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Abstract In a spiked population model, the population covari-
ance matrix has all its eigenvalues equal to unit except for a few
fixed eigenvalues (spikes). This model is proposed by Johnstone to
cope with empirical findings on various data sets. The question is to
quantify the effect of the perturbation caused by the spike eigenval-
ues. A recent work by Baik and Silverstein establishes the almost sure
limits of the extreme sample eigenvalues associated to the spike eigen-
values when the population and the sample sizes become large. This
paper establishes the limiting distributions of these extreme sample
eigenvalues. As another important result of the paper, we provide a
central limit theorem on random sesquilinear forms.

1. Introduction. It is well-known that the empirical spectral distribution (E.S.D) of a
large sample covariance matrix converges to the family of Marčenko-Pastur laws under fairly
general condition on the sample variables [8, 1]. On the other hand, the study of the largest or
smallest eigenvalues is more complex. In a variety of situations, the almost sure limits of these
extreme eigenvalues are proved to coincide with the boundaries of the support of the limiting
distribution. As an example, when the sample vectors have independent coordinates and unit
variances and assuming that the ratio p/n of the population size p over the sample size n tends
to a positive limit y ∈ (0, 1), then the limiting distribution is the classical Marčenko-Pastur
law Fy(dx)

Fy(dx) =
1

2πxy

√
(x− ay)(by − x)dx, ay ≤ x ≤ by, (1.1)

where ay = (1−√y)2, and by = (1 +
√

y)2. Moreover, the smallest and the largest eigenvalue
converge almost surely to the boundary ay and by, respectively.

Recent empirical data analysis from fields like wireless communication engineering, speech
recognition or gene expression experiments suggest that frequently, some extreme eigenvalues
of sample covariance matrices are well-separated from the rest. For instance, see Figures 1
and 2 in Johnstone [7] which display the sample eigenvalues of the functional data consisting
of a speech dataset of 162 instances of a phoneme “dcl” spoken by males calculated at 256
points. As a way for possible explanation of this phenomenon, this author proposes a spiked
population model where all eigenvalues of the population covariance matrix are equal to one
except a fixed and relatively small number among them (spikes). Clearly, a spiked population
model can be considered as a small perturbation of the so-called null case where all the
eigenvalues of the population covariance matrix are unit. It then raises the question how such
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a small perturbation affects the limits of the extreme eigenvalues of the sample covariance
matrix as compared to the null case.

The behavior of the largest eigenvalue in case of complex Gaussian variables has been
recently studied in Baik et al. [5]. These authors prove a transition phenomenon: the weak
limit as well as the scaling of the largest eigenvalue is different according to the largest spike
eigenvalue is larger, equal or less than the critical value 1+

√
y. In Baik and Silverstein [4], the

authors consider the spiked population model with general random variables: complex or real
and not necessarily Gaussian. For the almost sure limits of the extreme sample eigenvalues,
they also find that these limits depend on the critical values 1 +

√
y and 1−√y from above

and below, respectively. For example, if there are M eigenvalues in the population covariance
matrix larger than 1+

√
y, then the M largest eigenvalues from the sample covariance matrix

will have their (almost surely) limits above the right edge by of of the limiting Marčhenko-
Pastur law. Analogous results are also proposed for the case y > 1 and y = 1.

An important question here is to find the limiting distributions of these extreme eigenvalues.
As mentioned above, the results are proposed in [5] for the largest eigenvalue and the Gaussian
complex case. In this perspective, assuming that the population vector is real Gaussian with
a diagonal covariance matrix and that the M spike eigenvalues are all simple, Paul [10] found
that each of the M largest sample eigenvalues has a Gaussian limiting distribution.

In this paper, we follow the general set-up of [4]. Assuming y ∈ (0, 1) and general population
variables, we will establish central limit theorems for the largest as well as for the smallest
sample eigenvalues associated to spike eigenvalues outside the interval [1−√y, 1+

√
y]. Further-

more, we prove that the limiting distribution of such sample extreme eigenvalues is Gaussian
only if the corresponding spike population eigenvalue is simple. Otherwise, if a spiked eigen-
value is multiple, say of index k, then there will be k packed-consecutive sample eigenvalues
λn,1, . . . , λn,k which converge jointly to the distribution of a k × k symmetric (or Hermitian)
Gaussian random matrix. Consequently in this case, the limiting distribution of a single λn,j

is generally non Gaussian.
The main tools of our analysis are borrowed from the random matrix theory on one hand.

For general background of this theory, we refer to the book Mehta [9] and a modern review
by Bai [1]. On the other hand, we introduce in this paper another important tool, namely a
CLT for random sequilinear forms which should have its own interests.

The remaining sections of the paper are organized as follows. First in Section 2, we introduce
the spiked population model and recall known results on the almost sure limits of extreme
sample eigenvalues. A determinant equation involving a random sesquilinear form Kn(λ) is
also introduced. This equation serves as the starting block of our analysis. Section 3 is devoted
to a review of some preliminary results on related random matrices. Next in Section 4, using
general CLT’s on random sequilinear forms, we provide a CLT for the key random sesquilinear
form Kn(λ). Then, in Section 5, we establish the main result of the paper, namely a general
CLT for extreme sample eigenvalues. In particular, we recover a CLT given in [10] as a special
instance.

2. Spiked population model. We consider a zero-mean, complex-valued random vec-
tor x = (ξT , ηT )T where ξ = (ξ(1), . . . , ξ(M))T , η = (η(1), . . . , η(p))T are independent, of
dimension M and p respectively. Moreover, we assume that E[‖x‖4] < ∞ and the coordi-
nates of η are independent and identically distributed with unit variance. The population
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covariance matrix of the vector x is therefore

V = cov(x) =
(

Σ 0
0 Ip

)
.

We consider the following spiked population model by assuming that Σ has K non null and
non unit eigenvalues α1, . . . , αK with respective multiplicity n1, . . . , nK (n1 + · · ·+nK = M).
Therefore, the eigenvalues of the population covariance matrix V are unit except the (αj),
called spike eigenvalues.

Let xi = (ξT
i , ηT

i )T be n copies i.i.d. of x. The sample covariance matrix is

Sn =
1
n

n∑
i=1

xix
∗
i

which can be rewritten as

Sn =
(

S11 S12

S21 S22

)
=

(
X1X

∗
1 X1X

∗
2

X2X
∗
1 X2X

∗
2

)
=

1
n

(∑
ξiξ

∗
i

∑
ξiη

∗
i∑

ηiξ
∗
i

∑
ηiη

∗
i

)
, (2.2)

with
X1 =

1√
n

(ξ1, · · · , ξn)M×n =
1√
n

ξ1:n, X2 =
1√
n

(η1, · · · , ηn)p×n =
1√
n

η1:n.

It is assumed in the sequel that M is fixed, and p and n are related so that when n →∞,
p/n → y ∈ (0, 1). The E.S.D of Sn, as well as the one of S22, converges to the Marčenko-
Pastur distribution Fy(dx) given in (1.1). As explained in Introduction, a central question is
to quantify the effect caused by the small number of spiked eigenvalues on the asymptotic of
the extreme sample eigenvalues.

2.1. Almost sure convergence of the extreme eigenvalues. Assume that among the M
eigenvalues of Σ, there are exactly Mb greater than 1 +

√
y and Ma smaller than 1−√y:

α1 > · · · > αMb
> 1 +

√
y , αM < · · · < αM−Mb+1 < 1−√y , (2.3)

and 1−√y ≤ αk ≤ 1 +
√

y for the other αk’s. Moreover, for α 6= 1, we define the function

λ = φ(α) = α +
yα

α− 1
. (2.4)

As y < 1, we have p ≤ n for large n. Let

λn,1 ≥ λn,2 ≥ · · · ≥ λn,p

be the eigenvalues of the sample covariance matrix Sn. Let si = n1 + · · ·+ ni for 1 ≤ i ≤ Mb

and tj = nM + · · ·+ nj for 1 ≤ j ≤ Ma (by convention s0 = t0 = 0).
As a first general answer on the effect of spike eigenvalues, Baik and Silverstein [4] com-

pletely determines the almost sure limits of the sMb
largest and the tM−Ma+1 smallest sample

eigenvalues. Namely, for each k ∈ {1, . . . ,Mb} and sk−1 < j ≤ sk (largest eigenvalues) or
k ∈ {1, . . . ,Ma} and p− tk < j ≤ p− tk−1 (smallest eigenvalues),

λn,j → αk +
yαk

αk − 1
, almost surely. (2.5)
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In other words, if a spike eigenvalue αk lies outside the interval [1 − √
y, 1 +

√
y] and has

multiplicity nk, then φ(αk) is the limit of nk packed sample eigenvalue {λn,j , j ∈ Jk}. Here
we have denoted by Jk the corresponding set of indexes: Jk = {sk−1+1, . . . , sk} for αk > 1+

√
y

and Jk = {p− tk + 1, . . . , p− tk−1} for αk < 1−√y.
We remark that φ is symmetrical about the point (1, 1 + y): φ(1 + u) + φ(1−u) = 2(1 + y)

for all real u 6= 0. Moreover on (1,∞), φ is convex, minimum at 1 +
√

y with φ(1 +
√

y) = by.
Furthermore, φ is strictly increasing on both intervals [0, 1 − √

y] and [1 +
√

y,∞), varying
from 0 to ay on one hand, and from by to infinity on the other hand.

2.2. A determinant equation. Let us fix a spike eigenvalue αk /∈ [1 − √
y, 1 +

√
y] with

multiplicity nk. The aim of the paper is to derive a CLT for the nk-packed sample eigenvalues
√

n[λn,j − φ(αk)] , j ∈ Jk.

By definition, λn,j solves the equation

0 = |λI − Sn| = |λI − S22| |λI −Kn(λ)| , (2.6)

where
Kn(λ) = S11 + S12(λI − S22)−1S21. (2.7)

As when n →∞, with probability 1, the limit λn,j → φ(αk) /∈ [ay, by] and the eigenvalues of
Sn go inside the interval [ay, by], the probability of the event Qn

Qn = {λn,j /∈ [ay, by]} ∩ {spectrum of S22 ⊂ [ay, by]}

tends to 1. Conditional on this event, the (λn,j)’s then solve the determinant equation

|λI −Kn(λ)| = 0. (2.8)

Therefore without loss of generality, we can assume that λn,j /∈ [ay, by] and they are solutions
of this equation.

3. Preliminary results and useful lemmas. This section is devoted to review some
preliminary results for later use. For λ /∈ [ay, by], we define

m1(λ) =
∫

x

λ− x
Fy(dx), (3.1)

m2(λ) =
∫

x2

(λ− x)2
Fy(dx) , (3.2)

m3(λ) =
∫

x

(λ− x)2
Fy(dx) . (3.3)

It is easily seen that∫
λ

λ− x
Fy(dx) = 1 + m1(λ) ,

∫
λ2

(λ− x)2
= 1 + 2m1(λ) + m2(λ) .
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If a real constant α /∈ [1−√y, 1 +
√

y], then φ(α) /∈ [ay, by] and we have

m1 ◦ φ(α) =
1

α− 1
, (3.4)

m2 ◦ φ(α) =
(α− 1) + y(α + 1)

(α− 1)[(α− 1)2 − y]
, (3.5)

m3 ◦ φ(α) =
1

(α− 1)2 − y
. (3.6)

Let us mention that all these formula can be obtained by derivation of the Stieltjes transform
of the Marčenko-Pastur law Fy(dx)

m(z) =
∫

1
x− z

Fy(dx) =
1

2yz
{1− y − z +

√
(y + 1− z)2 − 4y}, z /∈ [ay, by].

Here,
√

u denotes the square root with positive imaginary part for u ∈ C.
Another important quantity is the random matrix

An = (aij) = An(λ) = X∗
2 (λI −X2X

∗
2 )−1X2, λ /∈ [ay, by]. (3.7)

The following lemma gives the law of large numbers for some useful statistics related to An.

Lemma 3.1 We have

1
n

trAn
P−→ ym1(λ) , (3.8)

1
n

trAnA∗n
P−→ ym2(λ) , (3.9)

1
n

n∑
i=1

a2
ii

P−→
(

y[1 + m1(λ)]
λ− y[1 + m1(λ)]

)2

. (3.10)

Proof. Let βn,j , j = 1, . . . , p be the eigenvalues of S22 = X2X
∗
2 . The first equality is easy.

For the second one, We have

1
n

trAnA∗n =
1
n

tr(λI −X2X
∗
2 )−1X2X

∗
2 (λI −X2X

∗
2 )−1X2X

∗
2

=
p

n

p∑
j=1

β2
n,j

(λ− βn,j)2

P−→ y

∫
x2

(λ− x)2
Fy(dx) .

For (3.10), let ei ∈ Cn be the column vector whose i-th element is 1 and others are 0
and X2i denote the matrix obtained from X2 by deleting the i-th column of X2. We have
X2 = X2i + 1

nηiη
∗
i . Therefore,

aii = e∗i X
∗
2 (λI −X2X

∗
2 )−1X2ei =

1
n

η∗i (λI −X2X
∗
2 )−1ηi = −

1
nη∗i (X2iX

∗
2i − λI)−1ηi

1 + 1
nη∗i (X2iX∗

2i − λI)−1ηi
.

Using Lemma 2.7 of Bai and Silverstein [3],

E| 1
n

η∗i (X2iX
∗
2i − λI)−1ηi −

1
n

tr(X2iX
∗
2i − λI)−1|2 ≤ K

n2
E|η(1)|4 Etr(X2iX

∗
2i − λI)−2
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which gives that

aii
P−→ −

y
∫

1
x−λFy(dx)

1 + y
∫

1
x−λFy(dx)

=
y[1 + m1(λ)]

λ− y[1 + m1(λ)]
. (3.11)

Further, it is easy to verify that

lim
n→∞

E
tr(X∗

2 (λI −X2X
∗
2 )−1X2)4

n
< ∞

which implies, together with inequality 3.3.41 of [6] that

sup
n

Ea4
11 = sup

n

1
n

n∑
i=1

Ea4
ii ≤ sup

n
E

tr(X∗
2 (λI −X2X

∗
2 )−1X2)4

n
< ∞.

Therefore, the family of the random variables {a2
11} indexed by n is uniformly integrable.

Combining with (3.11), we get

E

∣∣∣∣∣ 1n
n∑

i=1

a2
ii − (

y[1 + m1(λ)]
λ− y[1 + m1(λ)]

)2
∣∣∣∣∣ ≤ E|a2

11 − (
y[1 + m1(λ)]

λ− y[1 + m1(λ)]
)2| → 0.

Thus (3.10) follows.

4. The random form Kn(λ). We now consider in details the random form Kn intro-
duced in (2.7). With An = X∗

2 (λI −X2X
∗
2 )−1X2, we have

Kn(λ) = S11 + X1AnX∗
1 =

1
n

ξ1:n(I + An)ξ∗1:n

=
1
n
{ξ1:n(I + An)ξ∗1:n − Σtr(I + An)}+

1
n

Σtr(I + An)

=
1√
n

Rn + [1 + ym1(λ)] Σ + oP (
1√
n

), (4.1)

with
Rn = Rn(λ) =

1√
n
{ξ1:n(I + An)ξ∗1:n − Σtr(I + An)} . (4.2)

In the last derivation, we have used the fact

1
n

tr(I + An) = 1 + ym1(λ) + oP (
1√
n

),

which follows from a CLT for tr(An) [see 2].
Our next step is to find the limit distribution of the sequence of random matrices {Rn(λ)}.

4.1. Limiting distribution R(λ) of Rn(λ): real variables case. In this section, we assume
that the variables ξ and η are real-valued. We apply CLT’s to the K = 1

2M(M +1) bilinear
forms

u(i)(I + An)u(j)T , 1 ≤ i ≤ j ≤ M

with
u(i) = (ξ1(i), . . . , ξn(i)).
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More precisely, with ` = (i, j), we are substituting u(i)T for X(`), and u(j)T for Y (`), respec-
tively.

We have, by Lemma 3.1,

θ = τ = lim
n

1
n

tr(I + An)2 = 1 + 2ym1(λ) + ym2(λ) ,

ω = lim
n

1
n

n∑
i=1

[(I + An)ii]2 = 1 + 2ym1(λ) +
(

y[1 + m1(λ)]
λ− y[1 + m1(λ)]

)2

.

Therefore, Rn converges weakly to a symmetric random matrix with zero-mean Gaussian
variables R = (Rij) with the following covariance function, assuming 1 ≤ i ≤ j ≤ M ,

cov(Rij , Ri′j′) = ω
{

E
[
ξ(i)ξ(j)ξ(i′)ξ(j′)

]
− ΣijΣi′j′

}
+(θ − ω)

{
E[ξ(i)ξ(j′)] E[ξ(i′)ξ(j)]

}
+(θ − ω)

{
E[ξ(i)ξ(i′)] E[ξ(j)ξ(j′)]

}
. (4.3)

In particular, we have the following formula for the variances

var(Rij) = θ(ΣiiΣjj + Σ2
ij) + ω

{
E[ξ2(i)ξ2(j)]− 2Σ2

ij − ΣiiΣjj

}
. (4.4)

In case of a diagonal element Rii, this expression simplifies to

var(Rii) = [2θ + βiω]Σ2
ii , with βi =

E[ξ(i)4]
Σ2

ii

− 3. (4.5)

Note that if ξ(i) is Gaussian, βi = 0.

Remark. If the coordinates {ξ(i)} of ξ are independent, then the limiting covariance matrix
in (4.3) is diagonal: the limiting Gaussian matrix is made with independent entries. Their
variances simplify to (4.5) and

var(Rij) = θΣiiΣjj , i < j. (4.6)

4.2. Limiting distribution R(λ) of Rn(λ): complex variables case. Now we assume the
general case with complex-valued variables ξ and η. By applying CLT’s to the K = 1

2M(M+1)
sesquilinear forms

u(i)(I + An)u(j)∗, 1 ≤ i ≤ j ≤ M

with
u(i) = (ξ1(i), . . . , ξn(i)).

More precisely, with ` = (i, j), we are substituting u(i)∗ for X(`), and u(j)∗ for Y (`), respec-
tively.

Again by Lemma 3.1,

θ = lim
n

1
n

tr(I + An)2 = 1 + 2ym1(λ) + ym2(λ) ,

ω = lim
n

1
n

n∑
i=1

[(I + An)ii]2 = 1 + 2ym1(λ) +
(

y[1 + m1(λ)]
λ− y[1 + m1(λ)]

)2

.
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Here we need an additional condition which is specific to the complex case. Assume that the
following limit exists

m4(λ) = lim
n

1
n

trAnAT
n = 0 , λ /∈ [ay, by]. (4.7)

Therefore,

τ = lim
n

1
n

tr(I + An)(I + An)T = 1 + 2ym1(λ) + m4(λ) .

Consequently, Rn converges weakly to a zero-mean Hermitian random matrix R = (Rij).
Moreover, the joint distribution of the real and imaginary parts of the upper-triangular bloc
{Rij , 1 ≤ i ≤ j ≤ M} is a 2K-dimensional Gaussian vector with covariance matrix

Γ =
(

Γ11 Γ12

Γ21 Γ22

)
(4.8)

where

Γ11 =
1
4

3∑
j=1

{2<(Bj) + Bja + Bjb} ,

Γ22 =
1
4

3∑
j=1

{−2<(Bj) + Bja + Bjb} ,

Γ12 =
1
2

3∑
j=1

=(Bj) ,

and for 1 ≤ i ≤ j ≤ M and 1 ≤ i′ ≤ j′ ≤ M ,

B1(ij, i′j′) = ω
(

E[ξiξjξi′ξj′ ]− ΣijΣi′j′
)
,

B2(ij, i′j′) = (θ − ω)Σij′Σi′j ,

B3(ij, i′j′) = (τ − ω)
(

E[ξiξi′ ] E[ξjξj′ ]
)
,

B1a(ij, i′j′) = ω
(

E[|ξiξi′ |2]− ΣiiΣi′i′
)
,

B1b(ij, i′j′) = ω
(

E[|ξjξj′ |2]− ΣjjΣj′j′
)
,

B2a(ij, i′j′) = (θ − ω)|Σii′ |2,
B2b(ij, i′j′) = (θ − ω)|Σjj′ |2,
B3a(ij, i′j′) = (τ − ω)| E[ξiξi′ ]|2,
B3b(ij, i′j′) = (τ − ω)| E[ξjξj′ ]|2 .

This covariance matrix Γ has a complicated expression. However, the variance of a diagonal
element Rii has a much simpler expression if moreover, E[ξ2(i)] = 0 for all 1 ≤ i ≤ M ,

var(Rii) = [θ + β′iω]Σ2
ii , with β′i =

E[ξ(i)4]
Σ2

ii

− 2. (4.9)

In particular, if ξ(i) is Gaussian, β′i = 0.
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5. CLT for extreme eigenvalues. We are in order to introduce the main result of the
paper. Let the spectral decomposition of Σ,

Σ = U

α1In1 · · · 0

0
. . . 0

· · · 0 αKInK

 U∗ , (5.1)

where U is an unitary matrix. Following Section 2.1, for each spiked eigenvalue αk /∈ [1 −√
y, 1 +

√
y], let {λn,j , j ∈ Jk} be the nk packed eigenvalues of the sample covariance matrix

which all tend almost surely to λk = φ(αk). Let R(λk) be the Gaussian matrix limit of the
sequence of matrices of random forms [Rn(λk)]n given in Section 4.1 (real variables case) and
4.2 (complex variables case), respectively. Let

R̃(λk) = U∗R(λk)U . (5.2)

Theorem 5.1 For each spike eigenvalue αk /∈ [1−√y, 1+
√

y], the nk-dimensional real vector
√

n{λn,j − λk, j ∈ Jk} ,

converges weakly to the distribution of the nk eigenvalues of the Gaussian random matrix

1
1 + ym3(λk)αk

R̃kk(λk).

where R̃kk(λk) is the k-th diagonal bloc of R̃(λk) corresponding to the indexes {u, v ∈ Jk}.
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