) (AE)

= (h(@e(y)), AC) — c7HE, A + (T Ik (€ — cgl@e(y))), AE) -

Thus, 09.(y)(A(, Af) is a singleton for each (A, Af) € R™ x Y. This implies that 99.(y)
is a singleton. Therefore, 9. (-) is Fréchet-differentiable at y and Vi.(y) is given by (3.10).
The continuity of V1. (-) follows from the continuity of z.(-).

The properties on the (strong) semismoothness of Vi.(-) at y follows directly from (3.10)
and Proposition 3.1. O

For any ¢ > ¢y and Ay := (A, Af) € R™ x Y, define

vdns = (i) ) Adm. W) (Th@)AQ + Va@W(AY)

+ ( PN +001W(A§) ) ‘W € GBHK(S—cg(w))}-

Since by Assumption B1, A.(y, W) is positive definite for any W € dgllk (€ — cg(T)), Ve(*)
is well defined. The next proposition establishes an important relationship between V.(-)
and 0p(VY.)(w)(-). Note that the function Vi.(-) given by (3.10) involves two nonsmooth
functions Ik (-) and z.(-), which are related to each other.

(3.11)
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Proposition 3.3 Suppose that Assumption Bl is satisfied. Let ¢ > co. Then for any
Ay = (A AL e R™ XY,

OB(V)(H)(Ay) € Ve(Ay). (3.12)

Proof. Let Ay = (A(,A&) € R™ x Y be an arbitrary but fixed point. From Proposition
3.2, we know that Vi, (-) is semismooth at any point y € Bs, (). Let Dyy, denote the set
of all Fréchet-differentiable points of ViJ.(-) in Bs, (7). Then for any y = ((,§) € Dyy,, we
have

Th(xe(y))(xe) (y; Ay)
Vi) (Ay) = ( e AE M (€ - eglrely)) AE — T glee(y)) (2 (5 A9))
(3.13)
Let y € Bs, (7). Now, we derive the formula for (z.) (y; Ay). From (3.9) and (3.8) we
have

0 = VaeLo(@e(y), (), &) () (y; Ay) + cVh(ze(y)) Thize(y)) () (y; Ay)

+Vh(e(y))(AC) — Vg(we(y) Ty (& — cgl@ely)); AE = eTglwe(y)) (@) (v; Ay)).
(3.14)
Since Il (-) is semismooth everywhere, there exists an element W e Ol (§ — cg(zc(y)))
such that

Wy (€ = eglaely)): A& — T g(we(y)) () (53 A9) ) = WAL = T glaely)) () (55 Ap))
(3.15)
For any W € 0pllk (€ — cg(z.(y))), let
Ay, W) = ViLo(we(y), Ce(v), &ev)) + Vh(ze(y)) Th(ze(y))
+eVg(ze(y))W T g(c(y)) -
From (3.4) and the definition of g, A.(y, W) is positive definite for any W € dpllx (& —
cg(zc(y))). Then from (3.14) and (3.15) we obtain that

(2) (3 D) = Ay, W)™ (= Vh(ae(u))(AQ) + Vg(we(y)) W (A9)) (3.16)
Therefore, we have from (3.16) and (3.13) that for any y = (¢, &) € Dyy,.,

V89 € {( )Y A ) Tkl ) (A + Vol i)W (AG)

a4 e tw(ag )|V € OmTIN(E ot .

which, together with the continuity of x.(-) and the upper semicontinuity of dpllk(-),
implies that for any V € 9p(Vd.)(y), one has V(Ay) € V.(Ay). Consequently, (3.12
holds. O

“

The second basic assumption needed in this section is stated below.
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Assumption B2. There exist positive numbers ¢ > c¢g, pg > 0, g9 > 0, and 7 > 1 such
that for any ¢ > ¢ and Ay € R™ x Y,

(o) (@ Ay < ooll Ayl /e (3.17)

and
(V(Ay) + c Ay, Ay) € po [-1,1] |Ay||?/cT YV(Ay) € Ve(Ay). (3.18)

Under Assumptions B1 and B2, we are ready to give the main result on the rate of
convergence of the augmented Lagrangian method for the constrained optimization problem

(OP).

Theorem 3.1 Suppose that K is a self-dual cone and that g (-) is semismooth everywhere.
Let Assumptions B1 and B2 be satisfied. Let cg, 1, €, po, 0o, and T be the positive numbers
defined in these assumptions. Define

01:=2¢00 and o9 := 4uo.

Then for any ¢ > ¢, there exist two positive numbers € and ¢ (both depending on c) such

that for any (¢, €) € Bs((,€), the problem
min L.(z,(,§) s.t. z € B(T) (3.19)

has a unique solution denoted x(C,§). The function z(-,-) is locally Lipschitz continuous
on Bs((, &) and is semismooth at any point in Bs((, &), and for any ((,€) € Bs((, &), we
have

lze(¢: &) = 7] < a1l (¢, €) = (¢ )l/e (3.20)

and

1(6e(6 ), (¢, €)) = (GO < eall(¢. €) = (G &I/, (3.21)
where (:(C, &) and (¢, €)) are defined by (3.8), i.e.,

Ce(C,€) i= (4 ch(z(¢,€)) and  &(¢, &) =TIk (§ — cg(ze(C,))) -

Proof. Let ¢ > ¢. From Proposition 3.1 we have already known that there exist two
positive numbers € > 0 and dyp > 0 (both depending on ¢) and a locally Lipschitz continuous
function x.(-, -) defined on By, (C, £) such that the function z.(-, ) is semismooth at any point
in Bs, (¢, €) and for any (¢, &) € Bs, (¢, ), z:(¢,€) is the unique solution to (3.19).

Denote y := (¢,§) € R™ x Y. Since z.(-) is locally Lipschitz continuous on By, (y) and
is directionally differentiable at 7, by [39] we know that z.(-) is Bouligand-differentiable at
Y, i.e., zc(+) is directionally differentiable at y and

o J7e0) = 2e0) = (@) (23 = D)

1 — =0.
y—7y ”y—yH

By Proposition 3.2, VJ.(+) is semismooth at g, and thus is also Bouligand-differentiable at
y. Then there exists 6 € (0, dp] such that for any y € B;(y),

lze(y) = zc(@) — (z) Gy =9 < oolly — 7l /e (3.22)
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and
IVOe(y) — V() — (VI) @y — D)l < polly — 7/ (3.23)
((,€) € Bs(y) be an arbitrary point. From (3.17), (3.22), and the fact that

Let y :=
=7, we have

xC(g)
lze(y) —Z|| < |(ze) @y — )| + oolly — Flle = a1lly — 7l /¢,

which, shows that (3.20) holds.

Since V() is semismooth at 7, there exists an element V € dp(Vd.)(y) such that
(VI.)(y;y — ) = V(y — y). By using the fact that V is self-adjoint (see Lemma 2.4), we
know from (3.18) in Assumption B2 and Proposition 3.3 that

IV(y—7) + ¢y =9l <3uolly —7ll/c- (3.24)
Therefore, we have from (3.23) and (3.24)
ly + eVie(y) — 7
= cl|VIe(y) = VO(H) = (VI:) Ty —7) + (VI) Ty —7) + ¢y —7)|
< d[Ve(y) = V) — (VO @y =9l +cllV(y —7) + ¢y —7)|
< polly = Gll/c + 3uolly =7l /T = o2lly =Tl /T

which, together with (3.10) and the definitions of (.(¢, &) and £.(¢,§)), proves (3.21). The
proof is completed. O

Under Assumptions Bl and B2, Theorem 3.1 shows that if for all k£ sufficiently large
with ¢, = ¢ larger than a threshold and if (z%, ¢¥, £F) is sufficiently close to (T, ¢, €), then
the augmented Lagrangian method can locally be regarded as the gradient ascent method
applied to the dual problem

max U.(¢, &) s.t. ((,§) e R xY

with a constant step-length ¢, i.e., for all k sufficiently large
k+1 k
(o )= (&) revacten.

By (3.17) in Assumption B2, we see that locally the augmented Lagrangian method can
also be treated as an approximate generalized Newton method applied to the following
nonsmooth equation

V(. €) =0

with —c~!Z as a good estimate to elements in AVI.(C¥, €F) for all (¥, €F) sufficiently close
to ((,€) as every element in OVI.((, &) is in the form of —c¢'T 4+ O(c™7), where Z is the
identity operator in R™ x Y. Since V¥.(-,-) is semismooth at ({, &) (cf. Proposition 3.2),
the fast local convergence of the augmented Lagrangian method comes no surprise for those
who are familiar with the theory developed by Kummer [20] and Qi and Sun [30] on the
superlinear convergence of the generalized Newton method for semismooth equations.

The local rate of convergence for {(¢¥, &%)} established in Theorem 3.1 is proportional
to 1/c™~1, which tends to zero as ¢ — oco. However, to increase the value of ¢ may force the
convergence sphere to shrink. In the next section, we shall check whether Assumptions B1
and B2 imposed in this section can be satisfied by nonlinear semidefinite programming.
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4  The case for nonlinear semidefinite programming
This section is devoted to studying the following nonlinear semidefinite programming

(NLSDP) min f(z) s.t. h(z)=0, g(z) e S,

where f: R" — R, h: R — R™, and ¢ : R" — SP are twice continuously differentiable.
Nonlinear semidefinite programming (NLSDP) is a special case of (OP) with X := R",
Y := 8P and K := §Y. The Lagrangian function for (NLSDP) is

LO(£>C7E) = f(l‘) + <<7h($)> - <Eag($)> ’ (.I‘,C, E) € R" x N™ x Spa

where we use = instead of £ to represent the Lagrange multiplier corresponding to the
constraint g(z) € Y. Then for any (z,(,Z) € R" x R™ x SP,

VeLo(z,(,Z) =V f(z)+ Vh(z)( — Vg(z)=.

Let (Z,(,E) € R" x R™ x SP be a given KKT point. Then, (7, (,Z) satisfies

[1]|

V.Lo(@,(,E)=0, h() =0, E=0, g =0, and (5,¢(z)) =0. (4.1)

Let Z := Z — g(T). Suppose that Z has the spectral decomposition as in (2.2), i.e,
Z =PAP" |

where A is the diagonal matrix of eigenvalues of Z and P is a corresponding orthogonal
matrix of orthonormal eigenvectors. Define three index sets of positive, zero, and negative
eigenvalues of Z, respectively, as

aw={i|N >0}, B:={i|\ =0}, ~:={i|\ <O}

Write
A, 0 O
A=1] 0 0 0 and P =[P, Pz P,]
0 0 A,

Withfﬁa e wxlel Py e w18l and P, € RP*NI. From (4.1), we know that Zg(7) =
g(T)= = 0. Thus, we have

Aa 0 0 00 0
= = =T = =T
E=P| 0 00 |P, g@)=P|00 0 |P
0 00 —A,
Aa 0 0
E-tg@m=P| 0 0 0 |P. (4.2)
0 0 tA,
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Let

vy = i€%73%7 Ai/|Ajl, Do = Jax Aif [N (4.3)

Let Q be the set of all orthogonal matrices of order |3| x |3]. Define P by (2.7), i.e,

P ={PeR™?|P =[P, (PsQ) P,], Q€ Q} .

We now introduce the conditions needed in this section.
Assumption (nlsdp-A1). The constraint nondegeneracy condition holds at Z:

Th(T) > {0} ( Rm >
R+ _ = . 4.4
(Fote tin (T2 (9(2))) 5" Y
Assumption (nlsdp-Al) is the analogue to the linear independence constraint qualifi-
cation for nonlinear programming [31, 40]. It also implies that M(Z) is a singleton [8,

Proposition 4.50].
Assumption (nlsdp-A2) The strong second order sufficient condition holds at = [42]:

<d7 V?MLO(E7 Z? E)d> + Tg(f) (Ea jg(f)d) >0 Vde app(27 E) \ {0} s
where
app(C,5) = {d| Th(F)d = 0, Tg(T)d € af(C(g(T) — 5557)))} (45)

and for any given B € SP, the linear-quadratic function Yp(+, ) is defined as
T5(D,C) =2 <r, CBTC> . (I,0) e 8P x S

with BT being the Moore-Penrose pseudo-inverse of B. o B
Let P € P. Then there exists QQ € Q such that P = [P, (PgQ) P,]. For index sets

X X' € {a, B,7}, let
Clixn) (P) = (Vec(ngwlg(f)PX/) Vec(ngxng(f)PX,))

and
Clx) (P) := (svec(P;{jxlg(f)PX) sveC(ngxng(f)PX)) ,

where vec(B) denotes the vector obtained by stacking up all the columns of a given matrix
B and svec(B) denotes the vector obtained by stacking up all the columns of the upper
triangular part of a given symmetric matrix B. Since P, = P, and P, = P,, we write
C

) and é(x,x) instead of C'(,, ) (P) and 6(x,x) (P), respectively if x, x’ € {a,~}. Define

ny:=m+|al(lal +1)/2, na:=n1 +[6](18] +1)/2 + |af|B], ng :=n—ng,

and

Th(z)



Suppose that Assumption (nlsdp-Al) holds. Then by (4.4) in Assumption (nlsdp-Al) we
know that A(P) is of full row rank!. Let A(P) have the following singular value decompo-
sition:

A(P)=U[X(P) O]RT, (4.6)
where U € R"2*"2 and R € R"*" are orthogonal matrices, 3(P) = Diag(al(A(P)), e
Onoy (A(P))), and o1 (A(P)) > 02(A(P)) > -+ > on,(A(P)) > 0 are the singular values of
A(P). Let

o :=min{1,min min o, 2(A(P)) ¢ and 7 := max< 1,max max o, 2(A(P)) ¢ .
PeP 1<i<ny PeP 1<i<ny "

Then, since P is a compact set and X(P) changes continuously with respect to P, both o
and @ are finite positive numbers. Thus there exist two positive numbers v and ¥ such that
for any P € P and s € Rl

llsl? < max { (s, o) (PYCE ) (P))s) (5, ClamClhys) } <7l (A7)

where

~ S(P)tut o
Clam(P) = Clan R 0 |
n3
When no ambiguity arises, we often drop P from A(P), C(, ) (P), and 5((1,7)(P).
Let c>0and W € 83H$§ (E — cg(T)). Define \. € R? as
Y ifieaug,
(Ae)i = { ch;i ifieny.

Then it follows from Lemma 2.6 that there exist two matrices Q € Q with P = [P, (P3Q) P-]
and ©. € SP such that

W(H) =P (0.0 (P'HP))PT VHeS” (4.8)
with the entries of ©. being given by

o max{(A);, 0} + max{(X.);,0} £ (5
(9 O+ 1001 Lo, (49)

(@c)ij € [07 1] if (Zvj) € 6 X ﬁ
For index sets x, X’ € {«, 3,7}, we introduce the following notation:

(©c)(x,x) = Diag (vec((Oc)yx)) + (Be)(xx) = Diag (svee((Oc)xy © Exx)) -

“ 2

where “o” is the Hadamard product and F is a matrix in SP with entries being given by

1 ifi=j,
Eijiz{ J

2 ifi#tj.

!One may consult [8, Proposition 5.71] for a proof, where Bonnans and Shapiro only considered the case
that g(x) € ST. However, it is easy to modify their arguments to include the equality constraint h(z) = 0.
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Let
I, 0 0 0
bo—| 0 ®)aw 0 0
c - <
0 0 (@C)(ﬁ,ﬁ) 0
0 0 0 2l
D

Let A.(C, &, W) be defined as (3.5), i.e,
Ac(C B W) = Vi Lo(7,(,B) + Vh(@)Th(T) + Vg (@)W T 9(7) .

A compact formula for A.((, &, W) is given in the next lemma.

Lemma 4.1 The matriz Ac((, &, W) can be expressed equivalently as
V2,Lo(7.3,5) + ¢ (VA@)Th(@) + CF 1) () 0.0 Clae)

Ac(Za Ea W) =
+20(, 5,Cap) +2C(, (0 (a1 Clan) + C(ﬁ,m(@c)wm%,m) :

(4.10)

Proof. Let d be an arbitrary point in R". By the definition of Vg(Z), we have for H :=

Jg(T)d that
(T2, 9(T), W (H))
Vy(@)W(H) = <‘7$29(§)_’ W(H)) . (4.11)

(T 9(T), W(H))
Noting that from (4.8) and (4.9), for any 1 <1 < p,

(Tog(@), W (H)) = (PT T, g(@)P, Y PTW( T, 9(2)d)P)

i=1

i=1

Cla,a))t> Cla,a)d) + ((C(3.a))1: C,0)@) + ((Crap)is Cla,)d)

p
= (P"J09(@)P.(0.) o (Y P T0i9(@)Pd ) )
(
Cly,a))t (0¢) (4,0)Clr,0) D) + {(Clam))i (Oc) () Clam D)

we have from (4.11) that

VQ(E)W(jxg<f)d) - (a(g,a) (@c) (Oc,a)é(oz,a) + 2C(£,ﬂ) C(a,ﬁ)
+2C(0.7)(0c) (@) Clar) + C5,)(Oc) (5,9 C(Bﬁ)) d.
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Since d is arbitrarily chosen, (4.10) holds. O
Lemma 4.1 shows that A.(¢,Z, W) can be written as

Ac(C,E, W) = V2, Lo(T, ¢, E) + cAT DA + 2¢Cf, 1y () (a) Clam) - (4.12)
For any c/,c > 0, let

By o(C,E,W) = V3, Lo(T,(,E) + AT DA + 2¢C, ) (0c) (a,y) C (4.13)

o)

The following proposition shows that, under Assumptions (nlsdp-A1l) and (nlsdp-A2),
the basic Assumption B1 made in Section 3 is satisfied by nonlinear semidefinite program-
ming.

Proposition 4.1 Suppose that Assumptions (nlsdp-A1) and (nlsdp-A2) are satisfied. Then
there exist two positive numbers co and n such that for any ¢ > co and W € 83H5i (-

cg(T)),
<d7 Ac(zv Ea W)d> > <d, BC(),C(Za Ea W)d> > <d7 d> :

Proof. It follows from Assumption (nlsdp-A2) that there exists 79 > 0 such that

By (2.6), (4.2), (4.5), and the fact that ¢(Z) — = = —Z, we have

app(C,Z) = {d| Th(@)d = 0, P, (Jg(@)d)Pa =0, P, (Jg(x)d)Ps = 0}
or equivalently

app ((,E) = {d|Th(@)d =0, Caad =0, Cla(P)d=0}. (4.15)

Since (4.14) and (4.15) hold, it follows from Lemma 2.7 that there exist two positive numbers
c1 and n € (0,10/2] such that for any ¢ > ¢,

(d, Ve Lo(T, ¢, E)d) + Yo (2, Tg(T)d)

+c||Th(Z)d||* + c||6(a7a)d“2 +ellClasyP)d? > 2d|? Vde R, (4.16)
Let ¢y > ¢1 be such that for any ¢ > ¢,
A2
s IO 2 ey ey <1 (17

1€Y,JEQ

P =[P, (P3Q) P,] and ©, € S? satisfying (4.9) such that (4.8) holds, i.e.,

Let ¢ > ¢p and W € 8BHS£ (2 — cg(x)). Then there exist two matrices Q € Q with

W(H) =P (0.0 (P"HP))P" VHeS".
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It is easy to see from (4.17) that for any ¢ > ¢y and d € R" we have

T ) T9(@d) — 26 (4,CF_ (O) ) Clam) )
= 2(, 79@)dg(@) Tg(@)d) — 2¢ (4, CT,_)(O) ) Clayd)

2 2
e _ \j
=2 3 |/\]4| (ZPizjzg(m)del> —2 ) X+ en| (ZP T 9(T )Pdl>
1€EY,JEQ v l:l2 1€7y,JEQ
A
2ZGWZ@[M(HC|A| Zrmg PRI 17 ]

)\2
2 2
<2 o [ Jug @I Y sl

1€7,J€Q
< nld|f*,
which, together with (4.16), implies that for any ¢ > ¢o we have
(d, V2, Lo(@,, E)d) +2¢ (d, CL, ) (60)(a)Clad)
+eol ThE)d)? + col|Camdl® + col|ClaupyP)dI* > nlld|?* VdeR".

(4.18)

Let “®” denote the Kronecker product. Since for any d € R",

1Ca,5)(P)A|l* = (Cla,5)(P)d, Cio5)(P)dl)

= <Zvec (PL J,9(T)Pg) dl,ZVec (PTT.,9(T )Pg)dl>

Zvec (PL 7,,9@)P5Q) dl,ZVec (Po Ty 9(@) PsQ)d )

=1

=1

{
— < "'® 1) Zvec A o Te9(@)Ps)dy, (QT ® 1)) Zvec (P, o T 9(T )Pﬂ)dl>
{

Zvec (PL 7,,9@)Pg) dl,Zvec (PL Tug(@ )Pg)dl>

= <C(a,[3)( d Ca,ﬁ’ > ”C(aﬁ d”

from (4.13), (4.18), and the fact that C(ﬁ 6)(@0)(575)6(575) = 0, we can see that for any
¢ Z ¢y, o
(d, Bey,o(C,E, W)d) > n[|ld||* VdeR".

By noting the fact that
AC(Z? E’ W) = BCQ,C(Z, E, W) + (C — Co)ATDCA ,

we complete the proof. O
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Let Assumptions (nlsdp-Al) and (nlsdp-A2) be satisfied. Let the two positive numbers
co and 7 be defined as in Proposition 4.1. Let ¢ > ¢g. Then by Propositions 3.1 and 4.1 and
the fact that Hsg:r () is strongly semismooth everywhere there exist two positive numbers
e >0 and dp > 0 (both depending on ¢) and a locally Lipschitz continuous function z.(-,-)
defined on By, ((, =) such that for any (¢,Z) € By, ((,Z), z.(¢, E) is the unique minimizer of
L.(-,¢,Z) over B.(7) and x.(-,-) is semismooth at ({,=Z). Let 9. : R™ x SP — R be defined
as (3.7), i.e.,

[1]

9(¢,E) ;== min L.(z,(,2), (¢,Z2) e R x RP.

2€B:(T)
Then it holds that
196(4.7 E’) = LC($C(<7 E’)a Cv E) ; (Ca E) € IB(SO (Z: E) .

Furthermore, it follows from Propositions 3.2 and 4.1 that the concave function (-, ) is
continuously differentiable on By, (¢, Z) with

L h(ze(c,2) I
Vﬁc(gv“) - ( C—l( — =4+ HSi (5 _ Cg(fEc(C,E)))> ) ’ (Cv‘—') € IB(;O(C,-—)-

For any (A, AZ) € R™ x SP, let V.(A(, AZ) be defined as in (3.11). By Propositions 3.3
and 4.1, we have for any (A¢, AE) € R x SP that

95(VIe)(C E)(AC, AE) C V(AC, AE).
Since

A Ai
lim ¢(0.);; = lim c———— = —
c—o0 NP YRR VIR DY

V(i,j) € axry,

we know that there exists a positive number 7 such that
(d, Boy,o(¢,E,W)d) <7(d,d) YdeR", c>cy, and W € 831131 (E—cg(@)). (4.19)
Let ¢ > ¢p and W € 831131 (E — cg(T)). Then there exist two matrices Q € Q with

P =[P, (P3Q) P,] and O, € SP satisfying (4.9) such that (4.8) holds. Let A(P) have the
singular value decomposition as in (4.6), i.e.,

A(P)=U[%(P) O]RT. (4.20)
Let 7 := ((,Z). Then we have the following result for A.(y, W).

Lemma 4.2 Letc > ¢y. Suppose that Assumptions (nlsdp-A1) and (nlsdp-A2) are satisfied.
Then we have

-1
Ayt < r| ST (@t e @De) UST 0 o)
0 Q_lﬂ_llns
and
AT (= oy
Ac(y, W)_l - R U (0'77[712 + (C - CO)DC) Ux 0 RT, (4.22)
0 oy,

where ¥ := X (P).
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Proof. Let ¢ :== ¢ — ¢p. By (4.12), (4.13), and the singular value decomposition (4.20) of

A := A(P), we have
A W)™ = (B o, W) + éATDcA> -
(Bep.o(@ W) + éR[E  0TUTDUS 0]RT) ™"
X 0 ][UTDCU 0]|:E 0 ]>—1RT
0 0|0 I
w0 }RT, (4.23)

0 I,
uTpu o1\ "
0 0 I,

=R (RTBC(],C(y, W)R + ¢ [

>t oo _ )
I TR L
where . .
_ ¥ 0 T _ X0
gco(y7 W) L |: 0 InS :| R BCQ,C(va)R |: 0 In3 :| .
It follows from Proposition 4.1, the definitions of ¢ and @, and (4.19) that
»-1 2
7, W) = -
gco(ya W) —n |: 0 Ing :| = QﬂIn
and )
>t 0
0 I,
Therefore, (4.21) and (4.22) follow from (4.23). The proof is completed. O
(4.24)
(4.25)

Let

€ := max {co, (o1 — 60)2/00, (an/2 - 60)2/60}
and

462 1/2

00 = <max {20 max {1, 202} , 4V0'_217_21/3}) .
a°7 -

Proposition 4.2 Suppose that Assumptions (nlsdp-A1) and (nlsdp-A2) are satisfied. Then
(4.26)

(4.27)

there exists a positive number pg such that for any ¢ > ¢ and Ay € R™ x SP,
I(ze) (@ Ay)l| < eol| Ayl /e

and
(V(Ay) + ¢ Ay, Ay) € po[=1,1][|Ay[?/c* YV (Ay) € Ve(Ay).
Proof. Let ¢ > ¢. Let Ay := (A(,AE) € R™ x SP. From the proof of Proposition 3.3 we
know that there exists an element W € 0plIl s? (E — cg(T)) such that
(ze)'(: Ay) = Ac(m, W) (-VR(@)(AC) + Vg(@)W (AT)) . (4.28)
For this W € 831_151 (E — cg(T)), there exist two matrices P € P and O, € S satisfying

W(H) =P (0.0 (PTHP))PT VHeS.

(4.9) such that
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Let A := A(P) have the singular value decomposition as in (4.6), i.e.,
A=U[X 0JRT, (4.29)
where ¥ := X(P). For any two index sets x, x’' € {«, 3,7}, let

Wiy = Vec(PTAEP), By, = svec(PTAEP,).

X
Define
AC
Ady = | “lea | Ad::(AdO >
w(g,s) W(a,y)
W(a,B)

Then, from (4.28), we have

() (7; Ay), (zc) (33 Ay))
<ATD 208 (©c) (o) Ad, Ac(5, W) (AT D, 26’(277)(66)(%7)]Ad>
< 2(ATD.Ady, A (y, W) 2ATD.Ady)

+8 <C(£,'y) (@c)(aﬁ)W(aﬂ), Ac@, W)72C(£7’Y) (@C)(a’,y)W(a7,y)> . (4.30)
Let B
Eo = @M, + (c—co)De) ", Ec:= (anln, + (¢ —co)De)
and _
E. 0 = | & 0
TR N T £ R

By using (4.29) and Lemma 4.2, we obtain
0 =< AA(7, W) 24T <€ (UX2UT)E..
Thus, we have
(ATD.Ady, Ac(y, W) 2AT D Ady)
< <DcAd0,EC(UE_zUT)fCDCAd@
<7 (EcDcAdy, EcDcAdy)
<7 (@0/2+ (¢ — ) "> (A W) w02 + 2]was )

<1
< 5052 (1A wiaay wia) 1+ 2llwis 17) - (4.32)

N |

By recalling that
= st 0
C(OQ'Y) = C(a7,y)R |: O ITL3 :| ’
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we know from Lemma 4.2, (4.31), (4.7), and (4.3) that

<C(£7ry) (C—)C) (a,7)%(a,y)s Ac (y) W) _20(277) (@C) (a,7)% () >

(CE (O @m@am H*CE (O am@ian) )

< o772 (O (09 a0 Ot ) (O an)@(acn)
772ﬂ72 1(©¢) (0@ (am) I

IN

IN
N

IN

N

S
13

2
—-1,,—1 )\’L )\’L A 2
(e 20+ D) et

. —ng(yo + C)_2”w(a,'y) H2
a7 v5e |Wiam 17

252 Cllwam %), (4.33)

IN A
SN AN
IQ

|3

<
-8
which, together with (4.30) and (4.32), implies

{(ze) (@ Ay), (zc) (T Ay)) < a3l Ayl /.

Thus (4.26) holds.
Let V(Ay) € V.(Ay). Then from the definition of V.(Ay), there exists W € Opllsr (E—
cg(T)) such that

van = (i ) A (- V@A Te@w(az)

0
T\ _e1AE £ ' w(AE) > '

For notational convenience, we assume that this W € 0pll s” (E — cg(T)) is the same as the
previous one. After direct calculations (cf. Lemma 4.1), we obtain

—(V(Ay), Ay)
= ([ATDe 207, (00)0.)]Ad, Aclg, W) HATD, 267, (00)(0)]Ad)

+c HAZ|]? - ¢ H(AE, W(AE))
= <ATDcAdDu Ac(@, W)_lATDcAdO> +4 <ATDcAd07 Ac(?a W)_IC(%:;\/) (96)(a,'y)w(a,'y)>

+4 <C(§,y) (0c) () Wiasm) Ac(F, W)_IC@W)(@c>(a,w>W<an>>
+cHAZ|]? — cTH(AZ, W(AR)) .
(4.34)
Next, we estimate the lower and upper bounds of the right had side of (4.34). Then by
using (4.29) and Lemma 4.2 we obtain

E. = AA (g, W) 1Al < €.
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Thus, we have
(ATD.Ady, Ac(y, W) AT D Ady) > (D.Ado, € DcAdy)
> (a7 + (¢ = c0)) " (A wiam)II* +4 @7 +2(c = 0)) " [|lwa,s) 1>
+ < (8)(6,5P(5,9)- (Wﬂ Bl(s1+1)/2 + (€ = CO)(@c)(Bﬂ)) B (@c)(ﬁ,ﬁ)@<ﬁ,ﬁ)>
> (a7 + (¢ = c0)) " (A wiam)II* +4 @7 +2(c = 0)) " [|wa,s) 1>
+{(8) 93, (@5 + (c = ) 3p) " (Oc)5.0w(s.0) ) (4.35)

and

(ATD:Ady, Ac(y, W) AT D Ady) < (D Ady, E.D Ady)
< (an/2+ (=) (AGWiaw)l? +4 (a0 +2(c = c0)) " |wia,sI?
+ <(éc)(ﬂ,ﬂ>@(ﬁﬂ)a (entipisrnys + (e = o) (@) s,9) B (@c)(ﬂ,ﬂ>@<ﬁ,ﬂ)>
< (en/2+ (e = o))~ I(AG wiaa)I? +4 (20 +2(c = c0)) " [lwiap I
+ <(@ J.01(0.0): ((@1/2) 1151 + (¢ = 0) (O 3.) " (O (5 (4.36)
which, together with the fact that (©.);; € [0, 1] for all (i,j) € 8 x 3, implies
(ATD.Ady, Ac(y, W) TATD.Ady)
< (an/2+ (c = 0)) ™" (A waa) w(5,8) |7 + 2llwia,pl?) -
From Lemma 4.2, (4.31), (4.7), and (4.3) we know that
< Cloy) (Oc) (am)W(ay)s Ac(T; W)_lc(zﬁ)(@c)(aq)w(a,'y)>
<C(cw) Oc)(a <ow)vﬂf@,y)(@c)(a,w%an)>
(@7 +2(c — 00)) <5(T 1(06) (@7)W(an): 5<§,7)(@c><am%an>>

v (@74 2(¢ = 0)) "' 1(Oc) (a ) iam I”

2
u<m7+2<c—c>>—1( min /(O + el |>) o

(AVARNV]

Vv

Y

1€EQ,jE
> v (o +2(c—co))” 1V3(Vo+ ) lwiaml?, (4.37)

<C(§,W><9c)(an>ww)~4 7 W)~'Cf, 7><@c)(a,v>u}<m)>
CE ) (0 am@iam HeCE 1) (O am®ian )
" (O (000 m@ian) CF ) (O am@iam )

! 71”( ) oe'y)w(ocw)H

INA
\q T~

IN

IN
N
19

2
I max Ai/(N\ + ] |)) Hw(cx,v)”2

1€EQ,jEY
ﬂ 1V[Q)( Vo + ¢ ) 2Hw(a,7)”27 (438)

IN

N

S}
|3

VAN
t\
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and
27)(@ )(a 7@ C(ﬂ,v)(@c)mn)%,v»

t‘/\

1(©c) (@mwiamI?
2
<y <Z€IEE;X Aif (Ni +clA; D) H‘*’(O«‘Y)H2
OC QHW H2 (4.39)

By using (4.32) and (4.39) we have

‘<ATDcAd07A (75 W) lc(z 7)(®C)(a,7)w(a,v)>‘
< A, W) T AT DA ICF, ) (Oc) (0@ (am |

< \Q/Ef (HAC w(a ), w30 12 + 2w 12) 7 (FovFe wanml)
ooVoVV _
< S ((AC i) wis.0) 12 + 2lw@s 1 + 2llw@m 1) - (4.40)

=Ty
By direct calculations we have
|AE|? — (AE, W(AE))
= (lwe P + 2llwsl?) + 2 (lw@ml? = (@am): (Oc)(@mWiam)) (4.41)
+ (lwgaI* = (wisp)» (©) .8w5,8)) -

Now we are ready to estimate the lower and upper bounds of —(V(Ay), Ay). In light of
(4.34), (4.35), (4.37), (4.40), and (4.41), we have

—(V(Ay),Ay) > ([wem P + 2llwpyl?)
+1(C) (A, wia,a)) I + 262(¢) |wia,s I (4.42)
+263(¢) lw(am I + £a(0)lwg gl

where
ki(e) == (@+ (c— o))" — oo VT2,
Ko(c) = (@0/2+4 (c— o))" — 0oToVTCc >
o 1 — 1 — ~1 2 2 — /=9
k3(c) = ¢ [1=vo(mo+c) |+ 2v(on+2(c—co))” vylvg+c) = — Qol/o\/;c ,
and

kq(c) == tlg[l(l)rhw(t ¢, ae, be, o)

with (+;-) being defined as (2.8) in Lemma 2.8 and

-1 — = -2
ac = c ' = pomoVTC 2, b= an.

It follows from (2.9) in Lemma 2.8 that for ¢ > ¢,

=c - — povoVvrc - .
ka(c) = ¢ — pomg Ve (et Va2
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Thus, there exists a positive number u; such that for ¢ > ¢ we have
min{k(c), ka(c), k3(c), ka(c)} > ¢t — 2.
Therefore, from (4.42) we have
~(V(Ay), Ag) = minfe™, k1 (e), ma(e), ka(), ka (@AY = () — e )| Ayl?. (4.43)
On the other hand, in light of (4.34), (4.36), (4.38), (4.40), and (4.41), we have

—(V(Ay),Ay) < e H[lweml? + 2llwppl?)
+11(€) A, W) 1?4 202(¢) [|w(a,z) 12 (4.44)
+2u3(¢)|w(am 12 + pa(e)lws,s 12,

where

pi(c) == (on/2+ (c— co))_1 + 007oVTCc 2,

pa(c) == (),

ps(c) = ¢ 1 —vy(vy+e) ]+ 200 'y TG (W0 + (c — )2 + oomoVTC 2,
and

palc) = max ¥(t; c, ag, b, co)
tel0,1]

with

a,:=c '+ ooV, b, i=0an/2.
It follows from (2.10) in Lemma 2.8 that for ¢ > ¢,

pa(c) = max{y(0; ¢, ac, be, o), (15 ¢, ag, be, co) }
= oovoVre 2 4+ max{c!, (on/2 + (c — co))_l} . (4.45)
Then there exists a positive number g > p1 such that for ¢ > ¢ we have
max{p1(c), p2(c), ua(c), pa(e)} < ™ + poc™>.
Therefore, from (4.44) we have
—(V(Ay), Ay) < max{c™", p1(c), pa(e), pa(c), na(e)HAyl? < (¢ + poc™?)[| Ay . (4.46)
By (4.43) and (4.46) we obtain that
poc 2[|Ay]? > —(V(Ay) + ¢ Ay, Ay) > —poc™? | Ayl
This shows that (4.27) holds. The proof is completed. D

Now we are ready to state our main result on the rate of convergence of the augmented
Lagrangian method for nonlinear semidefinite programming.
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Theorem 4.1 Suppose that Assumptions (nlsdp-A1) and (nlsdp-A2) are satisfied. Let ¢
and n be two positive numbers obtained by Proposition 4.1. Let 7, ¢, and oo be defined as
in (4.19), (4.24), and (4.25), respectively. Let ugy be obtained by Proposition 4.2. Define

01:=2¢00 and o9 := 4uo.

Then for any ¢ > ¢, there exist two positive numbers € and & (both depending on c) such
that for any (¢, Z) € Bs((,Z), the problem

min L.(z,(,Z) s.t. z € B.(7)

has a unique solution denoted x.(C,Z). The function x.(-,-) is locally Lipschitz continuous
on Bs(¢,Z) and is semismooth at any point in Bs((, =), and for any (¢,Z2) € Bs((, =), we
have

ch(<7 E) - f” < Q1H(<7 E) - (Za E)H/C

and

1(6e($, ), Ee(¢, 2) = (¢, D) < 02l (6. Z) = (€. B /e,
where ((C,E) and &.(¢,E)) are defined as

(C(Cv E) = C + Ch(IEC(C, E)) and EC(Ca E) = HSi (6 - Cg(ﬁc(C, E))) .

Proof. If Assumptions (nlsdp-Al) and (nlsdp-A2) are satisfied, then from Propositions
4.1 and 4.2 we know that both Assumption Bl and Assumption B2 (with 7 = 2) made in
Section 3 are satisfied. Then the conclusions in this theorem follow from Theorem 3.1. D

Before closing this section, we make a final comment. Note that if the strict comple-
mentarity condition is satisfied, then the result on the rate of convergence can be deduced
in a much straightforward way. For a comparison, we present the corresponding analysis,
i.e. Theorem 6.1 below, as an appendix. Another purpose of the appendix is to point out
that one can adopt the proof used in Theorem 6.1 to deal with (NLP). By doing so, one
can actually give a corrected proof of the approach sketched in Bertsekas [4] for (NLP)
(compared with the proof given in the appendix, the missing parts in Bertsekas’ approach
[4, Section 3.1] can be readily seen). Just as in the case for (NLP) [4], the second order suffi-
cient condition in Theorem 6.1 automatically implies the strict complementarity condition.
For (NLP), when the strict complementarity condition holds, an approach to derive results
similar to (6.5) and (6.6) was also suggested by Golshtein and Tretyakov [16, Chapter 7].

The conditions imposed in Theorem 6.1 are equivalent to Assumptions (nlsdp-A1l) and
(nlsdp-A2) plus the strict complementarity condition, i.e., 3 = (). Compared Theorem
4.1 with Theorem 6.1, we can see that there is no loss on the rate of convergence of the
augmented Lagrangian method for (NLSDP) even the strict complementarity condition fails
to hold. However, different from Theorem 6.1, the convergence region in Theorem 4.1 may
depend on c¢. It would be interesting to know if this dependence can be removed under
Assumptions (nlsdp-Al) and (nlsdp-A2) only.
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5 Conclusions

This paper provides an analysis on the rate of convergence of the augmented Lagrangian
method for solving nonlinear semidefinite programming. By assuming that K is a self-dual
cone and that IIx(-) is semismooth everywhere, we first establish a general result on the
rate of convergence of the augmented Lagrangian method for a class of general optimization
problems. Then we apply this general result to nonlinear semidefinite programming under
the constraint nondegeneracy condition and the strong second order sufficient condition.
This suggests that our result may be used to deal with other optimization problems. For
example, it seems possible to apply our general result to nonlinear second order cone pro-
gramming by using the strong second order sufficient condition recently proposed in [7] for
second order cone programming.
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Appendix: An analysis under strict complementarity

In this appendix, we shall provide a direct analysis, with strict complementarity, on the
rate of convergence of the augmented Lagrangian method for solving nonlinear semidefinite
programming

(NLSDP) min f(z) s.t. h(z) =0, g(z) € SY,

where f : R" — R, h: R — R™, and g : R" — SP are twice continuously differentiable.
For any two matrices C' and D in R™*" we write

(C,D):=Tr (C"D)
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for the Frobenius inner product between C' and D, where “Ir” denotes the trace of a square
matrix. Since in this case SY = {z?|z € SP}, (NLSDP) can be transformed into the
following equality constrained optimization problem:

min f(z) s.t. h(z)=0, 22 —g(x) =0, (z,2) € X x SP. (6.1)

Let ¢ > 0. Let Ec(:c,z,g,ﬁ) be the augmented Lagrangian function for (6.1). Define
Le: X X SP x R™ x SP — R by

Le(w,v,¢, ) = f(@) + (¢ h(@)) + SlIh(@) > + (& v = g(@)) + Sl - g(a)]*.
Then for any (z,z,(,€) € X x SP x R™ x 8P, we have
Le(w,2,¢,6) = Le(2,2%,¢,€)
= J(@) + {6 h(@)) + SIh@)? + (€2 — g()) +
For any (z,(,&) € X x R x SP, let
(@, &, 0) = Tlgp (g(x) — ¢71€) = (9(2) — 1) + ¢ Mgr (€ — cg(a)) -
Since
o, Le(z,v,6,€)
= J@)+ (G hla)) + @I + inf (60— g(@) + 5 v~ gla)

= J(@) + {6 (@) + S Ih@) + (€ 5. &, o) — g(@) + 5 [5(. ¢, ©) — g(@)?
= Zc(.%',ﬁ(%,f,C),C,{)
= Lc(.%',C,f),

we have for any (z,(,§) € X x R™ x SP

Le(2,¢,€) = Le(w, 2e(2, (), ¢, €) = Lz, 22(2, ¢, €), ¢, ), (6.2)

where z.(z,(, ) is the square root of Hsi (g(w) — c‘lf), ie.,

2e(2,6,€) = Mgz (g(x) — 1), (6.3)
Deﬁneﬁ:XxSpH%mxSpby
h(z,z) = < th—(xg)(x) ) , (z,2) e X x SP.

Then we have the following conclusion on the rate of convergence of the augmented La-
grangian method for nonlinear semidefinite programming.
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Theorem 6.1 Consider (NLSDP) and its equivalent problem (6.1). Let (=, Z,(,€) € X x
SP x R™ x 8% be a KKT point of (6.1) with Z := \/g(Z). Suppose that Jh(f Z): X xX8P —
R x SP s onto and that the second order sufficient condztwn is satisfied at (T,%,(, ). Let
¢ be a positive scalar such that

<d v(a} z)(z, z)ié(fa ZaZa g)d> >0 VO 7& de X x 8P,

Then there exist positive scalars ¢ > ¢, 9, €, and oy such that

(i) For all (¢,&,c) in the set D C R™ x SP x R defined as
D:={(¢,&c) €R™ x S" x R[[|(C.€) — (¢ O] <de, <},

the problem
min L.(z,(, &) s.t. x € B.(T) (6.4)

has a unique solution denoted x((,&,c). The function z(-,-,-) is continuously differ-
entiable in the interior of D, and, for all (¢,€,c) € D, we have

2(¢, &) =T < eoll(¢, ) = (¢ )l /c. (6.5)
(ii) For all (¢,&,¢) € D, we have

I ((¢:€.0)€(6,6.0)) = €D < eoll(,€) = €Dl (6.6)

where

C(G,60) == CHch (2,6 0) s E(¢60) =TIgp (€ = eg(a(,6,0))) -

Proof. It follows from [3] (also see [4, Section 2.2]) that there exist positive numbers 5,8,
and g such that for all (¢, &, ¢) in the set D C R™ x SP x R defined as

D= {(¢,&)l(¢,€) — () < ¢, &< c},

the problem R
min L.(z,2,(,€) st (z,2) € B:(T) x B:(Z) (6.7)

has a unique solution denoted (Z((, &, ¢), 2(¢, €, ¢)) satisfying

!\(93((75,0),5((,(5,0)) — (@2 < 2ll(¢,6) = (¢, &) /e,

where

(¢, & 0) = C+ch(2((, &), €(C &) =E+c(22(C &) —g(@(C.& ) . (6.9)

Assume that rank (g(Z)) = ro and g(%) has the following spectral decomposition

s =r| o o | P
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where Ag € 8™ is a diagonal matrix whose diagonal elements are the rg positive eigenvalues
of g(Z) and P is an orthogonal matrix. Then the mapping G : 8™ — S" defined as

G(A) == \/VAZ, AeSm

is analytic at Ag [47, Theorem 3.1]. Therefore there exists a positive number &; € (0,£)
such that for any A € 8™ with [|[A — Ag|| < 2¢;, A is positive definite and

IVA = v/Aoll = [G(A) = G(Ao)]| < 2TG(A0) A — Aol - (6.10)
Let €2 € (0,£;] be such that
3vPéa + 16||TG(Ag) %63 < £7. (6.11)
Since g is continuously differentiable, there exists I, > 0 such that
lg(x) — 9@ < Lylle — 7| V¥« € Be(z).
Let € € (0,£], 6 € (0,6], and ¢ > ¢ be such that
lye + 5+ |[EN/2 < &. (6.12)

Define N
D :={((,§,c) e R™" x " x R[[|(¢,€) — (¢, &) <de, e<c}.

Then, for any (¢,{,¢) € D and x € X such that ||z —Z| < ¢, it follows from (6.3) and (6.12)

that
|22@.¢.8) — 9@ = Iy (9(x) — £/c) ~ gr (9(@)]

< gla) - 9(@) - (€~ ©)/c — E/e]
< Jgla) — 9@ + 116 = ©) /el + IE /el
< Llle =7l + 5+ €l /e < 2. (6.13)

Let v € SY be such that v € Bg,(g9(z)). Define Z1; € SP™™, Zj5 € RE=r0)x0 and
Zog € 8™ by

Z11 Z12 T
=P P.
ERIRdE

Then
[Zn Zy2 ]2_ 0 0
Ziy Za 0 Ao

Therefore,

H = ||[PTvP — PTy(@)P| = v - g(z)|| < &2

(Z3),73)) < 63, (ZnaZly, Z12Z21y) < €5,(Z3y + Z 3200 — Mo, Z3y + 219 Z12 — No) < &3,

which, implies
Tr(Z%) < \/Péa, Tr(Z12Z3)) = Tr (Z1Z12) < \/Déa. (6.14)
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Let Tg := Z3, — Ag. Then
IToll = || (23, + Z{5212 — No) — Zi5Z12|| < &2+ || Z12Z15 | < 2é5.
Hence, by (6.10),

1222 = /Aol = [IV/Ao +To — VAol < 21T G(Ao)[[Toll < 45| TG(Ao)] - (6.15)

Therefore, by (6.14), (6.15), and (6.11), we have
H\/6 Vg(x)” _H[ 7, 7 0 Ao

2
|: Z11 ]
Z12 Z22 _AO

= Tr(Z}) + Z1221y) + Tr(Z{5212) + Tr((Za2 — Ao)?)
< 3y /péa + 16é2\|jG(Ao)H2 < 51 ,

2

which implies that for any v € S% satisfying v € B, (g(Z)) we have

Vv —z|| <é1.

In particular, by (6.13), for any ((,&,¢) € D and x € X such that || — Z|| < e, we have

Zc(.%', C7 5) € Bél (z) .

Thus, from (6.2) we know that for any (¢, &, c) € D,

min L.(z,(,§) = min L () ze(2, ¢, §), ()

z€B:(T) z€BL(T)

min Le(z, 2, ¢,
(,2)€Bc (T) xBe, (Z) ( ¢, §)

v

> i L

> _gin, (mp Ten )

= i L
B (m oo 9)

= in L.(x,C&). 6.16
Lin o(z,¢,€) (6.16)

Let
z(¢, € ¢) == 2((,§,0), ((,§,c) €D

Then, by (6.16), for any (¢, &, ¢) € D, 2((, &, ¢) is a solution to problem (6.4). The uniqueness
of (¢, &, ¢) follows from the uniqueness of (z((, &, ¢), 2(¢, &, ¢)).

For any ((,&,¢) € D, by using (6.9), (6.16), and the fact that (2((, &, ¢), 2(¢, &, ¢)) is the
unique solution to (6.7), we know that

C(C,& ¢) = C+ ch(#(C, €, ¢)) = ¢+ ch(z(¢, €, ¢) = C(C, € )
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and

£(<7gac) £+C(22(Ca£a6)_g(j(Ca£7c

I
—~~

~—

g + CZ?(.%'(C, 57 C)’ C7 g) - Cg(l'
f - cg(m({,é, C)) + CHSi (g(l‘(

HS%; (g _Cg('I(C7£’C))) :g C) yC) -

Finally, the estimates (6.5) and (6.6) follow from (6.8).
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