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Abstract: The efficacy of an HIV vaccine to prevent infection is liketydepend on the genetic
variation of the exposing virus. This paper addresses tbbl@m of using data on the HIV
sequences that infect vaccine efficacy trial participamtk)ttest for vaccine efficacy more pow-
erfully than procedures that ignore the sequence data; pexbRiate the dependence of vaccine
efficacy on the divergence of infecting HIV strains from thB/Hstrain that is contained in the
vaccine. Because hundreds of amino acid sites in each HI¥rgerare sequenced, it is natu-
ral to treat the genetic divergence as a continuous marlabfrithat accompanies each failure
(infection) time. Problems 1) and 2) can then be approaclygdsiing whether the ratio of the
mark-specific hazard functions for the vaccine and placebogs is unity or independent of the
mark. We develop nonparametric and semiparametric testhiése null hypotheses, and non-
parametric techniques for estimating the mark-specifatned risks. The asymptotic properties
of the procedures are established. In addition the methastadied in simulations and are

applied to HIV genetic sequence data collected in the first Wiccine efficacy trial.
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1 INTRODUCTION

In many studies involving the comparison of survival datarirtwo treatment groups, a mark

variable is measured only in failures, and it is of interesatcount for this mark in comparing



the failure experience. In this article, we develop testmg estimation procedures to assess
mark-specific relative risks. This departs from our recenotkmGilbert, McKeague and Sun,
2004) in which we developed a test for the dependence of desmgrk-specific hazard rate
on the mark variable (i.e., the “one-sample” problem). The-sample problem addressed here
is scientifically compelling, as elaborated below, wherdgesone-sample problem has limited
relevance to clinical trials. Furthermore our approachhi® two-sample problem entails major
differences in hypotheses and inferential procedures eoeapto those used for the one-sample
problem, and here we expand the scope of research to inchiiestion as well as testing, and
semiparametric as well as nonparametric hypothesis testin

We are motivated by applications in HIV vaccine efficacyl&id he extensive genetic diver-
sity of HIV poses one of the greatest challenges to deveip@mAIDS vaccine (Graham, 2002).
Vaccine efficacy to prevent infection, usually defined imteiof the hazard ratio between vaccine
and placebo recipients, may decrease with the viral divergef a challenge HIV from the virus
or viruses represented in the vaccine construct (Gilbeste and Vardi, 1999). Detecting such a
decrease can help guide the development of new vaccinesvalprgreater breadth of protec-
tion. The relevance of our mark-specific hazard functiorrapeh is that the “distance” between
a subject’s infecting strain and the nearest vaccine stiambe viewed as a mark variable that is
only observed in subjects who experience the event (HI\tirda).

From 1998 to 2003 VaxGen Inc. conducted the world’s first H&¢aine efficacy trial (Flynn
et al., 2005). HIV uninfected volunteers at high risk for aicopg HIV were randomized to
receive the vaccine AIDSVAXi(; = 3, 598) or placebo . = 1,805). Subjects were monitored
for 3 years for the primary study endpoint HIV infection. Feach subject who became HIV
infected, the envelope glycoprotein (gp120) region of tifedting virus was sequenced. Of the
368 subjects who acquired HIV, the sequence data were tadlédar 336 subjects (217 of 241
vaccine; 119 of 127 placebo). VaxGen hypothesized thateved bf vaccine efficacy would be
higher against HIVs with gp120 amino acid sequences that vetatively similar to either of the
two HIV strains (named MN and GNES8) that were representethiéviaccine. The distance of
each infecting virus to MN and to GNE8 was measured by thegpénmismatch in the aligned

amino acid sequences (i.e., Hamming distance) for threeadgbositions hypothesized to be



important for neutralizing HIV (Wyatt et al., 1998): (1) tineutralizing face core of gp120 that
was crystalized; (2) the neutralizing face core plus théabde loop V2/V3 regions; and (3) the
V3 loop. For each metric and infecting virus, the mark is dedims the minimum of the two
distances to the MN and GNES reference sequences.

Gilbert, Lele and Vardi (1999) and Gilbert (2000) developesemiparametric biased sam-
pling model as a tool for studying vaccine efficacy as a fumctf a continuous mark, which
parametrically specifies the relationship between vaceffieacy and the mark, and leaves the
distribution of the mark in the infected placebo group urmsiged. However, there are no data
available for suggesting the correct parametric model,asgparametric methods are desirable.
Furthermore, the earlier work is limited by conditioningiofiection, so odds ratios but not rela-
tive risks of infection can be estimated, and the model$redY infection as a binary outcome,
ignoring the time to HIV infection. The methods presentetkhgere developed because they
are free from these limitations, as they are nonparamehough semiparametric procedures are
also considered), prospective, and incorporate the atiores.

We introduce tests for the hypothesis that the mark-spetsks in the two groups coincide,
and for the hypothesis that the relative mark-specific riskween the groups is independent
of the mark. The timd}, to endpoint and the mark variablé for a representative individual in
groupk are assumed to be jointly absolutely continuous with joertsity /.. (¢, v). We only get to
observe( Xy, O, 0k Vi), where Xy, = min{T}, Cy}, 6, = I(T < Cy), andC}, is a censoring time
assumed to be independent of b@thandV, £ = 1,2. When the failure timd, is observed,
0, = 1 and the mark/,, is also observed, whereaslif is censored, the mark is unknown. Since
the mark is only observed for failures, it cannot be studied @ovariate in evaluating risk. We
assume that each mark varialg has known and bounded support; rescalingf necessary,
this support is taken to b6, 1]. The mark-specific hazard rate in groks

Ae(t,v) = lm P{Ty € [t,t + h1), Vi € [v,v+ hg)|Tx > t}/hihs (1.1)

h1,h2—0

and the mark-specific cumulative incidence function is

Fi(t,v) = hIQigO P{T), <t,Vi € [v,v+ ha)}/ha, (1.2)



k = 1,2, with t ranging over a fixed interval, 7]. The functions (1.1) and (1.2) are related by
the equationFy(t,v) = fot Ak (s,v)Sk(s) ds, where Si(t) is the survival function for groug,
and are estimable from the observed gréaupompeting risks failure time data. In the case of
a discrete mark variable, Gray (1988) developed a nonpdremtest for comparing cumulative
incidence functions among groups, at a specified value ahtirl variable.

A standard measure of vaccine efficacy to prevent infectidimee ¢ is the relative reduction
in hazard due to vaccinatiolE(t) = 1 — A\;(t)/A2(¢), see Halloran, Struchiner, and Longini
(21997). It is natural to extend this definition to allow theceme efficacy to depend on viral
divergenceVE(t,v) = 1 — A (t,v)/A2(¢,v). This parameter has a useful approximate interpre-
tation as the relative multiplicative reduction (vaccire¥sus placebo) in the probability that one
exposure to straim at timet (by a sexual or needle contact) leads to infection (Hallpksatber
and Longini, 1992). This interpretation follows by randaation, blinding, and the fact that HIV
infection is a rare event in HIV vaccine efficacy trials (tygplly occurring in fewer than 10-15%
of subjects), which together imply that the amount of expeta HIV strains of distance is
approximately equal in the vaccine and placebo groups girout the follow-up period.

To account for the mark in testing for vaccine efficacy, wealep tests for the null hypothesis
HY: M\ (t,v) = Mo(t,v) for (t,v) € [0,7] x [0,1]
against the following alternative hypotheses:

HY: \i(t,v) < Xo(t,v) forall (¢,v) € [0,7] x [0,1];

HY: M\i(t,v) # Xo(t,v) for some (¢,v) € [0,7] x [0,1]

with strict inequality for somét, v) € [0, 7] x [0,1] in HY. TestingH{ evaluates VE,v) = 0
for all t andw, i.e., whether there is any vaccine efficacy against any Hi&irs As we show
in simulations, tests of/) can have much greater power than standard tests of vacdioacgf
that ignore the mark, i.e., that evaluate the null hypothgsit) = \y(¢) for all ¢t € [0,7]. A
test ignoring the mark should be done in conjunction withst té 70, however, to assess the
overall clinical/public health benefit of the vaccine. Tigtrate the importance of carrying out

both tests, if VEt) = 0 and VE{,v) is positive (negative) for < (>) 0.5, then the vaccine
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clearly should not be declared effective, yet the analyst®anting for the mark would lead to
follow-up studies of the mechanism by which the vaccine iopa@ mark-specific infection risk.
If H{ is rejected, then it is of interest to assess if vaccine effisaries with strain distance.

Accordingly, we also develop tests for
Hy: A (t,v)/Xa(t,v) does not depend on v for t € [0, 7]
against the following alternative hypotheses:

Hli )\1(?5,?}1)/)\2(75,’01) S )\1(?5,?}2)/)\2(75,’02) fOI' all U1 S Vo, t e [O,T],

Hgi )\1(1&,1]1)/)\2(@1)1) 7é )\1(1&,1]2)/)\2(@1)2) for some (%1 S Vo, t e [O,T]

with strict inequality for some, v, v5 in H,. BecauseH, and H; can be re-expressed &5, :
VE(t,v) = VE(¢) forall t,v and H; : VE(t,v1) < VE(t,v9) forall t,v; > v, (with < for some

v1 > vy), testingH, versusH; assesses whether vaccine efficacy decreases with HIV seguen
divergence. Scientifically this is the most interesting diyyesis to assess.

To develop suitable test statistics, we will exploit theervation thatH, holds if and only if
the mark-specific relative risk coincides with the ordinaglative risk, i.e. A\ (t,v)/A2(t,v) =
Mi(t)/Xo(t) Tor all t,v, where Ay (t) = [} filt,v) dv/S(t) = [} Ai(t,v)dv is the groupk
hazard irrespective of the mark. In Section 2 we introduegpttoposed procedures for testifg
andH,. Large sample results and a simulation technique neededilement the test procedures
are developed in Section 3. In Section 4 we discuss nonpararastimation of the mark-specific
vaccine efficacy. We report the results of a simulation expent in Section 5, and an application
to data from the VaxGen trial is provided in Section 6. Setflocontains concluding remarks.

Proofs of the main results are collected in the Appendix.

2 TEST PROCEDURE

We base our approach on estimates of the doubly cumulativk-specific hazard functions
A(t,v) = [y fot Ae(s,u) dsdu, k = 1,2. Given observation of i.i.d. replicaté(s;, dx;, ori Vii),

i =1,...,ng of (Xi,d, 0xVi), & = 1,2, the nonparametric maximum likelihood estimator
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(MLE) of Ax(t,v) is provided by the Nelson—-Aalen-type estimator

" Ni(ds,v)
o Yi(s)

whereYy (t) = > " I(Xy,; > t) is the size of the risk set for groupat timet, and

Ap(t,v) = L t>0,vel0,1], (2.1)

Nk
Ni(t,v) = ZI(XM <t, 0k =1, Vi <)

=1
is the marked counting process with jumps at the uncensaikdd timesX,; and associated
marksVy;, see Huang and Louis (1998, (3.2)).

Our tests of{? are based on comparirg (¢, v) andA,(¢, v), and of H, are based on compar-
ing the nonparametric MLE of (¢, v) — Ay (¢, v) with an estimate undéi,. SinceH, is equiva-
lentto Ay (¢, v) fo [(A1(s)/Aa(s)]As(ds, v) forall t, v, underH, we may estimate the difference
A (t,v) — As(t,v) by fo [(A1(s)/Xa(s)) — 1]As(ds, v), where),(t) is a nonparametric estimator
of \x(t), as discussed below. Alternatively, under a proportionafgimal hazards assumption,
Mi(t)/Xa(t) = exp(B), this difference may be estimated H¥lexp(3) — 1]As(ds, v), where3
is the maximum partial likelihood estimator 6f which leads to a semiparametric test fd.
The nonparametric approach makes minimal assumptionsehuires smoothing, whereas the
semiparametric approach avoids smoothing and in prinaijalg provide greater power when the
proportional hazards assumption holds.

For the nonparametric approach we estimate each hazartidong(¢) by kernel smoothing:

~ T+6 _ A
Mo(t) = %/0 K (t bks) dAu(s), (2.2)

where Ay(s) = [1(1/Yi(s)) dNy(s) is the Nelson-Aalen estimator @f(t) = [ \(s) ds,
with Nk() = > " I(Xy; < t,0,; = 1). The kernelK is a bounded symmetric function

with support[—1, 1] and integral 1. The bandwidti is a positive parameter that indicates the
window [t — by, t + by] over Whichka(t) is smoothed, and converges to zeraas— oco. We
choose kernel esimators because they are uniformly censighder assumptions (see Theorem
IV.2.2 in Andersen, Borgan, Gill, and Keiding, 1993), a pedy that is needed for the theoretical

justification given later.



2.1 Test Processesand Test Statistics

Based on the above discussion, we introduce test procelsgesform

L7 (tv) = /”1:2 /at H,(s) [Al(ds,v)—f‘(s)f\g(ds,v) (2.3)

fort > 0,0 <wv < 1, whereH,,(-) is a suitable weight process converging to a non-random func

tion H(-) anda > 0. The superscript reflects the choice of processés) in the test process and
indicates whether it is used to tdgf (indicated byr as 1, corresponding ts) = 1), to testH,
nonparametrically (indicated byasnp; #(s) = Ai(s)/Xs(s)) or to testH, semiparametrically
(indicated byr assp; 7(s) = exp(/3)). A simple calculation shows that ferasnp (r assp), [-] in
(2.3) comparesxxl(ds, v) — Ag(ds, v) to the nonparametric (semiparametric) estimate described
above ofA;(ds,v) — As(ds,v) underH,.

A variety of test statistics can be formulated as functisidl ! (¢, v). We develop integration
type and supremum type statistics. With-(v) a known nonnegative weight function, large
values of the following test statistics provide evidenceiast H| in the direction ofH} (first

two statistics) orf{? (second two statistics):
1
Up = Ly(r,1), Uy = / wy (v) Ly, (7, v)dv, (2.4)
0

Ul = |LX(7,1)], Uj:/o wy (V) (L (7, v))2dv. (2.5)

For testingHy, letyx(t) = P(Xy > t), letT = sup{t: y1(t) > 0 and y(¢) > 0}, and assume
T < 7. With kernel smoothing, the bias term af(¢) is of orderO(b?) for the inner points in
b, T — by| and of orderO(b;) for the boundary points i0, b;) or (7 — by, 7). To simplify the
proofs and the conditions on the rates of convergence comggr;,, we taken > 0 and construct
the test statistics from the proceb$(¢,v) overa < t < 7,0 < v < 1. In practice, however,
there would be no harm in taking= 0 in order to use as much of the data as possible (this is
done in the simulations and application).

SetA! (t,v1,v9) = LI (t,v1)+ L% (t, v9) —2L7 (¢, (v1+v2)/2). FOrr asnp or sp, the following

test statistics measure departures frAgin the direction ofH, (U{ ) or Hy (Ug ):

U{ = sup sup [A](ty,v1,v2) — A (t1,v1,09)], (2.6)

v1<ve 0<t1<to<T



Ug = sup sup |A](ty,v1,v9) — A] (t1,v1,09)]. (2.7)

v1<wz 0<ty <to<T

To motivate the test statisti¢s and U}, we note from the proof of Theorem 2 in the Ap-
pendix thatn /nyny) 2 [A7 (ty, v1, v2)— AT (L1, v1, v2)] cONVerges in probability té(¢,, to, v1, vs) =

v1+v2

/tQ/:; (5,0) = 7(5)Aa(s, ) dmls_/tl/v1 (5,v) =7(s)Aa(s,v)) dvds,

wherer(s) = Ai(s)/Xa(s) or exp(B). Under Hy, §(ty,t,v1,v5) = 0 for all t1,t, € [0, 7]
andvy, v, € [0,1]. Under H; and some smoothness condition&,, ¢, v1,v2) > 0 for some
t1 <ty € [0,7] andv; < v, € [0, 1]. Therefore large values &f/ (U7) provide evidence against
Hy in the direction ofH; (H>).

In the next section, we provide results that all three preess, (¢, v) (indexed byr) converge
weakly to a Gaussian process under the appropriate nullthgps. We also state results (with
proofs given in the Appendix) on the consistency of the psggbiests against their alternatives,

and describe a simulation procedure for determining thtecativalues of thé?]?".

3 LARGE-SAMPLE RESULTS

We present the asymptotic results for the nonparametris wfsH,. Parallel results for the
semiparametric tests d@f, and the tests ofi{ follow by similar but simplified arguments; these
results are briefly stated at the end of this section.

We begin by defining notation that is used in the sequel. JLét v) = P(Xy < ¢, =
1,V <w),k = 1,2. By the Glivenko—Cantelli Theoren¥, (¢, v) /n, andYj(t)/n, converge al-
most surely toy, (¢, v) andy(t), uniformly in (¢, v) € [0, 00) X [0, 1] andt € [0, o), respectively.
Note that we may write\.(t,v) = fi(t,v)/Sr, (t), whereSr, (t) = P(T} > t) and f(t, v) is the
joint density of(7}, Vi) for groupk. Also \x(t) = fr,(t)/St,(t), where fr, (t) is the density of
Ty for groupk. Let D(I) the Skorohod space of the functions odadimensional rectanglé
that are continuous from above with limits from below (Bitked Wichura, 1971), an@'(I) be

the subspace of continuous functions/on



3.1 Asymptotic Distributions of the Test Statistics

Let Z;(t,v) and Z,(t, v) be two independent Gaussian processes defined by

I A 1 GPs) _
Zk(t,v)—/o ) Gi(ds,v) /0 L Ye(ds,v), k=12 (3.1)

Whereng") (t,v) andGé"") (t) are continuous mean zero Gaussian processes with cov@sianc
COV(G(lk)(S, u), G(lk) (t,v)) = (s At,u Av) — (s, uw) (L, v),
Cov(G5” (), G (1)) = ynls V 1) — y(s)un(t),

Cov(GY (s, u), GS (1)) = (ya(s, w) — Wlt—, W) T(t < 8) = (s, w)yi(D).
Leta(t) = 1/Ay(t) and0 < k = lim,, ..o n1/n < 1. Define
() = Viok U H(s)Z (ds, v) / H(s)a(s)AL, (s, v) Zu(ds, 1)]
—Vk [/ H(s)r(s)Zy(ds,v) / H(s (s)Ay,(s,v) dZy(ds, 1)} . (3.2)

whereA), (t,v) = 0As(t,v)/0t.

Ouir first result describes the limiting null distributiontbie test process and the test statistics.

Theorem 1. Assume the following conditions: The weight procHg$t) is left continuous with
total variation overt € [0, 7+ 0] bounded in probability, for +§ < 7, § > 0. There exists a uni-
form continuous functiof/ () with bounded variation such thatipg, ., 5 [, (?) —H(t)|i>0.
Ak (t) for k = 1,2 are continuously differentiable and bounded away from zevd0, 7 + 4],
Ao(t,v) > 0 and 9%Ay(t,v)/0t?* is continuous orf0, 7 + 4] x [0,1]. P(Cr, > 7+4) > 0
The symmetric kernel functiaii (¢) has bounded support dr-1, 1] and is twice continuously

differentiable.n;b? / log b, ' — oo andnbi — 0 for k = 1,2. Then, undet,
L2P(t,v)—= L™ (,v) (3.3)
in D([a, 7] % [0,1]) asn — oc.

The proof of Theorem 1 immediately follows from Propositibgiven in the Appendix. The

conditions on the rates of convergence are satisfied+ n,” for 1/4 < v < 1/3.
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Let U] be defined the same alg in (2.6)-(2.7), withL? (¢, v) replaced withL" (¢, v). By the
continuous mapping theorerﬁf;pLUfp under Hy, soP(UJ’f‘p > ¢jo) — «, Wherecj, is the
uppera-quantile ofU;”. However, the;,, are unknown and very difficult to estimate due to the
complicated nature of the limit procegs”(¢,v). In the next section we provide a Monte Carlo
procedure to obtain eaeh,.

Theorem 2 establishes that eaféﬁ” is consistent against its alternative.

Theorem 2. In addition to the conditions given in Theorem 1, assume xh@t v) and Ay (¢, v)
are continuous and thatf (t) > 0 on |0, 7] x [0,1]. Then,P(U}” > ¢,,) — 1 asn — oo under

Hy, and P(U}? > ¢y,) — 1 asn — oo underH,.

Theorems 1 and 2 also hold fdr” and U;’p,j = 1,2, under the same conditions except
that the conditions ony(¢) are replaced by the proportional marginal hazards assomptit)/
Ao(t) = exp(B). Theorem 1 holds for.! under the same conditions minus any assumptions
about), (). We note that the test%j1 are not consistent tests since they are basetl.¢n, v) —
by integrating over € |0, 7|, differences between the two mark-specific hazard functinag
cancel in a case that the marginal hazards cross. Consssigr#mum versions of these statistics
are easily constructed, however. By accumulating the eshat the end of follow-up, the tests
based orffj1 presented here may be more powerful than their supremunteqants, in cases

that the marginal hazards do not strongly cross.

3.2 Gaussian Multipliers Simulation Procedure

We now describe a Gaussian multipliers technique for sitmgaeach of the test processes
L™ (t,v), LP(t,v), and L} (¢, v) under the null hypothesis, cf. Lin, Wei, and Ying (1993). &lot
thaty,(ds,v)/yr(s) = [ A(s,u) duds. By (8.7) in the Appendix and the continuous mapping
theorem, we obtain the result thﬁjyk‘l(s) V1 (Ni(ds,v) = Yi(s)Ax(ds, v))

= / Ui, ' (s) Vg (N (ds, v) [ — yi(ds, v)) — / Ui, 2 ()Vng (Ye(s) [, — yi(s)) a(ds, v)

274t 0). (3.4)
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Define the process™(t,v) by replacingZy(t,v), k = 1,2, in L™(t,v) given in (3.2) with
the term on the left side of (3.4) and replacingvith n; /n. Applying the continuous mapping
theorem again, we ha\Ié"‘p(t, U)Lan(t, v). Let Ny (t,v) = [(Xp; < t,01 = 1, Vi < wv) and
Yii(t) = I(Xg > t), k = 1,2. It follows that

L'(t,v) = /ng/nn, /2 Z hii(t,v) — \/n1/mng /2 Z hai(t, v); (3.5)
i—1

hu(tv) = / H(s)yr () (Nus(ds, v) — Yiu(s)Ay (ds, 0))

/ H(5)a() gy (5, 0} (5) (Nia(ds, 1) — Yis(s) A (ds, 1))
hos(t ) = / H(s 1(s) (Nos(ds, v) — Yau(5)As(ds, 0))
/ H(3)b() by (5, v)y3 () (Nas(ds, 1) — Yar(s)An(ds, 1))

with a(s) = 1/Xa(s), b(s) = A\1(s)/(A2(5))?, andAL (s, v) = OAs(s,v)/Ds.
Definehy;(t, v) by replacing, inh,;(t,v), H(s) with H,(s), y(s) with Y;(s)/ns., a(s) with
a(s), andA), (s, v) with a suitable smooth uniformly consistent estim&g( s, v) on[a, 7] x [0, 1].

LetWy;,,i=1,...,n%, k= 1,2, bei.id. standard normal random variables. Let

ni n2
Ly (t,v) = _77/2711_1/2 E illz‘(t,U)Wu - _n1n2_1/2 E ilgi(t,v)wm-. (3.6)
V n V n
i=1 1=1

We show that the conditional weak limit of the procdgg*(¢, v) given the observed data is
the same as the weak limit @f’?(¢, v) under the null hypothesi&,. Note that the two terms
in (3.2) and (3.6) are independent. It is easy to show thaafigrtwo pointg¢, v) and(s,w) in
[a, 7] % [0, 1], n E S, B (t, 0)hai(s, w)— B[y (t, 0)hag(s, )], sincehy (t, v)——hy(t, v) as
n — oo. Thus, the conditional covariance bf?*(¢, v) converges to the covariance bf? (¢, v).

It is left to show that the proceds?*(¢, v) is tight (see Appendix).

Theorem 3. Under the conditions of Theorem 1, conditional on the obsedata,l"?* (¢, v)&

L™ (t,v) in D([a, 7] x [0,1]) underH, asn — oo, whereL™"(t,v) is given in (3.2).

Theorem 3 also holds for the semiparametric test&/gfusing the following modified test
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processes. By the proof of Proposition 1, undigr

LoP(t,v) \/E/H )24 (ds, v) — \/"T/H s) exp(B) Za(ds, v)
-2 [ e - exp(BAatds. o). @)

Let U, (B) and J,(3) be the score function and information matrix under the propoal

marginal hazards model. It is easy to obtain that

21 Y;(s)
60 = 2 [ st COES v ORI

ZJ 1Y1]( ) exp(3)
Z/ ST Vi) exp(0) T S V)

—ZUM —ZU%(@

2 ng L V(s )Zﬁilym(s)e){p(ﬁ)
Jn(B) = ;;/ Ylj s)exp(fB) + 372, Yaj(s))? Nii(ds, 1).

A routine delta method and likelihood analysis yietd (exp(3)—exp(8)) = exp(8)(n~"J,(3))"
n~12U,(8) + 0,(1). From this result and (3.7), following the arguments of Set8.2, the dis-
tribution of L:P(¢, v) underH, can be approximated by the following procdsg* (¢, v) given the

observed data,
) = (S i) (Nl ) = Vi )
2 exp(B)n~ 3 03) [ Hulohatds, )]
Bt [ [ ) o3 ) (Nt ) = Vi)l )

— exp(B3)(n —1(]”(3))—1(7%(3)/0 Hn(S>A2(d8,U)]WQZ‘,

where;(3) andUy;((3) are obtained froni/;;(3) andUs; (), respectively, withs, A;(ds, 1)
andA,(ds, 1) replaced by3, A (ds, 1) andA,(ds, 1), respectively.
Similarly, the distribution ofZ.. (¢,v) under H{ can be approximated b¥.*(¢,v) given the
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observed data, where

i (tv) = \/gn/ 2 Z/ Hi(s)(naYy ' (5)) (Nai(ds, v) = Yau(s)Aa(ds, v)) Wy
_\/%”1_1/2 2_;/0 Hy(5)(m Y (5)) (N1s(ds, v) — Yi,(s)As (ds, v))Wh.

3.3 Choice of Weight Process

In exploratory work it can be useful to examine a plot of thet frocesd. (¢, v) with the weight
process chosen to b#,(t) = 1, and compare it with plots of (say) 5-20 realizations of the
simulated reference procesés*(¢,v). Large values of L!(¢,v)| for somewv andt suggest a
departure fromH. Large values ofL."?(t,v) — L™ (t,,v) for somev and some; < t,, as
compared with the same contrast ifj**(¢, v), suggest a departure froifi, in the direction
of H,. Large absolute differences i’ (¢,v) across different marks (as compared with the
reference process) would suggést This graphical procedure is illustrated in Section 6.

The test process is more variable at larger failure timeg,is@advisable to choose the weight

process to downweight the upper tail of the integral, and wggest

H,(s) = Yi(s) Ya(s) (3.8)

ni no

The weight can also be chosen to increase power againsfis@@rnatives (Sun, 2001).

4 ESTIMATION OF MARK-SPECIFICVACCINE EFFICACY

Precise estimation oVE(t,v) introduced in Section 1 requires huge sample sizes, because
smoothing is required in both and¢, and generally efficacy trials do not provide sufficient
samples (Gilbert, Wei, Kosorok, and Clemens, 2002). Adogtgl, we consider an alternative

notion of mark-specific vaccine efficacy defined in terms ohalative incidences:
VES(t,v) =1— Fi(t,v)/Fy(t,v),

which we call cumulative vaccine efficacy. This represeriisia-averaged — rather than instan-

taneous — measure of vaccine efficacy and is much easieritoagstthanVE(¢, v). We also
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consider the doubly cumulative vaccine efficacy
VE*(t,v) =1— P(Ty < t,V; <v)/P(Ty <t,Va <),

which can be estimated without smoothing and with greatecipion tharVE(t, v).

A nonparametric estimator 6fE°(t, v) is given byVE (¢, v) = 1 — Ey(t, v)/Fy(t,v), where

Fut,v) = bl—k/ol/ot S;}Ef;))K( » ) Ni(ds, du), (4.1)

Si(t) is the Kaplan—Meier estimate 6%,(¢), K (-) is a bounded symmetric kernel function with

supporf—1,1] and integral 1, andl, > 0 is a bandwidth. The estimatéf, (¢, v) is the continuous
analog of the estimator that has been used for a discrete (Reghtice et al., 1978).

If Fi(t,v) # 0andFy(t,v) # 0, a100(1 — a)% pointwise confidence interval fofE°(t, v)
can be computed by transforming symmetric confidence liabtsutlog(F, (¢,v)/Fy(t,v)) :

- (1 B @C(t,ﬂ)> exp (iza/Q \/Vali{ﬁl(t, v)} " VarA{Fz(t, U)}) : (4.2)

Fl(t,’l))2 FQ(t,’U)Q
Var{Fk t,v) b2 //

( b—ku)r]\fk(ds,du).

To estimaté/E®%(t, v), eachP (T}, < t,V}, < v) is simply estimated by}, (¢) fo <Sk, )/Yk(s))

Ni(ds,v), the estimator for the cumulative incidence function fousm of failure defined by
~ 2

V < v, and its variance is estimated %t/ (Sk(s—)/Yk(s)> Ni(ds,v).

5 SIMULATION EXPERIMENT

The simulations are based on the features of the VaxGerdegdribed in the Introduction. We
study performance of the test statisti¢s j = 1,2,3,4; U andU:”, j = 1,2; and of VE (, v),
with 7 = 3 years. ForVE‘(r,v) we focus on the end of follow-up = 7 because it is most
important scientifically to understand durability of vaweiefficacy.

The functions VEt, v) and VE(t,v) can be complicated functions ofeven whenr}, and
V. are independent. Although independence may be unlikelppli@ations, to keep the sim-

ulation model simple we focus on this case. Limited simaoladi under dependence showed
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comparable performance of the procedures. The cumulatiselence function for groug
is taken asFy(t,v) = P{T, < t}fvr(v), where fy; is the density ofl;. In the first set
of simulations we specifyf; and7; to be exponential with parametefa, and \,, respec-
tively, so that the cumulative vaccine efficacy by timerrespective of the mark” is given
by VE“(7) = 1 — (1 —exp(—X207)) /(1 —exp(—A27)), Where), is the constant infection hazard
rate in the placebo group. Hefds the constant infection hazard ratio between groups 1 and 2
In the second set of simulations we specify non-proportibaaards, whereif, and7;, are dis-
tributed the same as above, dfidis set asl; = v/ X1, whereX; is exponential with parameter
A1, implying A (t) = 2A4t.

We consider two true values 8f¢(7), 0.67 and 0.33. To evaluate the size of the testd pf
we also consideVE(7) = 0.0. We select\, so that 50% of placebo recipients are expected to
be infected byr = 36 months.

Next, we specify
for(v) = [Bx (15Y% — 0.5%)] 7 (v 405V for 0<w <1,

Here g, = 1 corresponds to (¢, v) not depending om, with E(V},) = 1/2, andj, = 0.5, 0.25
correspond to increasing levels of dependence betwggnv) andv, with £(V}) = 2/3 and 4/5,

respectively. The cumulative vaccine efficacy is given by

¢ _ o B2 [1.5Y/82 —0.51/5 (1/81)—(1/52)
VE*(7,v) =1 — (1 - VE*(7)) By | 1.51/8 —0.51/6 (v+0.5) '

Note thatVE(r,v) = VE(r) and VE‘(r,v) = VE(7) if and only if 5; = [, so that setting
B2/ = 1.0 representdd,. Furthermores,/3; > 1 implies VE(r,v) and VE®(r,v) decrease
with v, so the extent of departure frofd, increases withs,/5;. We set the truég;, ;) to be
(2.0, 1.0), (0.50, 1.0), (0.25, 1.0), (0.50, 0.50), or (0.225). We also consider a two-sided
alternative with fy»(v) a uniform density andy1(v) = Lol(v < 3) + (8 — S0)I(v > 1).
Results for this case are given under the heading “2-sidedables 1 and 2.

The weight procesd7, (-) of (3.8) is used for the test statistics. For kernel estioratf
Me(t),k = 1,2, the Epanechnikov kerndk (z) = 0.75(1 — 2?)I(|z| < 1) is used. For each

simulation iteration the optimal bandwidihis chosen to minimize an asymptotic approximation
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to the mean integrated squared erron\pf(Andersen, Borgan, Gill, and Keiding, 1993, p. 240)
separately fok = 1, 2, and the method of Gasser andil&r (1979) is used to correct for bias in
the tails. An alternative approach would jointly optimide, b,) for estimating the hazard ratio.
Based on Kelsall and Diggle (1995), joint optimization daes provide appreciable efficiency
gains unless the hazards in the two groups are fairly sinflar the HIV vaccine application, it
IS most interesting to assess the relationship of vaccitheaey on viral divergence when there
is some efficacy (i.e., the hazards are unequal). For thssorewe optimized,, for the hazard
functions separately.

The nominal level of the tests is set at 0.05, and criticaleslare calculated using 500 repli-
cates of the Gaussian multipliers technique described atic®e3.2. For estimation, the mark-
bandwidthsh,,, were chosen to achieve reasonably smooth estimates, whaistaecomplished
with b,; = b, = 0.20. Bias, coverage probability of the 95% confidence intervalg); and
variance estimation G@C(T, v) are evaluated at the three mark-values 0.30, 0.50, 0.80. We
choosen = 100, 200 or 400 and in addition to the 50% administrative censoring for tukife
times at 36 months we usel&% random censoring rate in each arm. The performance statisti
are calculated based on 1000 simulated datasets.

The results in Table 1 indicate that the testd4f have appropriate sizes and high powers.
When VEt, v) declines withv, they have greater power than the Cox model Wald test gf VE
0. Therefore accounting for the mark variable can substiytiaprove efficiency. This is
especially the case f(ﬁle, although this test has less power than the Cox model test (i, W
is constant inv (i.e., #; = (33). In contrast, the power dffll IS less sensitive to how strongly
VE(t,v) varies inv. The corresponding 2-sided tegf$ and U} show a similar comparative
pattern but with lower power for the one-sided alternatives

The results in Table 2 show that the testsiaf perform well at moderate sample sizes.
Somewhat surprisingly, for small/moderate samples theimametric tests did not provide
greater power than the nonparametric tests in the casehbdaiiure times had proportional
hazards. To explain this, note that the nonparametric amipseametric test processes involve
contrastsh, (dt, v) — #(t)As(dt, v), with 7#(¢) = A (£)/A2(t) andexp(5), respectively, and the

alternative hypothesis involves changes\oft, v) /A, (t, v) in v— butnotin ¢. SinceAy(dt, v)
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and )\, (¢) approximately “track” each other ity the nonparametric test process can reduce the
noise from perturbations of;(¢)/\,(t) in ¢, whereas the semiparametric test process cannot
dampen this noise.

The small simulation study under non-proportional hazavd¢h H, true with (5, 52) =
(2.0,1.0), (0.5,0.5), or (0.25,0.25), demonstrates (aslipted from the theory) that the semi-
parametric tests are not valid when the marginal propoalibilazards condition is not met. The
empirical sizes of the tests frequently missed 0.05 by anuaatimore than 2 or 3 Monte Carlo
standard deviations (results not shown).

The results in Table 3 show that for moderate samﬂl?&%c,(%, v) is unbiased at some pa-
rameter configurations and biased at others, and that tiséobiomes negligible as the number
of infections grows large. The confidence intervals ¥adt“(36, v) have correct coverage prob-
ability in large samples and usually perform well at smaflample sizes, but have too-small
coverage probability for the same values\df(36, v) at which the estimator is substantially
negatively biased. The asymptotic variance estimate‘é\]i)cf(%,v) tracked the Monte Carlo
variance estimates fairly closely, verifying acceptaltewsacy of the variance estimators (not
shown).

The simulation study was programmed in Fortran, with pseardiiom-numbers generated
with internal Fortran functions. This program and a datalysis program are available upon

request.

6 APPLICATION

We apply the methods to the data from the VaxGen trial desdrib the Introduction. Figure 1

shows boxplots of the three percent amino acid mismatchntists of the infecting HIV viruses

to the nearest virus (MN or GNEBS) represented in the testedina. The testing procedures
were implemented using the same weight functiy{-), kernel K (-), and procedures for opti-

mal bandwidth selection and tail correction that were usgte simulation experiment. P-values
were approximated using 10,000 simulations. The MISErojgted bandwidthg, for the esti-

mated hazards of infectiok, () and \,(-) wereb, = 1.83 months and, = 2.10 months. For
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the neutralizing face core distances, the four testgpf VE(¢,v) = 0 gave p-values spanning
0.05 to 0.32 (Figure 1(d)), witliffz1 rejecting H{ at level 0.05. Based on this evidence (albeit
weak) thatVE(t,v) # 0, we go on to test{, : VE(¢,v) = VE(¢). Neither nonparametric test
rejectedH, (Figure 1(d)). The proportional hazards assumption seem@sbnable based on a
goodness-of-fit tesip(= 0.35), justifying the semiparametric tests Bf, which gave nonsignif-
icant results (Figure 1(d)). To illustrate the graphicalgadure, Figure 2 shows the test process
L™ (t,v) together with 8 randomly selected realization of the nudt procesd.”?* (¢, v), using a
unit weight proces$i,(-) = 1. The maximum absolute deviation 6f* (¢, v) in ¢ is larger than
that for all but one of the null test processes. Figure 1 maf@}(f) show p-values of the tests for
the other two distances, which all exceeded 0.05.

With bandwidths),; andb,; separately optimized using 2-fold cross-validation, wet res-
timatedVE®(36,v) andVE®(36,v) (Figure 3). TheVE®(36,v) curves are estimated with rea-
sonable precision at mark valuesnot in the tail regions, an¥E% (36, v) is estimated with
reasonable precision farnot in the left tail, with precision increasing with For neutralizing
face core distances the estimatesVd“(36, v) and VE™(36, v) in the regions of precision di-
minished with viral distance, which suggests that the e¢less of match of amino acids in the
exposing strain versus vaccine strain in the core aminosatigy have impacted the ability of
the vaccine to stimulate protective antibodies that néa&d the exposing strain. The border-
line significant result is intriguing, because this diseihas the soundest biological rationale—
three-dimensional structural analysis has demonstratgdhiie amino acid positions used for this

distance constitute conserved neutralizing antibodyopps (Wyatt et al., 1998).

/ CONCLUDING REMARKS

Nonparametric and semiparametric methods have been ge¢kfor testing and estimation of
relative risks taking into account a continuous mark vdeaibserved only at uncensored failure
times, and for evaluating the relationship between thetivelaisk and the mark. We showed
that if the mark-specific relative risk varies with the matken a standard Cox model test of

a unit hazard ratio (ignoring the mark) is less powerful (@winetimes much less) than the
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newly developed nonparametric procedures that test theHful: \;(¢,v)/Xa(t,v) = 1 of a
unit mark-specific hazard ratio. This finding raises the halea to consider accounting for the
mark variable in secondary hypothesis tests in clinicaldrfor which there are strong reasons
to suspect that the mark-specific relative risk is monotanéhe mark. Among the statistics
developed for testingi?, U} or U} are recommended, with the choice between them depending
on how strongly the mark-specific relative risk varies whie tnark in the alternative hypothesis
of interest.

For testing dependency of the mark-specific relative riskhemark,Hy : A (¢, v)/a(t,v) =
A1(t)/A2(t), the simulations suggest that the nonparametric proceghedorm better than their
semiparametric counterparts that assume proportionajimerhazards. The test based @f\p
is recommended.

Although the methods were motivated by a particular sdiemroblem (the question in HIV
vaccine efficacy trials of if and how efficacy of the testedomae varies with the genetic distance
of the infecting HIV strain), we emphasize that they prowadgeneral solution to the two-sample
survival analysis problem with a continuous mark variaklbich may have many applications.
An appeal of the procedures developed here is that they sl a mark-specific version of
the widely-applied and well-understood Nelson—Aaleretgpnparametric maximum likelihood
estimator, and naturally extend the scope of methods that heen developed for competing

risks data with discrete (cause-of-failure) marks.
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8 APPENDIX: PROOFSOF THEOREMS

Proofs of the results in Section 3.2 are presented for thepa@metric tests of{,, involving
LrP(t,v) andU.” with r(t) = Ay(t)/X2(t) andi(t) = Ay(t)/Xe(t). The proofs are similar and
simpler for the other tests and are omitted.

The following results summarized in Lemma 1 and Lemma 2 areetaised in the proof
of Proposition 1. Lemma 1 applies to either of the kernelrestbrsj\k(t) defined in (2.2),
k = 1, 2. For simplicity, we state the lemma for a single estimatdhef form, with the subscript

k suppressed throughout.

Lemma 1. Assume thak(t) is continuously differentiable and bounded away from zero e
0,7+ 6], P(C > 7+ 6) > 0 and that the symmetric kernel functiéf(¢) has support ofi—1, 1]
and is twice continuously differentiable. Let>- 0 andb — 0.

(a) Supposeb®/logh~! — oo. Then the total variation of(t) is bounded in probability on
la, T].

(b) Supposeb/ logh~" — co. Thensup, -, |A(t) — A(t)|-50.

Proof of Lemma 1.

Let \*(¢) = OT” b K ((t — s)/b)A(s)P(Y(s) # 0)ds. Then there exists an, such that
N(t) = [1 K(x)A\t — bx)P(Y (t — bx) # 0)dz, fort € [a, 7], n > no. SinceY(-) is a non-
increasing risk process andt) has total variation bounded in probability, it is easy to des

A*(t) has bounded variation dn, 7] uniformly in n. Note that\*(t) = EA(¢) and decompose
A(t) — A(t) = A(t) — X(8) + A (t) — (D).

To prove part (a), it is sufficient to show thatt) — \*(¢) has total variation bounded in proba-

bility. By the mean value theorem, it suffices to show thatdbevative

d . T+0 N
(1) = () — X7 (1)) = / b2K((t — 5)/b) (dA(s) — A(s)P(Y(s) # 0)ds)

is uniformly bounded in probability ovéu, 7], whereK’(x) is the derivative of< ().
Let V(t) = f_ll(K’(s))st)\(t)/y(t), wherey(t) = EY(t)/n. LetW,(t) = (nb/V (t))"/?
bu,(t) and M,, = supy<,<, |Wa(t)|. We also define,, = (2log(,/b))"/? andd, = r, +
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(log w*) /7, wherew* = (27) [ 1, (K" ()2 dz/ [*,( ))? dz]'/? andr, is the highest order
statistic in[0, 7]. ThusTniw. FoIIowmg the proofs of Proposmon 3.1, Proposition 3ritla
Theorem 4.B of Yandell (1983), it can be shown that forzall

P{r,(M, —d,) < x} — exp(—2e~7),

asnb — oo. The only thing that we need to note here is that we can tf€ét) as the
weight functionw of Yandell (1983). The condition&”(t) > 0 andf K'(s)ds = 1 are
not needed in Yandell's proofs of Proposition 3.1, ProposiB.2 and Theorem 4.B. Therefore
M, = O,(d,) = O,((logb~1)1/?) and v, (t) = O,((logb~!/nb*)*/2) uniformly in ¢t € [0, 7].
This proves part (a).

Part (b) follows directly from Proposition 3.1, Propositi8.2 and Theorem 4.B of Yandell
(1983). O

Lemma2. Let] = [a,b] x Iy C R¥ wherel, is a K — 1-dimensional rectangle. Le®(/) be the
Skorohod space of the functions bithat are continuous from above with limits from below. As-
sume that the random procesgesé, -) andg(-, -) have sample paths iR(1), sup, , e |gn(t, 7)—
g(t,x)\LO, andg,(-,z) andg(-,z) have total variations bounded in probability, uniformly in

x. Assume that the processes(t, x)LQ(t, x)in D(I). Then

t
sup | [ Qn(s,x) gn(ds,x) / Qn(s, ) g(ds, x)\—>0 (8.1)
(t,x)el Ja

¢ ¢ »
(Su)pl‘ gn(S—,ZE) Qn(dsux) - / g(S—,$) Qn(d87x)‘—>07 (82)
t,x)e a a

whereg(s—, ) = lim, 5 <5 g(u, -) andg, (s—, -) is defined similarly.

Proof of Lemma 2.

SinceQn(t,x)LQ(t,x) in D(I), Qn(t,z) is tight by Bickel and Wichura (Theorem 2,
1971). It follows that for any > 0,7 > 0, there exists a partition =t; <t; < ... <ty 1 =0
andng such that

P(max sup sup |Qn(t,x) — Qn(t;,x)] >€) <n, forn > ny. (8.3)

ISism gely tefty i)
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Also, sinceQ,,(t, x) converges weakly angl, (-, z) andg(-, ) have bounded variations in prob-

ability uniformly in z, for anyn > 0, there exists3 > 0 andn; > ng such that, fom > n,

P(sup [Qn(t,z)] > B) <17 (8.4)
(t,x)el
sup / lgn(ds, x |—|—/ lg(ds, z)| | > B) (8.5)
xz€ly

For eachm, defineQ'(t,z) = Q.(t;,z) for (t,z) € [tj,t;41) x Lo, j = 1,...,m. Let

Cn = SUpgaer |@Qn(t, 2) — QiF(L )] ThenCy, = maxigjcm SUPger, SUPte[t; t;41) |Qn(t, ) —
Qn(tj,7)|. Note that

/Qnsxgndsx /Qnsx (dsx)’

sup
(t,x)el

< sup
(t,x)el

/ (Qn(s,z) — Qmr(s,x)) gn(ds,x)’ + sup

(t,x)el

/ (Quls,2) — Q(s., 1)) g(ds, z)

+ sup
(t,x)el

/ Qn'(s,x) (gn(ds,z) — (ds,x)))

b

< C’n<sup |gn(ds, z)| + sup \g(ds,a:)|) +2m sup |Qn(t,z)| sup |gn(t,x) — g(t, x)|.
z€ly Ja z€ly Ja (t,x)el (t,x)el

Thus, for anyy > 0 andn > 0, chooseB as in (8.4) and (8.5). Takein (8.3) to bed/(2B) and

ng corresponding to the We have, fom > ny,

sup /Qnsxgndsx /Qnsx (dsx)’>(5}
(t;r Vel
< P{C’n<sup |gn(ds x)| + sup |g(ds,x)\) > 5/2}
z€lp Ja z€lo Ja

—|—P{2m sup |Qn(t,z)| sup |gn(t,x) — g(t,z)| > 6/2}

(t,x)el (t,x)el
b

< P{ sup [ |gn(ds,z)|+sup [ |g(ds,z)| > B} + P{C, >6/(2B)}

z€lp Ja z€lo Ja

—HD{ sup |@Qn(t,z)| > B} + P{ sup |gn(t,x) —g(t,x)| > 5/(4mB)}

(t,IB)EI (t7$)61

<3+ P{ sup |gn(t,z) — g(t,2)| > 5/(4m3)}.
(t,x)el

Sincesup, pyer |9t ) — g(t, x)\LO we have

lim sup P sup

n—0o0 (t x)el

/Qnsxgndsx /Qnsx (dsx)’>5}<377
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Sincen is arbitrary, this proves (8.1). The proof of (8.2) followg imtegration by parts.

Proposition 1. Given the conditions of Theorem 1,

Lgp(t,v)—,/”;”Z / H,(s)[A1(ds, v) — r(s)As(ds, v)]-Z5L™(t,0)  (8.6)

in D([a, 7] x [0, 1]).

Proof of Proposition 1.
Using the central limit theorem for empirical processes (&ilbert, McKeague and Sun,
2004, (A.4)),

V(N (8, 0) /i — 7 (t,0), Ya(t) g, — yi(0) (G (8, 0), G (1)) (8.7)

in D([0, 7] x [0,1]) x D[0, 7], WhereG(lk)(t, v) anngk)(t) are continuous mean zero Gaussian

processes with covariances

Cov(GF (s,u), G (t,0)) = als At u A v) = i(s, u)(t, v),
Cov(GY(5), G (1)) = yr(s V 1) — yr(s)ya(t),
Cov(G1 (s,u), GV (1)) = (m(s,u) — W (t—, w))I(t < 5) — s, u)ye(t).

Let Zi(t,v) = /nx(Ar(t,v) — Ax(t,v)). By the functional delta method as used in (A.7)—(A.8)
of Gilbert and Kosorok (2001), we have

Zu(t,0) 25 Z5(t, v) (8.8)

in D([0, 7] x [0,1]), where the two processeés (¢, v) andZ,(t, v) are independent.

The test process can be decomposed as follows:

1260 = 22 [ Hs)ho(ds, ) — Ao (ds, )
\/W/H $)[As(ds, v) — Ao(ds, v)] \/W/H )[A1(ds, v) — 7(s)As(ds, v)]
\/772/}] )21 (ds, v) — \/E/H (5)Z2(ds, v)

+ﬁ / Hn@[r@_ﬂS)]AQ(ds,mﬁ / Ha(3)[M (ds, v) — 7(s)Aa(ds, v)]




Under Hy, the last term equals zero. By Lemmasiip, .. |#(s) — r(s)|i>0 andr(s) has
bounded variation in probability di, 7]. By Lemma 2, the continuity o¥, (¢) and the conditions

on H,(t), we have

L% (t, ) \/E/H )21 (ds, v) — \/”T/H (5)Za(ds, v) (8.9)
P22 [ B 6)is) = ) aso) +2 [H s, 0) ) a0 + 0,00,

Let a(s) = 1/Xa(s) andb(s) = A (s)/(Ma(s)Aa(s)). Leta(s) = 1/Xq(s) andb(s) = A(s)/
(X2(s))?. The third term of (8.9) equals

/—mn??a / H,(s)[—a(s) (A (s) = Ai(s)) + b(s)(Aa(s) — Aa(s))]A2(ds, v). (8.10)

~ 1 T+0 t_ R
Mo(t) = E/0 K( bks) dA(s)

T+0
% "k (tbk )dAk( ) = Ae(t) + O(B2),

uniformly int € [a, 7]. We have, by changing the order of integration and notingctirapact

Note that

and

support of the kernel functioi’(-) on[—1, 1],

W / H,(s)a(s)(A1(s) — M (s))Aa(ds, v) (8.11)

N [ () maoanatds )] st - At + O

\/W/ ) [/:b_llK 56_1“) Hn(s)a(s)AQ(ds,v)] d(Ay (u) — Ay (u))
\/m UiK (Sb:“)g $)As(ds, v)| d(A () + O(v/nb?).

By the uniform convergence df,,(s) to H(s) anda(s) to a(s), and the uniform continuity of

H(s) anda(s), we have

b_ll K (5 b_lu) H,(s)a(s)As(ds, v) = H(uw)a(uw) A, (u, v) + 0,(1),

uniformlyinu € (a—by,t+b1),0 <t < 7, whereA},(u,v) = 0As(u,v)/0u. By Lemma 14(s)

has bounded variation in probability ovier, 7|. SinceH,,(s) has uniform bounded variation as
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well, we have that the proceﬁb;l[(((s—u)/bl)Hn(s)&(s)Ags(s, v) ds is of bounded variation
in » in probability uniformly inv € [0, 1] andt € [0, 7], and H (u)a(u) AL, (u, v) is of bounded
variation uniformly inv € [0, 1]. Sincey/n, (A, (u) — A (u)) converges weakly, it follows from

Lemma 2 that (8.11) equals

\/W /  H(w)a(u)Ay (1,0) d(As (u) — Ag(w)) + O(VAb) + O(by)

\/”72/ H(s)a(s)A}y (s, 0) Zu(ds, 1) + O(v/Ab2) + op(1). (8.12)

\/W / Ha(5)b(s)(Aa(s) — Aa(s))Ao(ds, v)
\/771/ H(s)b(s)Aby(s,v) dZs(ds, 1) + O(v/nb3) + 0,(1). (8.13)

By (8.9)—(8.13), undey/nb; — 0, asn — oo for k = 1,2, we have

L (t,v) — \/"72[/ H(s)Z(ds, v) /H (5) AL (s, v) 21 (ds, 1)}
\/771 U H(s)r(s)Za(ds, v) / H(s (5,v) dZs(ds, 1)}
\/W/ H, (5)[As (ds, v) — r(s)Aa(ds, )] + 0,(1).

Similarly,

Note thatb(s) = r(s)a(s). It follows by the continuous mapping theorem that
1Mo
LP(t,v) — 4/ / H,(s)[A1(ds,v) — r(s)As(ds, v)]—>L”p(t v).
in D([a, 7] < [0,1]).

Proof of Theorem 2.
Under Hy, the ratio A (¢,v)/A2(t, v) increases withv for all ¢ € [0,7]. Since\.(t) =
3 Ak(t,v) dv, k = 1,2, and undeiT,

ME0) ML) At 1)
2(0.0) = M(too) = Al 1)

we have




Under the assumptions of Theorem%’% is continuous irv € [0, 1] for everyt € [0,7]. By

the intermediate-value theorem, for everg [0, 7] there exists a; < [0, 1| such that

)\1 (t) )\1 (t, Ut>
T(t) - )\2(t) - AQ(t,Ut)‘

We choosev; to be the smallest satisfying this equality. It follows that; is a continuous

function oft and

)\1(15, U)
)\Q(t, U)

>r(t) for v>w.

<r(t) for v<wv, and

Note that the inequality undéf, is strict for somét, v), \x(t) fo Ak (t,v) dv and the functions
A1(t,v) andXq(t, v) are continuous. There exists an open neighborhosegwth thad < v; < 1.
Leta > 0 ands; < s9 be such that, — a, v, +a € (0,1) fort € [sy, so]. Then

/vt CHW O (L) — r(Da(t, ) dv — /_ HE) Ot v) — r()Aa(t,0)) dv > 0,

Ut
for ¢t € [s1,s2]. Since the integrals above are uniform continuous funstiofi(t, v;) andv; is

uniform continuous, there exists a neighborh@qdts] C [s1, s5] and[vy, ve] C [0, 1] such that

v1+v2

to pv2
//+ Y(A1(s,v)—r(8)A2(s,v) dvds—// Y(A1(s,v)—r(s)A\a(s,v)) dvds > ¢,
v +vg t Jun

wherec is a positive constant. Let, (¢, ¢, v1,v2) be the left side of the above expression
with H(s) replaced byH,,(s). SinceHn(t)LH(t) > 0 uniformly in ¢ € [0,7], we have
VG (ty, te, v, UQ)LOO, asn — oo. By Proposition 1,

[min
A:‘L(t27 U1, UQ) - A;(tl,’Ul,’Ug) - il 26n(t1,t2,’l]1, UQ)

= () = Lt 00) — (£ 12, 22) — 1, 2 2]
_[(L;(t27 Gty g Ul‘;‘UQ)) (Lt v) LZ(tl,vl))} - n1nn26n(tl>t2,7}1,’l)2)
[ty n) = L (11, )) = (L (12, ) = 17 (11, 2 2)]
[, P2) = (0, ) (1 () = (1, 01)] .14

Applying Slusky’s Theorem, we havél 00 asn — oo.

26



We note that, undek,, there exisft,, t] and[v;, v9] such that

v1+v2

Y(A1(s,v) — r(s)Aa(s,v)) dvds —/ H(s)(A1(s,v) —r(s)Aa(s,v)) dvds| > ¢,

t1 Ju1

to ru2

v1+v2

wherec is a positive constant. OtherwisH( Y(A1(s,v) — r(s)Ae(s,v)) is a constant function
of (s,v), which would be zero sincgy (¢ fo A (t,v)dv, k= 1,2. SinceH,,(t )LH(t) >0
uniformly int € [0, 7], it follows that /%Mn tl,tg,vl,vg)\—wo, asn — oo. By (8.14) and

Slutsky’s Theorem, we ha\légimo asn — oo. This completes the proof. 0

Proof of the tightnessfor L"**(¢, v) (remaining piece of the proof of Theorem 3).

To show tightness of?*(t, v) given the observed data sequence, it suffices to check 4 sligh
extension of the moment conditions of Bickel and Wichura7)9for stochastic processes on
the plane, cf. McKeague and Zhang's (1994, page 506) externdithe moment conditions of
Billingsley (1968).

It is sufficient to show that, /2> izli(t, v)Wy; in (3.6) is tight given the observed data
sequence. The tightness of the second term follows similaet B = [t;,t5] x [v1, v2] andG =
[s1, 2] X [21, 2] be any pair of neighboring blocks [f, 7] x [0,1]. Lethy;(B) = hy;(ts, vs) —
hai(ta, v1) — hui(ty, vs) + hy(ty, v1) and

B) = n;l/Q Z iLlZ(B)Wh
i=1

We show that there exists a finite measugen [0, 7] x [0, 1] such that

E {AQ(B)){observed data}} < po(B) + 0,(1) (8.15)

E {A?(B)A?(G)){observed data}} < 110(B)po(G) + 0,(1), (8.16)

where theo, (1) term converges to zero in probability independently of (oifarmly in) B and
G. Since a simple linear combination of tight processes s tigsuffices to check the conditions
(8.15) and (8.16) for each of the four terms/in. However, for ease of notation we ukeg to
represent any one of the four terms.

By the uniform convergence df,(s), Yi(s), Ni(s,v)/ng, a(s), andAl,(s,v) on [a, 7] X
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0, 1], a simple probability argument yields that

E {AQ(B)‘{observed data}} < nyt Z(izh(B))Q +0,(1) (8.17)

E {AQ(B)AQ(G)‘{observed data}} < 6n;? Z(IAMZ(B))2 Z(ﬁh(G))Q + 0,(1).(8.18)

=1 i=1
Then (8.15) and (8.16) follow from working with each of thaufderms ofhy; in (8.17) and
(8.18). The details are omitted. i
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Table 1. Empirical Powerx 100%) for Testing7{ and H?

VE(1) =0 VE(7) = 0.33 VE(1) = 0.67
b1 b1 b1
nyg Test Altern. 1 1 0.5 0.25 2-sided 1 0.5 0.25 2-sided
100  Cox 5.2 65.1 65.1 65.1 61.8 99.9 999 99.9 998
(48 U}  HY 7.9 68.1 723 78.8 587 99.8 100 100 96.8
Uy HY 7.7 58.5 810 97.8 56.5 97.8 100 100 97.7
Ui HY 5.9 55.4 60.2 69.7 47.3 98.9 99.5 100 94.8
Ul HY 6.7 476 71.8 948 431 96.8 99.3 100 94.6
200 Cox 5.0 90.6 90.6 90.6 100 100 100 100 100
(95 U}  HY 5.0 92.7 943 972 915 100 100 100 100
Ul HY 5.3 86.0 984 100 88.1 100 100 100 100
Ui HY 7.0 87.5 90.3 94.7 847 100 100 100 100
Ul HY 5.3 81.0 954 100 79.4 100 100 100 100
400 Cox 5.8 99.7 99.7 99.7 100 100 100 100 100
(9op U}  HY 6.6 99.9 999 100 99.5 100 100 100 100
Ul HY 6.0 99.0 100 100 98.8 100 100 100 100
Ui HY 5.3 99.6 99.9 100 99.0 100 100 100 100
Ul HY 5.2 97.9 100 100 97.6 100 100 100 100

ITest statistic is a Wald Z-statistic based on the standardn@mel that ignores the mark.

2Average number of subjects infected in group 2 (placebo).
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Table 2. Empirical PowerxX 100%) for Testing?; and H,

VE(7) = 0.33 VE(7) = 0.67
B b1
ny Test Altern. 1 05 0.25 2-sided 1 05 0.25 2-sided
100 Ufp H, 6.4 21.8 59.0 427 71 170 352 229
(48) Uy H, 62 159 47.7 433 6.7 122 261 204
Ufp H, 6.2 183 529 358 57 128 30.2 17.8
U;p Hy 44 111 414 388 35 73 187 15.3
200 Ulnp H, 6.3 324 870 783 6.7 21.0 62.7 48.8
(95) U;”’ H, 6.8 230 814 809 6.5 143 542 514
Ufp H 56 29.7 848 76.8 55 20.0 611 46.3
U;p H, 54 208 795 814 48 132 496 456
400 U H, 58 482 995 983 6.2 337 933 874
(190) U;p H, 52 358 986 98.7 58 254 892 904
Ufp H, 54 46.7 99.0 98.3 55 327 929 86.1
U;p H, 48 353 985 987 51 238 879 894

! Average number of subjects infected in group 2 (placebo).
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Table 3. Bias 0@0(36, v) and 95% Coverage Probability 6fE(36, v)

VE(7) = 0.0 VE(1) = 0.67 VE(7) = 0.33
o b 5
ng v 1 1 0.5 0.25 1 0.5 0.25
Average Biasx 100

100 (48} 0.3 -6.3 —-23 —-6.3 -316 —-25 -5.0 -20.8
0.5 -5.8 -1.3 —-2.6 -13.7 -3.6 -36 -9.0
0.8 -6.3 -37 -3.0 -36 -52 -51 -96

200 (95} 0.3 -2.8 -0.1 -16 -130 -09 -16 -9.0
0.5 -1.6 -0.0 -09 -48 -1.0 -22 -6.0
0.8 -3.5 -05 -06 -15 -21 -27 -54

400 (190} 0.3 -14 -0.0 -04 3.7 -0.2 -0.1 -3.0
0.5 -1.1 -0.1 -0.8 -36 -00 -09 -46
0.8 -0.8 -03 01 -0.9 -03 -02 -24

Coverage Probabilitk 100%

100 (48} 0.3 97.6 979 96.0 73.9 97.2 97.3 86.6
0.5 97.7 98.6 97.5 90.0 975 979 952
0.8 94.7 96.0 96.2 954 946 949 96.1

200 (95} 0.3 96.7 965 968 77.1 97.8 97.1 88.0
0.5 97.2 96.7 975 93.8 96.8 975 96.5
0.8 94.9 944 953 958 945 956 95.9

400 (190} 0.3 96.8 954 964 87.8 96.8 97.3 922
0.5 96.4 96.3 959 936 965 97.2 964
0.8 96.9 96.0 96.3 96.7 96.2 96.8 96.8
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Figure Captions

Figure 1. The top panel shows boxplots of amino acid disamteHIV gpl120 between the
infecting viruses and the nearest vaccine strain MN or GN&&he three studied HIV distances.
The bottom panel shows p-values of the studied tests: Coesmonds to the Wald test in the
Cox model; 11, 12, 13, 14 correspond(fé, U}, U}, U}; n1, n2, correspond t&]”, U3?; s1, s2,

correspond td/;?, Us".

Figure 2. For the neutralizing face core distances, thel@fippanel shows the observed test
processL!?(t,v) and the other panels show 8 randomly selected realizatibtfseecsimulated

null test proces<.?*(t, v).

Figure 3. The left panels show point and 95% confidence iaterstimates oVE(36,v) =

1 — F1(36,v)/F5(36,v) versus the HIV gp120 amino acid distance between infectingses
and the nearest vaccine antigen MN or GNES, for the thredexdud!V distances. The right
panels show corresponding point and interval estimaté@ﬂf(%, v)=1—P(T; <36,] <
v)/P(T> < 36,V, < v). The dashed horizontal line is the overall vaccine efficastyneate
VE (36) = 0.048.
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Figure 1

(a) Neutralizing Face Core (b) Neutralizing Face Core + V2/V3 (c) V3 Loop
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Test process and 8 simulated test processes for neutralizing face core distance
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