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Abstract: In this work, joint analysis of a longitudinal latent multidimen-
sional variable and an event time is considered. The latent variable is measured
through a Rasch model using data from questionnaires assessed at several time
visits. The responses of our model are two way correlated. First, at a given
visit, the responses to questions (items) of a single individual are correlated
and second, they are repeated over the visits, they, also become correlated. It
is, however, well known that a full likelihood analysis for such mixed models
is hampered by the need for numerical integrations. To overcome such inte-
gration problems, generalized estimating equations approach is used, following
useful approximations. Fixed effects parameters and variance components are
estimated consistently by asymptotical normal statistics. A second level of dif-
ficulty is the occurrence of death or missing response at dropout time. The
likelihood of a global solution is derived, while a full statistical inference is
given when the analysis is performed in two separate steps.
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2 Mounir Mesbah

1. Introduction

The relationship between a time-dependent covariate and a survival time process
is usually assessed using the Cox model as a semiparametric specification of the
distribution of the survival time conditional to the covariate. Time-dependent
covariates are generally available as longitudinal data collected regularly or not
during the course of the study, with, frequently, occurrence of missing covariate
data. When the investigated covariate is internal(Kalbfleisch and Prentice, 1980),
conditional analysis is insufficient or incorrect. Dupuy and Mesbah (2002) use a
joint model for survival and the longitudinal covariate to estimate the parameters
in the Cox model. Identifiability of this joint model, existence and consistency of
nonparametric maximum likelihood estimators and asymptotic distribution of the
estimators is obtained along with consistent estimator of the asymptotic variance
(Dupuy, Grama and Mesbah (2006)).

In Health Related Quality of Life (HRQoL) studies, the longitudinal covariate
is assessed by the way of a questionnaire consisting in set of questions (items).
Responses to theses questions are dichotomous or polytomous qualitative variables
(the latter are generally ordinal). So, at each time (visit) the longitudinal covariate
is a multivariate binary or ordinal polytomous variable. The usual way to handle
such data is first to build few quantitative scores summarizing individual HRQoL
data at each visit, then analyzing these scores by conditional or joint models similar
to those indicated in previous paragraph (see also Awad, Zuber and Mesbah (2002)
or Mesbah, Dupuy, Heutte and Awad (2004)).

Health Related Quality of Life is, mainly, a psycho-social concept. It is a multidi-
mensional latent variable measured by an instrument, the HRQoL questionnaire.
The observed multidimensional qualitative responses obtained by the questionnaire
through items (questions) are manifest noised variables useful, only, to esti-
mate the true latent HRQoL of main interest, i.e. building scores summarizing
individual HRQoL. Psycho-sociometric models relating those latent variables to
their manifest expression are basically models of unidimensionality. Most popu-
lar are classical parallel models for quantitative manifest items or modern item
response theory models for ordinal polytomous responses. The Rasch model for
binary outcomes (Rasch, (1960), Fisher and Molenaar, (1995)) or its natural exten-
sion to ordinal data, the Partial Credit model (Masters, (1982), Dorange, Chwalow
et Mesbah(2003)) are the standard unidimensional models.

The Multivariate mixed Rasch model is used to analyze binary or ordinal re-
sponses of questionnaires assessed at several time visits, with possible death and
censorship.

A first Multivariate level is handled to deal with multiple binary responses fol-
lowing a unidimensional latent model using the Rasch model.

A second Multivariate level is the longitudinal assessment of the questionnaires
i.e. the same latent variable at different visits.

A third Multivariate level is due to the fact that the questionnaire include var-
ious dimensions (subscales) to identify and analyze, so, various dependent latent
variables to identify and analyze longitudinally.

And finally, the last Multivariate level is given by the relationship of the lon-
gitudinal HRQoL with survival, and Treatment Group. The joint model of
Dupuy and Mesbah (2002) Model is extended to the latent case.

This paper is organized in two parts. The first part is devoted to latent models
for multi categorical data, with their extension to the longitudinal case and the
multi latent case and use of marginal GEE methods to estimate faster their param-
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Longitudinal Latent HRQoL and a Survival Process 3

eters. Then the joint model of Dupuy and Mesbah (2002) is presented followed by
derivation of the likelihood of a new joint model for a longitudinal latent HRQoL
and a Survival process.

Part A: Some Latent Variable Model Results

2. The Rasch Model

The Rasch model specify the conditional (to the latent value) probability response
of a subject i to a question j by:

(1) P (Xij = xij | θi, βj) = f (xij , θi, βj) =
e(θi−βj)xij

1 + eθi−βj

where :
xij ∈ {0, 1} : the individual response i (1, ..., K) at item j (1, ..., J); βj and θi : item
(difficulty) fixed parameters and person random parameters; θ1, θ2, . . . , θK iid
follows a normal distribution ℵ(0, σ2). σ2 is the variance of the latent distribution.

Some Rasch model properties

1. Monotonicity of the response probability function is an important property
for latent models. It is included in the Rasch model through the logistic link.

2. Mokken model (Molenaar and Sijstma, (1988)) does not assume the logistic
link, but assumes a non parametric monotone link function: this is appealing
for HRQoL field, but ...

3. Bur relaxing the logisting link, we loose the sufficiency property of the total
individual score, which is the most interesting characteristic property of Rasch
model in the HRQoL field.

4. Kreiner and Christensen (2002) focus on this sufficiency property and define
a new class of non-parametric models: the Graphical Rasch Model

5. local independence (items are independent conditional to the latent) and non
differential item functioning (items are independent from external variables
conditional to the latent) are additional measurement properties often as-
sumed

f(1, θ, β) for σ = .2 f(1, θ, β) for σ = 2
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Fig 1. Estimation of (β, σ2) : Likelihood function for x = 1 and two values of σ.
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4 Mounir Mesbah

The Likelihood function can be easily derived after marginalizing over the un-
observed random parameter, the joint distribution of item responses and the latent
variable and using local independence property: L(β, σ2) =

(2)
1

(
√

2πσ2)K

K∏

i=1






∫ +∞

−∞

J∏

j=1

exp((θ − βj)xij)

1 + exp (θ − βj)
exp

(−θ2

2σ2

)
dθ






Estimation of (β, σ2) can be obtained by Maximum Likelihood method using
Newton-Raphson and numerical integration techniques or EM algorithm followed
by Gauss-Hermite quadrature (Hamon and Mesbah (2002), Fisher and Molenaar
(1995)). Dorange, Chwalow and Mesbah (2003) or Hardouin J.B. and Mesbah, M.
(2006) indicates solutions using SAS NLMixed Procedure. An alternative and faster
way is the Generalized Estimating Equation (GEE) approach (Feddag, Grama
and Mesbah (2003).

3. Generalized Estimating Equations

Let us suppose the following assumptions:

•
Yi = (yij)j=1,··· ,ni

, Xi = (xi1, . . . , xini
)
′
, (i = 1, . . . , N),

• Independence between subjects and correlation within subjects
• The joint density of Yi = (yi1, . . . , yini

)
′
is not specified.

• For i = 1, . . . , N, j = 1, . . . , ni, E(yij) = µij = g(xijβ); β = (β1, . . . , βp)
′
;

V ar(yij) = V (µij)φ

with the main goal, estimation of β. The Likelihood approach is not tractable:
the GEE is an alternative approach. The GEE Approach was introduced by Liang
and Zeger (1986) as an extension of Quasi Likelihood method to correlated data
analysis using Generalized Linear Models (Mac Cullagh and Nelder (1989)). It can
be considered as a semiparametric method because it consist on estimation without
full specification of the joint distribution: only the marginal distribution at each
point or the two first marginal moments are specified. The correlation is treated as
nuisance. A Working covariance matrix for the repeated observations is introduced.
The GEE approaches are based on first order expansion methods (Taylor series

expansion) around θi = θ̂i or around θi = 0. Taylor series expansion around θi = θ̂i

(or Laplace approximation), also known as Partial Quasi Likelihood methods were
used by Breslow and Clayton (1993), Breslow and Lin (1995), Vonesh (1996) or
Vonesh et al (2002). The implementation is quite easy (GLIMMIX, NLINMIX,
NLME) but the estimators are biaised. Taylor series expansion around θi = 0
were used by Zeger, Liang and Albert (1988) or Breslow and Clayton (1993). They
estimate only the fixed effects by GEE, the variance components were estimated
by other methods.

3.1. GEE1 Method

The method consist to estimate the β parameters by the solution of the following
equations

(3) U1(β, α) =

N∑

i=1

D′
i,11V

−1
i,11(yi − µi) = 0
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Longitudinal Latent HRQoL and a Survival Process 5

µi = E(yi) = (µi1, . . . , µini
)′, Di,11 = ∂µi

∂β ,

Vi,11(β, α) = A
1/2
i Ri(α)A

1/2
i , Ai = diag {V (µij)}j=1,··· ,ni

,

Ri(α) = Working correlation , α = (α1, . . . , αs).

Some known properties of the method are:

• GEE estimators belongs to the family of M-estimators,
• β̂ solution of (3) is consistent and asymptotically normal, even with misspec-

ification of Ri

• Under assumption of independence (Ri = Ini
) : GEE estimators are identical

to Maximum Likelihood estimators,
• α is generally estimated by the Pearson residuals
• Several forms of the matrix Ri and the efficiency depend on the assumed Ri

Prentice and Zhao (1991) generalize GEE to α in order to improve its efficiency:

• S′
i = (Si,jl)1≤j<l≤ni

, Si,jl = (yij − µij)(yil − µil),

ηi = E(Si), Vi,22 = V ar(Si), Di,22 = ∂ηi

∂α ,
•

(4) U2(α) =

N∑

i=1

D′
i,22V

−1
i,22(Si − ηi) = 0

The GEE1 method is known as the method producing estimators solution of equa-
tions (3) and (4).

3.2. GEE2 Method

The GEE2 method is given by incorporating a dependence between (??) and (5)

Di,21 =
∂ηi

∂β
, Vi,12 = Cov(Yi, Si)

(5) U(β, σ2) = DtV −1
K∑

i=1

ξi = 0,

where

D =

(
D11 D12

D21 D22

)
, V =

(
V11 V12

V t
12 V22

)
, ξi =

(
Xi − µ

Si − η

)
,

St
i = (Si,jl)1≤j<l≤J , Si,jl = (Xij − µj)(Xil − µl),

µ = E(Xi), η = E(Si),

D11 = ∂µ

∂β
, D12 = ∂µ

∂σ2 , D21 = ∂η

∂β
, D22 = ∂η

∂σ2 ,

V11 = V ar(Xi) = (σjl)1≤j<l≤J , V12 = Cov(Xi, Si), V22 = V ar(Si).

3.3. Approximation of the likelihood function

Under the Rasch mixed model, the likelihood function is fully specified. So, there
is no need to use a method such GEE devoted to partially specified models. It
is, however, well known that a full likelihood analysis for such mixed models is
hampered by the need for numerical integrations. To overcome such integration
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problems, generalized estimating equations approach is used, following useful ap-
proximations. The likelihood as a function of the observed response items can be
approximated as:

(6) L(β, σ2 | x) ⋍

K∏

i=1

J∏

j=1

fij(βj)

(
1 +

σ2

2
(A2

i − Bi) +
σ4

8
Qi

)
,

with fij(βj) = exp (−xijβj − aij) ; aij = ln(1 + e−βj);

Ai =
∑J

j=1(xij − a
(1)
ij ); Bi =

∑J
j=1 a

(2)
ij ; Ci =

∑J
j=1 a

(3)
ij , ; Di =

∑J
j=1 a

(4)
ij , and

Qi = A4
i − 6A2

i Bi − 4AiCi + 3B2
i − Di.

The approximations of the joint moments up to order four of the previous ap-
proximate likelihood (6)

E (Xij) , E (XijXik) , E (XijXikXil) , E (XijXikXilXih)

are easily derived. Then a GEE2 method is applied which lead to estimates which
fine asymptotic properties.

•
(
β̂, σ̂2

)
converge to

(
β, σ2

)

• K1/2

{(
β̂ − β

)t

,
(
σ̂2 − σ2

)}t

−−−−−→
K 7−→∞

N (0, V ) ,

where V̂ = limK 7−→∞ K
(
Â−1

1 Â2Â
−1
1

)
,

Â1 = K
(
D̂tV̂ −1D̂

)
, Â2 = D̂tV̂ −1

(
K∑

i=1

ξ̂iξ̂
t
i

)
V̂ −1D̂.

Computation of
(
β̂, σ̂2

)
is given by the iteration formula:

(
β̂(j+1)

σ̂2(j+1)

)
=

(
β̂(j)

σ̂2(j)

)
+
(
KD̂tV̂ −1D̂t

)−1 (
D̂tV̂ −1

∑K
i=1 ξ̂i

)
.

3.4. Simulations results

1000 replications of K = 500 individuals, with fixed number of items, J = 4,
fixed item parameter values β = (−1,−0.5, 0.5, 1) and three successive values of
σ2 = 0.2, 0.4, 0.9, and various models for covariance structure were chosen: V22 =
Vf , V3, V2; where
Vf : V22 completly specifically
V3 : V22 where Cov(Si,jl, Si,km) = 0,
V2 : V22 = Diag{V ar(Si,jl)}, Cov(Xij , Si,km) = 0

Table 1 : Simulation Results

σ2 V Bβ̂1(SE)[PR] Bβ̂2(SE)[P R] Bβ̂3(SE)[P R] Bβ̂4(SE)[P R] Bσ̂2(SE)[P R]

Vf -.002 (.104)[953] .001 (.094)[949] -.001 (.099)[947] .000 (.106)[959] .015 (.130)[967]

0.2 V3 -.003 (.106)[956] .001 (.100)[949] .004 (.096)[954] .000 (.103)[951] .014 (.106)[958]
V2 -.003 (.106)[956] .001 (.100)[949] .004 (.096)[954] .000 (.103)[951] .013 (.105)[957]
Vf .009 (.107)[952] .010 (.097)[945] .009 (.098)[950] .011 (.103)[948] .043 (.238)[968]

0.4 V3 -.006 (.109)[955] -.002 (.101)[951] -.006 (.106)[955] .000 (.108)[948] .013 (.140)[951]
V2 .006 (.110)[955] .005 (.104)[956] .003 (.102)[950] .000 (.109)[950] .015 (.143)[947]
Vf .023 (.114)[942] .024 (.101)[944] -.001 (.101)[952] .015 (.109)[945] .087 (.300)[923]

0.9 V3 -.001 (.118)[950] .011 (.106)[949] -.014 (.108)[937] -.008 (.119)[950] .097 (.272)[917]
V2 -.001 (.118)[953] .010 (.104)[948] -.013 (.109)[939] -.009 (.118)[952] .098 (.250)[927]
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The following conclusions can be maid about Table 1:

1. The specification of the third and fourth joint moments do not improve the
estimates.

2. The bias of the estimators of σ2 tend to be large for large values of σ2

3. Computation less intensive with V2.

4. Longitudinal Rasch Model

Let X = (Xt
ij) i=1,··· ,K

j=1,··· ,J
t=1,··· ,T

, Xt
i = (Xt

i1, . . . , X
t
iJ)t, Xi = (X1

i , . . . , X
T
i )t.

With

P (Xi = xi | θi, β) =
∏T

t=1

∏J
j=1 P (Xt

ij = xt
ij | θit, βj),

P
(
Xt

ij = xt
ij | θit, βj

)
= exp

[
(θit − βj)x

t
ij − ln (1 + exp (θit − βj))

]
,

θ1, . . . , θK , iid  N(0, Σ) with Σ = (σjl)j,l=1,...,T .

As previously, the Likelihood function can be easily derived:

(7) L(β, α, γ | x) =

K∏

i=1

∫

RT

T∏

t=1

J∏

j=1

exp((θit − βj)xt
ij)

1 + exp (θit − βj)
φ(θi, α, γ)dθi,

where φ(θi, α, γ) = d. f. of N(0, Σ), α = (σjj)j=1,...,T , γ = (σjl)1≤j<l≤T .
Approximation of this Likelihood function can also be obtained:

(8) L(β, α, γ | x) ⋍

K∏

i=1

T∏

t=1

J∏

j=1

g∗ij(x
t
ij ; βj) (1 + PT (β, α, γ)) ,

where

PT (β, α, γ) =

∫

RT

T∑

t=1

∑

1≤t1<t2<...<tT ≤T∑
tj=t

(
At1

i θit1 +
1

2
Rt1

i θ2
it1 +

1

6
P t1

i θ3
it1

)

× . . .

(
AtT

i θitT
+

1

2
RtT

i θ2
itT

+
1

6
P t1

i θ3
itT

)
dθi1 . . . dθiT ,

with

(9) g∗ij(x
t
ij ; βj) = exp

(
−xt

ijβj − ln(1 + e−βj)
)
,

(10) Rt
i,j = (At

i,j)
2 − Bi,j , P t

i,j = (At
i,j)

3 − 3At
i,jBij − Ci,j , At

i,j = xt
ij − a

(1)
ij ,

and

(11) Bij = a
(2)
ij , Ci,j = a

(3)
ij , At

i =

J∑

j=1

At
i,j , Rt

i =

J∑

j=1

Rt
i,j , P t

i =

J∑

j=1

P t
i,j .

Parameter estimations can be performed by resolving:
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(12) U(β, α, γ) = DtV −1
K∑

i=1

(ξi − E(ξi)) = 0,

where
ξi = (X i, Si, W i) , St

i =
(
St

i,jl

)

1≤j<l≤J
, W th

i =
(
W th

i,jl

)

1≤j<l≤J
,

St
i,jl = (Xt

ij − µt
j)(X

t
il − µt

l), W th
i,jl = (Xt

ij − µt
j)(X

h
il − µh

l ),

D = ∂E(ξi)
∂(β,α,γ) = (Dij)i,j=1,2,3, V = V ar(ξ

i
) = (Vij)i,j=1,2,3.

The following asymptotic properties of the solutions are obtained:

•
(
β̂, α̂, γ̂

)
converge to (β, α, γ),

• K1/2

{(
β̂ − β

)t

, (α̂ − α)
t
, (γ̂ − γ)

t

}t

−−−−−→
K 7−→∞

N (0, W ) ,

with
Ŵ = lim

K 7−→∞
K
(
Â−1

1 Â2Â
−1
1

)
,

and

Â1 = K
(
D̂tV̂ −1D̂

)
, Â2 = D̂tV̂ −1

(
K∑

i=1

ξ̂iξ̂
t
i

)
V̂ −1D̂.

Conclusion:

• For σ2 < 1, The estimators obtained are consistent and asymptotically nor-
mal.

• The simulation results show that the computation of the third and fourth
joint moments are not necessary.

• For more details, see (Feddag and Mesbah (2005)).

5. Multivariate Mixed Rasch Model for Quality of life scales

In Health Related Quality of life setting, we often have a questionnaire with q
subscales with each subscale l consisting in Jl items (l = 1, . . . , q). One of the main
interest is estimation of the correlation between the subscales.

The model is

Yi = (yl
ij) j=1,··· ,Jl

l=1,··· ,q

, Y l
i = (yl

ij)j=1,··· ,Jl
, i = 1, . . . , N

where y1
i1, . . . , y

1
iJ1

, y2
i1, . . . , y

q
iJq

| θi are independent with

f
(
yl

ij | θil, β
l
j

)
=

e(θil−βl
j)yl

ij

1 + eθil−βl
j

, yl
ij ∈ {0, 1},(13)

Let θi = (θi1, . . . , θiq)
′ the multidimensional latent vector and βl

j the difficulty
parameter of item j of dimension l. Suppose θ1, . . . , θN i.i.d.  Nq(0, Σ)

The main interest is to estimate (β, Σ). The Multivariate Mixed Rasch Model is
a Generalized Linear Mixed Model GLMM with link function h(x) = logit(x) and
variance function v(x) = x(1 − x). The marginal likelihood of Y is

L(β, α, γ | y) ∝
N∏

i=1

∫

Rq

q∏

l=1

Jl∏

j=1

exp
[
(θil − βl

j)y
l
ij

]

1 + exp
(
θil − βl

j

) exp(−1

2
θ′iΣ

−1θi)dθi,(14)
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With
Σ = (σjl)j,l=1,...,q, α = (σjj)j=1,...,q, γ = (σjl)1≤j<l≤q

Once more, there is no closed form solutions to the marginal likelihood and
joint moments cannot be derived analytically, so, as previously approximations of
the likelihood are necessary, if we want to use the GEE method instead of the
classical maximum likelihood method which is very slow in time computing as q
increase (when q > 2). The slowness is due to MCMC techniques (based on Gibbs
sampling). Feddag and Mesbah (2005) using taylor series expansion around θi = 0,
generalize Sutradhar and Rao approximations (Sutradar and Rao (2001)). Under
the assumption that E(‖θi‖r) = o(fr(Σ)) for r ≥ 6, they obtain approximations
of the marginal likelihood (??) and of the joint moments up to order four. More
precisely:

i- Approximations of the joint moments:

E
(
Y l

ij

)
= µl

j =
1

1 + eβl
j

+
σtt

2

eβl
j (eβl

j − 1)

(1 + eβl
j )3

+
σ2

ll

8

eβl
j (e3βl

j − 11e2βl
j + 11eβl

j − 1)

(1 + eβl
j)5

,

Cov
(
Y l

ij , Y
l
ik

)
=

σll

2

1

(1 + eβl
j )2(1 + eβl

k)2
×
[
2eβl

jeβl
k + σll

(e3βl
j − 4e2βl

j + eβl
j)eβl

k

(1 + eβl
j )2

+
eβl

j (eβl
j − 1)eβl

k(eβl
k − 1)

(1 + eβl
j )(1 + eβl

k)
+

eβl
j(e3βl

k − 4e2βl
k + eβl

k)

(1 + eβl
k)2

]
,

Cov
(
Y l

ij , Y
h
ik

)
=

1

2

σlh

(1 + eβl
j )2(1 + eβh

k )2
×
[
2eβl

jeβh
k + σll

(e3βl
j − 4e2βl

j + eβl
j )eβh

k

(1 + eβl
j)2

+ σlh
eβl

j(eβl
j − 1)eβh

k (eβh
k − 1)

(1 + eβl
j)(1 + eβh

k )
+ σhh

eβl
j(e3βh

k − 4e2βh
k + eβh

k )

(1 + eβh
k )2

]
.

ii- Estimating Equations:

U(β, α, γ) = D′V −1
N∑

i=1

(ξi − η) = 0,

ξ′i = (Y ′
i , S′

i, W
′
i ) , η = E (ξi) ,

S′
i =

(
Sl

i,jk

)
l=1,··· ,q

1≤j<k≤Jl

, Sl
i,jk = (Y l

ij − µl
j)(Y

l
ik − µl

k),

W ′
i =

(
W lh

i,jk

)
1≤l<h≤q

1≤j<≤Jl,1≤k<≤Jh

, W lh
i,jk = (Y l

ij − µl
j)(Y

h
ik − µh

k),

D =
∂η

∂(β, α, γ)
=




D11 D12 D13

D21 D22 D23

D31 D32 D33



 , V = V ar(ξi) =




V11 V12 V13

V21 V22 V23

V31 V32 V33



 .
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10 Mounir Mesbah

iii- Asymptotic properties of the parameter estimators:
Let

(β̂, α̂, γ̂) : U
(
β̂, α̂, γ̂

)
= 0

Then:

•
(
β̂, α̂, γ̂

)
converge to (β, α, γ),

• N1/2

{(
β̂ − β

)′
, (α̂ − α)′ , (γ̂ − γ)′

}′

−−−−−→
N 7−→∞

N (0, W ) ,

Ŵ = lim
N 7−→∞

N
(
Â−1

1 Â2Â
−1
1

)
,

Â1 = N
(
D̂′V̂ −1D̂

)
, Â2 = D̂′V̂ −1

(
N∑

i=1

(ξi − η̂) (ξi − η̂)
′

)
V̂ −1D̂.

iv- Iterative computation formula

(
β̂′[t+1], α̂′[t+1], γ̂′[t+1]

)′
=

(
β̂′[t], α̂′[t], γ̂′[t]

)′

+
1

N

(
D̂′V̂ −1D̂′

)−1

[t]

(
D̂′V̂ −1

n∑

i=1

ξ̂i

)

[t]

.

The obtained estimators are asymptotically unbiased and normal. The GEE
approach is computationally less intensive than classical methods. Nevertheless,
specification of the third and fourth joint moments do not improve the estimates,
and for large Jl, the method performs well with V = diag(Vjj)j=1,2,3 and D =
diag(Djj)j=1,2,3. Finally, performances are less when N is small.

6. Estimation of latent parameter in Rasch model

Estimation of item parameters is generally the main interest in psychometrical area.
Calibration of the HRQoL is the preliminary goal. When item parameters are known
(or assumed as fixed and known) estimation of the latent parameter is straight
forward. One easy method is just to maximize classical joint likelihood method as-
suming latent parameter fixed. As item parameter is supposed known there is no
inconsistency problem. Another popular estimator of latent parameter is the Bayes
estimator, given by the posterior mean of the latent distribution (Admane and
Mesbah (2006)). Other estimators can be obtained. Mislevy (1984) propose a non-
parametric bayesian estimator for latent distribution the Rasch model. Martynov
and Mesbah (2006) gives a nonparametric estimator of the latent distribution of a
Mixed Rasch Model.

The posterior distribution of the latent parameter is defined as:

(15) P (θi/xi, β) =
P (Xi = xi/θi, β) g(θi)∫
P (Xi = xi/θi, β) g(θi)dθi

The Bayesian modal estimator is θ̂i, the value of θi which maximize the posterior
distribution, while the Bayes estimator is given by:
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Longitudinal Latent HRQoL and a Survival Process 11

(16) θ̂i =

∫
θiP (θi/xi, β) g(θi)dθi

Part B: Joint analysis of a Longitudinal Latent HRQoL and a Survival

7. Joint analysis of a Longitudinal QoL variable and an event time

Motivations of the following models is a HRQoL clinical trial involving analysis
of a longitudinal HRQoL variable and an event time. In such clinical trial, the
longitudinal HRQoL variable is often unobserved at dropout time. The model
proposed by Dupuy and Mesbah(DM Model) (Dupuy and Mesbah (2002) works
when the longitudinal HRQoL is directly observed at each time visit except of course
at dropout time. We propose to extent the DM model to the latent context case,
i.e. when the HRQoL variable is obtained through a questionnaire.

Let T be a random time to some event of interest, and Z be the HRQoL longi-
tudinally measured. Let C be a random right-censoring time. Let X = T ∧ C and
∆ = 1{T≤C}. Suppose that T and C are independent conditionally on Z

Following, the Cox model, the hazard function of T has the form

λ(t|Z) = λ(t) exp(βT Z(t)),(17)

The observations are: [Xi, ∆i, Zi(u), 0 ≤ u ≤ Xi]1≤i≤n. The unknown parameters

are: β and Λ(t) =
∫ t

0 λ(u) du.Let us assume that C is non informative for β and λ.
Dupuy and Mesbah (2002) suggest a method that suppose a non ignorable missing
process, take into account the unobserved value of the longitudinal HRQoL variable
at dropout time and use a joint modeling approach of event-time and longitudinal
variable.

Fig 2. QoL assessments: t0 = 0 < . . . < tj−1 < tj < . . . < ∞. Z: takes value Z(t) t time t and

constant values Zj in the intervals (tj−1, tj ]. Zj is unobserved until tj .

Dupuy and Mesbah’s model assume that:

λ(t|Z) = λ(t) exp(W (t)β0Zad
+ β1Zd)(18)

with
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12 Mounir Mesbah

• Z has a density satisfying a Markov property: fZ(zj |zj−1, . . . , z0; α) =fZ(zj |zj−1; α),
α ∈ R

p,
• C is non informative for α and does not depend on Z(t).

Let W (t) = (Zad
, Zd)

T and βT = (β0, β1).
The observations are Yi = (Xi, ∆i, Zi,0, . . . , Zi,ad

)1≤i≤n. The unknown parame-
ters of the model are τ = (α, β, Λ). There are hidden variables in the model, the
missing values of Z at dropout time, Zi,ad

. The objective is to estimate τ from
n independent vectors of observations Yi.

The likelihood for one observation yi (1 ≤ i ≤ n) is obtained as:

L(i)(τ) =

∫
λ(xi)

δi exp

[
δiβ

T wi (xi) −
∫ xi

0

λ (u) eβT wi(u) du

]

× f
(
zi0 , . . . , ziad

, zd; α
)

dzd

=

∫
l(yi, zd, τ) dzd,

The parameter τ is identifiable. First, suppose that the functional parameter τ
is a step function Λn(t) with jumps at event times Xi and taking unknown val-
ues Λn(Xi) = Λn,i, then rewrite the Likelihood and estimate α, β and Λn,i. The
contribution of yi to the likelihood obtained is now taken to be:

L(i)(τ) =

∫
∆Λδi

n,i exp



δiβ
T wi (xi) −

p(n)∑

k=1

∆Λn,keβT wi(xk)1{xk≤xi}





× f(zi0 , . . . , ziad
, zd; α) dzd,

where ∆Λn,k = ∆Λn(Xk) = Λn,k − Λn,k−1, ∆Λn,1 = Λn,1 and X1 < . . . <
Xp(n) (p(n) ≤ n) are the increasingly ordered event times. The maximiser τ̂n of∑n

i=1 log L(i)(τ) over τ ∈ Θn satisfies:

n∑

i=1

∂

∂τ

[
L

(i)
τ̂n

(τ)
]

|τ=τ̂n

= 0.

where L
(i)
τ̂n

(τ) = Eτ̂n
[log l(Y, Z; τ)|yi].

Let refer
∑n

i=1 L
(i)
τ̂n

(τ) to as the EM-loglikelihood.
An EM algorithm used to solve the maximization problem is described by Dupuy

and Mesbah (Lifetime Data Analysis, 2002). A maximiser τ̂n=(α̂n, β̂n, Λ̂n) of
∑n

i=1 log L(i)(τ)
over τ ∈ Θn exists and under some additional conditions,

(
√

n(α̂n − αt),
√

n(β̂n − βt),
√

n(Λ̂n − Λt)) ∼ G,

where G is a tight Gaussian process in l∞(H) with zero mean and a covariance
process cov[G(g), G(g∗)].

From this we deduce for instance:

1.
√

n(β̂n − βt) converges in distribution to a bivariate normal distribution with
mean 0 and variance-covariance matrix Σ−1

τt
,

2. consistent estimate of Στt
is obtained,

and similar results for α̂n and Λ̂n are obtained.
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Longitudinal Latent HRQoL and a Survival Process 13

Example
Quality of life was assessed among subjects involved in a cancer clinical trial.

Quantitative scores were obtained via a HRQoL instrument by auto-evaluation.
There was two treatment groups and a nonignorable dropout analysis were per-
formed.Results are indicated in Table 2 below.

Table 2: HRQoL analysis in a cancer clinical trial

Arm A Arm B Test Statistics
Random NI Random NI Random NI

β̂0 -0.164 0.128 -0.167 0.089 0.03277 0.34679

SE(β̂0) 0.078 0.081 0.078 0.080 - -

β̂1 -0.362 -0.316 - -0.37464

SE(β̂1) 0.086 0.087 - -
α̂ 0.959 0.952 0.955 0.948 0.35086 0.32268

SE(α̂) 0.008 0.009 0.009 0.010 - -
σ̂2

e 0.704 0.710 0.571 0.576 2.19565 2.18126
SE(σ̂2

e ) 0.046 0.047 0.039 0.0401 - -
loglikelihood -963.928 -896.4 -927.2 -857.2 - -

In this example HRQoL, excepted for its value at dropout time, was just con-
sidered as an observed continuous score, Z. But in fact, HRQoL is an unobserved
latent variable. In practice, HRQoL data consist always in a multidimensional bi-
nary or categorical observed variable named Quality of Life Scale used to measure
the true unobserved latent variable HRQol. From the Quality of Life Scale, we can
derive HRQoL scores, i.e. Statistics. These scores surrogate of the true unobserved
latent variable HRQol. In the next section, we will extent the previous DM model
to the latent case.

8. Joint analysis of a latent Longitudinal HRQoL variable and an event
time

When the HRQoL variable z was observed (excepted for the last unobserved dropout
value zd), the likelihood for one observation yi(1 ≤ i ≤ n) was:

L(i)(τ) =

∫
λ(xi)

δi exp

[
δiβ

T wi (xi) −
∫ xi

0

λ (u) eβT wi(u) du

]

× f
(
zi0 , . . . , ziad

, zd; α
)

dzd

=

∫
l(yi, zid

, τ) dzid
,

where

yi = (xi, δi, zi0 , . . . , ziad
)

= (xi, δi, ziobs)

and, all the previous statistical inference, based on the likelihood

L(i)(τ) =

∫
l(xi, δi, ziobs

), zd, τ) dzd(19)
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14 Mounir Mesbah

is highly validated by theoretical asymptotic results and well working computer
algorithms. In the latent variable context, ziobs

is in fact not directly observed.
The k item responses Qij of a subject i (response or raw vector Qi) are observed
and must be used to recover the latent HRQoL values zi through a measurement
model. The obvious choice in our context is the Rasch model, which is for binary
responses:

(20) P (Qij = qij | zi, ζj) = f (qij , zi, ζj) =
e(zi−ζj)qij

1 + ezi−ζj

So, currently, observations are Yi = (Xi, ∆i, Qi0 , . . . , QiaD
)1≤i≤n; with Qi =

(Qi1, . . . , Qip) for an unidimensional scale of p items. Unknown parameters of the
model are τ = (α, β, Λ) and nuisance parameters, ζ. The objective is now to estimate
τ from n independent vectors of observations Yi. Let us suppose the following two
assumptions hold:

1. The DM analysis Model hold for the true unobserved QoL Z and Dropout D
or Survival T

2. The Rasch measurement model relate the observed response items Q to QoL
Z

First, we have two main issues:

• Specification of a model for the data and the true Latent QoL
• Choice of a Method of estimation

1) The statistics: Si =
∑p

j=1 Qij , i.e., the total person score (or the raw score)
is a sufficient statistic for the person parameter zi :

Prob(Qi1 = qi1, ..., Qip = qip) | Si = si)(21)

does not depend on zi. This is a characteristic property of Rasch Model, very nice
and useful in HRQoL

2) Local independence is a classical assumption in latent variable models:

Prob(Qi1 = qi1, ..., Qip = qip | zi) = Prob(Qi1 = qi1) | zi) × ... × Prob(Qip = qip) | zi)

Items are independent conditionally to the true latent value.

p1

p2

p4

p3

Fig 3. Partial Credit Model

Similar to Rasch model, for categorical ordinal responses (with number of levels
mj different per item), the Partial Credit model:
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(22) pc = P (Qij = c | zi, ζj) =
e(czi−

∑
c

l=1
ζjl)

∑mj

c=0 e(czi−
∑

c

l=1
ζjl)

The joint distribution of Q (items), Z (latent), D(Time to death or dropout) and
T (treatment) can be derived, using only the conditional independence property:

(23) f(Q, Z, D, T/Z) =
f(Q, Z, D, T )

f(Z)
=

f(Q, Z)

f(Z)
× f(Z, D, T )

f(Z)

so, we have:

(24) f(Q, Z, D, T/Z) = f(Q/Z) × f(D, T/Z)

Then, without any other assumption, we can specify two models:

• First model:

(25) f(Q, Z, D, T ) = f(Q/Z) × f(D/Z, T ) × f(Z/T ) × f(T )

• Second model:

(26) f(Q, Z, D, T ) = f(Q/Z) × f(Z/D, T ) × f(D/T ) × f(T )

The right likelihood must be based on the probability function of the obser-
vations, i.e., currently, Yi = (Xi, ∆i, Qi0 , . . . , QiaD

)1≤i≤n. The parameters of the
model are τ = (α, β, Λ) and the nuisance difficulty parameters of the HRQoL ques-
tionnaire, ζ. There are non observed (hidden) variables in the model (latent Z,
missing Q): (Zi0 , . . . , ZiaD

, Zid
, Qd)1≤i≤n.

7th-9th

Fig 4. Non Differential Functioning of Items

Straightly followed from the graph of the DMq model, factorization rules of the
joint distribution function of the observations (Yi), the latent HRQoL (Z) and the
missing questionnaire Qd can now be specified, and then, integrating through the
hidden variables, one gets the likelihood:
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16 Mounir Mesbah

L(i)(τ) =

∫ p∏

j=1

[
e(czi0−

∑
c

l=1
ζjl)

∑mj

h=0 e(czi0−
∑

c

l=1
ζjl)

× ... ×

× e(cziad
−
∑

c

l=1
ζjl)

∑mj

h=0 e(cziad
−
∑

c

l=1
ζjl)

×
p∑

c=1

e(czid
−
∑

c

l=1
ζjl)

∑mj

h=0 e(czid
−
∑

c

l=1
ζjl)

]

× ∆Λδi

n,i exp



δiβ
T wi (xi) −

p(n)∑

k=1

∆Λn,keβT wi(xk)1{xk≤xi}





× f(zi0 , . . . , ziad
, zd; α)dzi0 , . . . , ziad

, zid

a slightly different likelihood, integrating the total Score can be derived:

L(i)(τ) =

∫ p∏

j=1

[P (Qi0,j = c | Si0 , ζj)P (Si0 = si0 | zi0 , ζj)

× ... ×
× P

(
Qiad

,j = c | Siad
, ζj

)
P
(
Siad

= siad
| ziad

, ζj

)

×
p∑

c=1

P (Qid,j = c | Sid
, ζj)P (Sid

= sid
| zid

, ζj)]

× ∆Λδi

n,i exp



δiβ
T wi (xi) −

p(n)∑

k=1

∆Λn,keβT wi(xk)1{xk≤xi}





× f(zi0 , . . . , ziad
, zd; α)dzi0 , . . . , ziad

, zid

and using the sufficiency property, we get the likelihood:

L(i)(τ) =

∫
P (Si0 = si0 | zi0) × ... × P

(
Siad

= siad
| ziad

)
P (Sid

= sid
| zid

)

×
p∏

j=1

[P (Qi0,j = c | Si0 , ζj)

× ... ×
× P

(
Qiad

,j = c | Siad
, ζj

)

×
p∑

c=1

P (Qid,j = c | Sid
, ζj)]

× ∆Λδi

n,i exp



δiβ
T wi (xi) −

p(n)∑

k=1

∆Λn,keβT wi(xk)1{xk≤xi}





× f(zi0 , . . . , ziad
, zd; α)dzi0 , . . . , ziad

, zid

and:

imsart-lnms ver. 2006/10/13 file: Article_Singapour_31_12_06.tex date: December 30, 2006



Longitudinal Latent HRQoL and a Survival Process 17

L(i)(τ) =

p∏

j=1

[P (Qi0,j = c | Si0 , ζj)

× ...

× P
(
Qiad

,j = c | Siad
, ζj

)

×
p∑

c=1

P (Qid,j = c | Sid
, ζj)]

×
∫

P (Si0 = si0 | zi0) × ... × P
(
Siad

= siad
| ziad

)
P (Sid

= sid
| zid

)

× ∆Λδi

n,i exp



δiβ
T wi (xi) −

p(n)∑

k=1

∆Λn,keβT wi(xk)1{xk≤xi}





× f(zi0 , . . . , ziad
, zd; α)dzi0 , . . . , ziad

, zid

9. Conclusion

article J.B. Hardouin et M.Mesbah : ANAQOL,

The definition (or construction) of variables and indicators, and the analysis
of the evolution of their joint distribution between various populations, times and
areas are generally two different, well separated steps of the work for a statistician
in the field of Health Related Quality of Life. The first step generally deals with
calibration and metrology of variables. Key words are measurement or scoring,
depending on the area of application. Most of the time, the statistical methods
used are exploratory. The kinds of models specified are generally structural: classical
factorial analysis models or modern item response theory models. The second step
is certainly more known by most inferential statisticians. Linear, generalized linear,
time series and survival models are very useful models in this step, where the
variables constructed in the first step are incorporated and their joint distribution
with the other analysis variables (treatment group, time, duration of life, etc ...)
is investigated. Mesbah (2004) compared the simple strategy of separating the two
steps with the global strategy of defining and analyzing a global model including
both the measurement and the analysis step. If, with a real data set, one find a
significant association between a built (from items) score and an external covariate,
then the true association, i.e., the one between that external covariate and the true
latent, is probably larger. So, if the scientific goal is to show an association between
the true and the covariate, one don’t need to use a global model: just use the model
with the surrogate built score instead of the true latent. Conclusions with the built
score also stand for the true. But, one gets no significant association between built
score and the covariate, then the true association could be anything (and perhaps
larger ... ). So, one have to consider a global model, even if one don’t need to build
new scores or to valid the measurement model. Building a global model taking into
account the latent trait parameter in a one step way, i.e. without separation between
measurement and analysis is a promising latent regression approach (Christensen
et al (2004), Sebille et Mesbah (2005)) allowed by the increasing performance of
computers. In HRQoL field, most of papers are devoted to two steps approach,
where the HRQoL scores are used instead of the original item responses data.
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18 Mounir Mesbah

Joint analysis of a longitudinal variable and an events time is nowadays a very ac-
tive fields. Vonesh, Greene and Schluchter (2006), Cowling (2006), Chi and Ibrahim
(2006) are few recent papers indicating that ”Joint modeling of longitudinal and

survival data is becoming increasingly essential in most cancer and AIDS clinical

trials.” Mainly due to the complexity of the computing programs, there is unfortu-
nately no papers considering a joint model between a longitudinal latent trait and
an event time..

Another very popular method used in the nineteenth is the Q-TWIST (Quality
adjusted Time WIthout Symptoms of Toxicity) approach(Gelber et al (1996)),
where duration of life was just divided in different categories corresponding to
various state of health with given utilities. So, it was a weighted (by utility weights
or Quality of Life weights) survival analysis... It was a two step approach, but main
criticisms comes more about the fact that used utility values, were, in practice with
very poor measurement properties.

Our approach can be considered as in the framework of mixed models with a
clear interpretation of the random factor by a latent trait previously validated in
an measurement step. Items are repeated measurement of such true latent trait.
Computer programs are nowadays available even in general softwares (Hardouin
et Mesbah (2007)) which allows building and estimating models with nonlinear
random effects models.
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