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Abstract

Given a metric D defined on a finite set X, we define a finite collec-
tion D of metrics on X to be a compatible decomposition of D if
any two distinct metrics in D are linearly independent (considered as
vectors in RX*X), D = > qep @ holds, and there exist points z, 2" € X
for any two distinct metrics d,d’ in D such that d(z,y)d(z',y) = 0
holds for every y € X. In this paper, we show that such decomposi-
tions are in one-to-one correspondence with (isomorphism classes of)
block realizations of D, that is, graph realizations G of D for which
G is a block graph and for which every vertex in G not labelled by
X has degree at least 3 and is a cut point of G. This generalizes
a fundamental result in phylogenetic combinatorics that states that a
metric D defined on X can be realized by a tree if and only if there
exists a compatible decomposition D of D such that all metrics d € D
are split metrics, and lays the foundation for a more general theory of
metric decompositions that will be explored in future papers.

Mathematics Subject Classification codes: 05C05, 05C12, 92B10

1 Introduction

Given a metric D : X? — R : (z,y) — zy defined on a finite set X, i.e., a map
D from the set X? := {(z,y) : z,y € X} of all (ordered) pairs of elements
from X into the real number field R such that xz = 0 and 2y < zz+yz (and,
therefore, also 0 < zy = yx) holds for all x,y, z € X, a graph realization
of D is a triple (G, /,¢) consisting of a finite connected graph G = (V, E)
with vertex set V = V; and edge set £ = Eg C (‘2/), a length-assigning
map { : E — Ry : {u,v} — l(u,v) from the edge set E into the set R
of positive real numbers that assigns to every edge e € E its length ¢(e) and
satisfies the triangle inequality, that is,

Uu,v) < lu,w) + L(w,v)

holds for all u,v,w € V with {u,v},{u,w},{w,v} € E, and a labeling
map ¢ : X — V from X into V such that xy = Dy(¢(x), ¢(y)) holds for all
x,y € X where D, denotes the metric induced by £ on V| i.e., the (necessarily
unique and proper) largest metric defined on V' for which D,(u,v) < ¢(u,v)
holds for every edge {u,v} € E.



While a metric can have several (non-equivalent) graph realizations (even
if shortest total length /(G) := Y~ . {(e) is required, see for instance [1, 6,
13, 16]), it has been observed occasionally that graph realizations satisfying
certain additional, rather specific constraints (mostly structural constraints
combined with some shortest-length requirements, but not necessarily im-
plying shortest total length) can sometimes be shown to be uniquely de-
termined — up to canonical isomorphism — by such constraints (see, for
example, [6, 7]).

In this note, we will show that there is a canonical one-to-one corre-
spondence between (isomorphism classes of) certain graph realizations and
compatible decompositions of D.

More specifically,

(i)

(i)

(iii)

we define a finite collection D of metrics on X to be a compatible
decomposition of D if any two distinct metrics in D are linearly
independent (considered as vectors in R*¥*X),

D=)d

deD

holds, and there exist points 2/, z” € X for any two distinct metrics
d,d in D such that either d(2’,y) = 0 or d'(z",y) = 0 holds for every
y € X and

we define a graph realization (G,/, ) of a finite metric D to be a
block realization of D if the graph G = (V, E) is a block graph
(i.e., a connected graph whose 2-connected components are cliques, cf.
[4, 9, 11]) and every vertex v in V — p(X) has degree at least 3 and
is a cut point of GG, that is, it is a vertex in V such that the graph
induced by G on V —{v} (i.e., the graph G* := (V — {v}, EN (V_Q{”})))
is disconnected.

Further, given any block graph G = (V, E), let B(G) denote the collec-
tion of all blocks B C V of G (i.e., all those subsets B of the vertex set
V' that make up the vertex set of a 2-connected component of ) and,
given a block realization (G, {, ) of a metric D defined on a finite set
X, associate to any block B € B(G) of G the metric d(y s defined
on X by

digipley : X X X — R (2,9) = De(2(e1B10), Y(o|Bl0))
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where x|y denotes, for any € X, the (necessarily unique!) point
in B that minimizes the distance (relative to Dy) to ¢(x).

Referring to these concepts, the following result will be established in this
note:

Theorem 1 Associating, to any block realization (G,{, ) of a metric D
defined on a finite set X, the collection

D(¢|G16) := {dipime : B € BG)}

sets up a canonical one-to-one correspondence between (isomorphism classes
of) block realizations and compatible decompositions of D.

In [8], this result will be used to establish that shortest block realiza-
tions of a finite metric are (essentially) unique.

Remarkably, a very well-known result regarding phylogenetic trees and
compatible split systems (cf. [5, 15]) follows immediately from Theorem 1:
Note first that a metric D as above can be realized by a tree, i.e., a finite
tree T = (V, E) with vertex set V and edge set £ C (‘2/) together with a
length-assigning map ¢ : £ — R+, and a labeling map ¢ : X — V from X
into V' such that zy = D(¢(z),¢(y)) holds for all z,y € X if and only if
it has a block realization (G, /¢, ¢) where the underlying graph G is a tree,
i.e., it is a block graph such that all blocks of G have cardinality 2. Thus,
our results above imply one of the most fundamental results in phylogenetic
combinatorics:

Theorem 2 A metric D defined on a finite set X can be realized by a tree
if and only if there exists a compatible decomposition D of D such that all
metrics d € D are split metrics'.

This result inspired much further research (cf. [2, 3, 6, 7, 9]) and led, in
particular, to thorough investigations of the so-called tight-span construc-
tion first proposed by John Isbell (cf. [14], see also [6]) and the relationships

of this construction to various sorts of decompositions D of a finite metric
D.

/

Yi.e., there exist points z, 2’ € X such that d(x,y) dx’,y) = 0 holds for every y € X in
which case this holds for all z,2" € X with d(x,2") # 0



The present paper continues this line of research. By establishing a canon-
ical one-to-one correspondence between block realizations and compatible
decompositions D of a finite metric D, it lays the basis for establishing in
future papers that

(i) there is also a one-to-one correspondence between

(a)

(b)

the subsets of the (necessarily finite) subset To(D) of the tight
span

T(D)={f e R*: f(z) =sup(f(y) —ay:y € X)}

of D consisting of all those points f € T'(D) that

e are not of the form f =h, : X — R: x +— xz for some z € X,

e do not have a neighbourhood that is homeomorphic to an
open interval,

e and for which the space T'(D) — {f} is disconnected (cf.[12]
for terminology)

and

block realizations (G, ¢, ¢) of D for which no pair (B, v) exists that
consists of a block B and cut point v of G with v € B such that
the graph (B, {{u,w} € (B;{”}) Dl (u, w) < L(u,v) +L(v,w)}) is
disconnected,

(ii) and there exists a shortest block realization (G, fy, o) of D that is
unique up to canonical isomorphism, shares the above property (b),
corresponds to the set To(D) considered as a subset of itself, and for
which the associated compatible decomposition Dy(D) := D (G, lo, ¥o)
is the (also necessarily unique) finest compatible decomposition of D
defined by the property that all metrics d € Dy(D) do not possess any
compatible decomposition D consisting of more than one metric.

The rest of the paper is organized as follows: In the next section, we will
collect some more basic definitions and notations concerning metric spaces
and block graphs. Then, in Section 3, we will show how to go from block
realizations to compatible decompositions of metrics (Theorem 3) and in Sec-
tion 4 how to go back (Theorem 4). In Section 5, we then discuss uniqueness
(Theorem 5). Theorem 1 immediately follows from Theorems 3, 4, and 5.



2 Some more Basic Terminology and Facts

In this note, we adopt the following terminology: Given a metric D as above,
we denote

e by ~p the binary relation defined on X by putting
r~py <= xy =0 (<= xz = yz holds for all z € X)

which, in view of the fact that xy =0 <= V,cx za = ya holds for all
x,y € X, is obviously an equivalence relation,

e by /D :={z € X : zz = 0} the equivalence class of x relative to this
equivalence relation,

e and by X/D the set {z/D : x € X} of all such equivalence classes.

The metric D is called a proper metric if /D = {z} holds for all € X.
In this case, the pair M = Mp := (X, D) is also called a metric space, X
is called the point set of that space — and every element z € X a point of
M.

Note that any metric D induces a (well-defined!) proper metric
D : X/D x X/D — R : (z/D,y/D) — xy

on the set X/D and, thus, a metric space M5 = (X/D, D). So, most concepts
defined for proper metrics extend naturally to arbitrary metrics D by just
applying them to the induced proper metric D and the associated metric
space Mp.

Further, given any metric space M = (X, D),

(D1) we denote by [z, y], for any two points x,y € X, the interval between
x and y, i.e., the set

[z, y] = [z, ylm = {2 € X 12y = 22 + 2y},

(D2) we define a subset R of X to be a gated subsetof M (cf. [10]) if there
exists a (necessarily unique) map gatep: X — X : 2 +— xp, also called
the gate map of R (relative to M), such that xgr € RN [z, r] holds for
all x € X and » € R in which case xg is the unique point r in R that

minimizes the distance xr to x (so, one has xxr = x for some x € X if
and only if z € R holds),



(D3) and we define R to be a retract of M if it is a gated subset and
Tr,Yr € [z,y] holds for all x,y € X with zr # yg implying that also

TY=TITR+TRYR + YRY
must hold in this case.

Finally, consider a finite block graph G = (V, E') with vertex set V' and
edge set £ C (1), and let B(G) denote the set of blocks of G. The following
facts are well known and easily established:

(B1) A vertex v € V is a cut point of G if and only if v is contained in at
least two distinct blocks of G.

(B2) Given any two vertices u,v € V, there exists a unique k = k(u,v) =
kc(u,v) € N and a unique finite sequence

pa(u,v) = (po(u,v) :=u, p1(u,v),...,pr(u,v) :=0)

of k+ 1 distinct vertices in V' — dubbed the shortest path from u to
v in G — such that {p;_1(u,v),p;(u,v)} € E holds for all i =1,... k
and no block B € B(G) contains more than two points from the set

uv = {pO(u7 U)vpl(u7 U)? cet apk(u7 U)}

(B3) Given, in addition, a length-assigning map ¢ : £ — R,y one has
Dy(u,v) = l(u,v) for all u,v € V with {u,v} € E as well as, more
generally, Dy(u,v) = Zfﬁ“{’”)ﬁ(pi_l(u,v),pi(u,v)) for all u,v € V for
the unique finite sequence pg(u,v) = (po(u,v),p1(u,v), ..., pr(u,v))
considered above.

(B4) Every block B C V of G is a retract of V relative to the induced metric
Dy.

(B5) The gate map gatey : V' — V : v — vp that can therefore be associ-
ated to any block B of G

(i) maps a vertex u € V onto the vertex v € B if and only if the
vertex v is the only vertex in the set wo N B if and only if there

exists a sequence v, := u,vy,...,v, = v of vertices in V with
{vi_y,v}} € Eforalli=1,...,k" such that v is the only element
in the intersection {v(,v},..., v, } N B,



(B6)

(B7)

(ii) does, therefore, not depend on the length-assigning map ¢ from F
into R+,

(iii) induces a metric d(pjpy on V defined by d(p»(u,v) := D¢(up,vp)
for all u,v € V,

(iv) maps any vertex v € V — B onto a cut point of G,

(v) maps any two vertices u,v € V with {u,v} € E onto the same
point in B unless u,v € B holds,

(vi) and is, therefore, constant on any other block B’ of G,

(vii) and the pre-image gatey' (v) := {u € V : up = v} of every point
v € B is aretract of V relative to Dy, and contains always at least
one vertex that is not a cut point of G.

Furthermore, given any two distinct blocks B, B’ € B(G) and any two
elements v € B and v' € B’, one has ug = vl or ugp = vp (or,
equivalently, d(pjp)(v',u) = 0 or d(pp(v,u) = 0) for all v € V and,
therefore, also up = vp for every u € V with ugp € B — {v}z}.

Indeed, assume that d (g (v', u), d(/e (v, u) # 0 holds for some u in V.
Then, denoting
e the image (up/)p € B of up and, hence, of any element in B’
including the element v’ relative to the map gatey by up/p, and
e the image (up)p € B’ of up and, hence, of any element in B
including the element v relative to the map gateg by upp,
our assumption 0 # d(gje) (v, u), d(pre)(v, u) and, hence,
upp =Vg #up and ugp = vp F up
implies, in view of the fact that B is a retract, that
Dy(u,up) = Do(u,ug)+ Dy(up,upp )+ De(upp,up) > D¢(u,up)
and, in view of the fact that also B’ is a retract, that also
Dy(u,up) = Dy(u,up )+ Dy(up,upp)+Di(upp,ug) > Di(u, up)
must hold which is impossible.

In particular, given two distinct blocks B, B’ € B(G) as above, two
elements w,w’ € X, two distinct elements u,v € B, and two distinct



elements u',v" € B’ with wg = u,vp = v, vz = v, and Wy, = v/, one
has wp = v" and wiz = v and, therefore, also

Dy(w,w") = Dy(w, u) + Dy(u,v) + Dy(v,0") + De(v',u') + Dy(u', w').

Indeed, one has up = vg = v’ and vy = vz = v (as the gate map is
constant on blocks) and, therefore

Dy(w,u") = Dy(w,u)+ De(u,v) + De(v,u') (<= u=wp#v="up)
= Dy(w,u) + Dy(u,v) + De(v,v") + Dy(v', ') (<= v = vp)
= Dy(w,v") + Dy(v',u) (< u=wp#v=up)

implying that wg = v must hold. So, by symmetry, we also have
wy = v. Altogether, this implies that also

Dy(w,w') = Dy(w,u) + De(u,v) + De(v,w’) (€ u=wp#v=uwpy)
= Dy(w,u) + De(u,v) + Dy(v,0") + De(v', ') + Dy, w")

must hold — the latter because Dy(v,w') = Dy(v,v") + D,(v', ) +
Dy(v',w") must hold in view of v/ = vp # u' = wl,.

(B8) And finally, Dy(u,v) = > pep(q disje (u, v) must hold for all u,v € V
because denoting, for each i = 1,...,k(u,v), the unique block B in
B(G) with {p;—1(u,v),p;(u,v)} C B by B* = B(i : u|v), we have

d — g(pi—1<uav)7pi(u7v)) in case B = B,
Blo) (U, v) = 0 in case B ¢ {B',..., BFwv)}

and, therefore,

Dy(u,v) = Z ((pi1(u,v), pi(u,v))

as claimed.



3 From Block Realizations to Compatible Col-
lections of Metrics

Now, assume that (G, ¢, @) = ((V, E), ¢, <p) is a block realization of a proper
metric
D:X?—=R:(z,y) — zy

defined on a finite set X.

Noting that the labeling map ¢ must be injective for any block realization
of a proper metric D, we can assume without loss of generality that X is a
subset of V' and that ¢ coincides with the identity Idx on X in which case
the vertex x(,|Bj¢) = T(1ay|BJ¢) associated above to any x € X and any block
B € B(G) is simply the gate xp of z in B.

Now, consider a fixed block B of G = (V, E). First, we claim
Lemma 3.1 WithD,G = (V, E), B, ¢, and ¢ = Idx as above, the restriction

gateg|y : X — B:x+— zp
of the gate map gatey associated with B to X is always surjective.

Proof: Indeed, (B7,vii) implies that there exists some point w € gatejg1 (v)
for any v € B that is not a cut point and hence, by assumption, a point in
X C V implying that v € {zp : € X} must hold. 1

Next note that there are three metrics canonically associated to B,

— the metric /P defined on B that maps any pair (u,v) of vertices u,v € B
onto the positive real number ¢(u,v) in case u # v (and, hence, {u,v} € E)
and onto 0 in case u = v, giving rise to the metric space M;(B) := (B, (?),

— the metric d(p defined on V' that maps any pair (u,v) € V? onto

= (V/dBpy: dsp),

B (up, vp), giving rise to the induced metric space M. 40
and

— and the metric dx|pjp) := dp|xxx defined on X by restricting the
metric d(pjs defined on V' to X which apparently coincides with the metric
d(,|B|r) iIntroduced above and gives rise to the induced metric space Mg

X1l
(X/dxiB1e), dixB1e))-
We claim
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Lemma 3.2 With D,G = (V, E),{,p, and B as above, the maps
gategy : V — B:v—wvp and gateg|x : X — B:x— xp

induce bijective isometries from the metric spaces Mz—— and

Mg——, re-
(Ble) (X1Bl)

spectively, onto the metric space My(B) = (B, (7).

Proof: 1t follows immediately from the definitions that the map gatep in-
duces a bijective isometry from M, dgy, Onto M,(B), and that the map gateg|x

0

induces an injective isometry from Mm into M,(B). Moreover, Lemma
3.1 confirms that the map gateg|x must also be surjective. 1

Now, we show

Theorem 3 With D,G = (V, E),{, and ¢ as above, the associated collection
D(p|G|l) is a compatible decomposition of D.

Proof: Note first that

vy = Dy(z,y)

= Y dm(ry)

BeB(G)

= Z d(X\BM) ('r7 Z/)

BeB(G)
holds for all z,y € X. So, we have indeed D = ZdeD(go|G|E) d, as required.

Further, as we have seen already in (B6), d(pje)(v',u) = 0 or d(prje)(v, u) =
0 holds for every u € V for any two distinct blocks B, B’ € B(G) and any
two elements v € B and v’ € B’. So, we must also have

dxipi(7,y) = dpp(r,y) =0 or dixipip(a,y) = dp(a’,y) =0
for all y € X for any two elements z,2’ € X with x5 = vy and 2’y = vp —
it follows from Lemma 3.1 that such elements must exist.

It is also obvious in view of Lemma 3.2 that none of the metrics of the
form dx|p¢) can vanish.

Finally, no two metrics of the form d(x g and d(x|p/¢) can be linearly
dependent in case B # B’ because, if d(x|p) = adx|p» would hold for

11



some « € R, we must have o > 0, and the existence of elements z, 2’ € X for
which dixgjey(z,y) = 0 or dixipe)(2',y) = adxle(z’,y) = 0 holds for all
y € X would imply that both, d(x|pj¢) and d(x|p/|¢), would be scalar multiples
of the split metric

0 if 2,2 € A,
01 X? = R:(2,2)— <0 if 2,2/ € A,
1 else

associated with the bipartition — or split — S = {A, A’} of X into the two
non-empty disjoint subsets

A = {y e X d(X|B|g)(:c,y) = 0}
= {yeX:yp=up}
= {ye X :dxpp(r,y) =0}
= {yeX: yp =zp}

and

A= {ye X :dxppy) =0}
= {yeX :yp =12}
= {ye X dxpp(@ y) =0}
= {yeX:yp=uap}

In view of Lemma 3.2, we would therefore have B = {xp, 23} and B’ =
{zp, 2’5 }. Furthermore, switching notation if necessary and writing, as in
Assertion (B6), wpp for (wg)p and wg g for (wg:)p for every vertex w € V|
we can assume without loss of generality that

IBR — .17333/ = xp
holds. Then, however, we must also have
/ /
./L‘B/B — IL‘B/B — IB
Indeed, putting

12



v = Tp, u = a'g,

v = xp, u o=l

so that, by assumption, vy = ug = v’ holds, we see that A coincides with
the set

{lyeX:yp=v}={ye X :yp =1}

and, therefore, contains x, and A’ with

fyeX: yp=u}={ye X :yp=u}

and, therefore, contains .
Hence, if zpp = 255 = a5 or, equivalently, v = vz = u would not
hold, we would have vj; = v’y = v and, hence,

V=AweV:iwg =vg =0v}U{weV :iwg=1vy=0v}
in view of (B6) and, therefore,
{weV iwg =vpg =u}N{weV:iwg=u}=10

in contradiction to the fact that A’ is not empty and ay, = v’ and a’y = u
holds for every element o’ € A’. So, we may assume that, with B, B, x, 2’ as
chosen and

vi=2xp, U=y V=

A={yeX: d(X|B\e)(1’>y) =0}, A ={yeX: d(X|B|£)(x,7 y) =0}

as defined above, the following assertions all hold:

T, U =1y,

B ={u,v}, B ={uJ,v'},

v=1xp, u=ry=1p=up,

V=1 =vp =up, u =2,
reA={yeX :yp=v}={ye X :yp =0},
reA={yeX yp=u}={ye X :yp=u},

AUA =X, AnA =10,
V=A{weV :iwg=v}U{weV:wg=u},

13



{weV iwg =u}nN{weV :iwg=v}=0

Furthermore, A N A" = () implies that there can be no y € X with yg = u
and yp = v'. In particular, there can be no y € X with y = u as this would
imply that yp = up = v and yg = up = v'.

Consequently, there must be at least three edges e, es,e3 in E that all
contain u. So, one of these, say e; must be distinct from {u, v} and the edge
{po(u,u"), p1(u,u')}, the first edge on the shortest path

PG(% u/) = (pU(ua ul> =1u,p1 (U, u/)> cee 7pk(u7 u/) = u/)

from u to «' (which cannot have length 0 as u must be distinct from u' in
view of v/ = up).

Now, let u” denote the unique vertex in e; with v’ # u, and let B” denote
the unique block with e; C B”. Clearly, u is the gate in B for every element
in B” and the gate in B” for every element in B. So, gate (u") C gatey'(u)
must hold. Further, v" = up is the gate in B’ for every element in B”, and
we must also have gate, (u”) C gatep, (v) because u” cannot be the gate
in B” for the vertices in B’ as, being connected by an edge to u and distinct
from the first vertex p; (u, v') in the shortest path from u to «’/, it cannot be a
member of the shortest path pg(u,u’) in G from u to w'. However, choosing
any y € X with ypr = «” (which must exist in view of Lemma 3.2), this
would imply yp = u and yp = v’ which however, as observed already above,
is impossible in view of AN A’ = 0.

So, given any two distinct blocks B and B’ in B(G), the two associated
metrics d(x|pj) and d(x|p/¢) cannot be linearly dependent.

Altogether, this establishes Theorem 3. 1

4 From Compatible Collections of Metrics to
Block Realizations

Next, assume that D is a compatible decomposition of a proper metric D
defined on a finite X.

Noting that the collection {~;: d € D} is a compatible collection of
equivalence relations defined on X — i.e. (cf. [9]), a collection of equivalence

14



relations defined on X such that, for any two of its members, say ~4 and ~g,
there exist equivalence classes C' € X/ ~4 and C' € X/ ~g with CUC" = X
— it follows from [9] (cf.also [15, Section 4.3]) that one can always find a
finite tree T'= (Vir, E7) with vertex set Vi and edge set Epr C (V2T) and two
maps

p: X —>Vrpand k: D — Vp

such that
° #(e N R(D)) < 1 holds for all e € Er,

e and d(x,y) > 0 holds for two points z,y € X and some d € D if and
only if the (unique!) shortest path pr(z,y) from ¢(x) to ¢(y) meets
the point x(d).

We begin by collecting some simple consequences of this observation that
have not been included explicitly in [9]:

(i) It is obvious that the images ¢(X) C Vi and k(D) C Vi of ¢ and K
must be disjoint because, if x = k(d) would hold for some x € X and some
d € D, the path pr(z,y) would meet the point x(d) even in case y := x in
contradiction to the fact that d(z,y) = d(z,x) = 0 holds in this case.

(i) In consequence, k and ¢ must both be injective:

Indeed, d,d’ € D, d # d’, and r(d) = k(d’) would imply that d(x,y) =0 <~
d'(z,y) = 0 and, therefore, z/d = z/d' would hold for all z,y,z € X. So, the
fact that we have assumed that some zg,yo € X with X = xy/dUy,/d’ exist
implies that also X = z/dUy/d = yo/dUys/d must hold, implying in turn
that the two subsets xg/d = x¢/d' and yo/d = yo/d’ must form a split S of
X and both, d and d’, are scalar multiples of the associated split metric dg
in contradiction to our assumption that no two of the metrics in D are linear
multiples of each other.

And z,y € X and ¢(x) = ¢(y) implies that d(z,y) = 0 must hold for all
d € D and, hence, r = y in view of zy =}, ., d(z,y) = 0. More generally,
it follows from this argument that any path from z to y must meet at least
one point in k(D) in case x # y.

So, from now on, we will assume that, as above, the set X is a subset of
Vr and that ¢ = Idx holds.

(iii) We then must also have k(D) C Vi, = {v € Vp : degp(v) > 1}
because no shortest path between two vertices distinct from a leaf would
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ever meet that leaf while none of the equivalence relation ~; (d € D) can
be the trivial equivalence relation.

(iv) So, without loss of generality, we can also assume that all leaves of T’
are contained in X because we can always eliminate any leaf not contained in
X and its pending edge without (seriously) interfering with our assumptions.
Similarly, we can assume that no edge e = {u,v} € Er with e N k(D) = ()
exists as we can always contract any such edge without (seriously) interfering
with our assumptions. And we can always insert a vertex in-between any two
distinct vertices from k(D) forming an edge.

(v) So, altogether, we see that, given a compatible decomposition D of a
proper metric D defined on a finite X, we can always find a finite tree

T=T(D) = (VT(D)v ET(D))
and an injective map « from D into the vertex set V(D) of T(D) such that
e X and k(D) are disjoint subsets of V(D) implying that
Vp := Vr(D) — k(D)
contains X,

e X contains all leaves of T,

e #(eNk(D)) =1 holds for all e € Ex(D), i.e., the bipartition of V(D)
into the subset Vp and its complement (D) is a bipartition of the
vertex set V(D) of the tree T(D) into two disjoint subsets such that
all leaves of T are contained in Vp and #(e N Vp) = 1 holds for all
e € Er(D), and

e d(z,y) # 0 holds for two points =,y € X and some d € D if and only
if the shortest path pr(z,y) from x to y meets the point x(d).

Next, recall that, given a tree T = (Vp, E7), there is exactly one bi-
partition Il = Ilp of its vertex set Vp into two disjoint subsets such that
#(eNV) =1 holds for all edges e € Ep and each subset V' € Iy, and
that associating, to any subset V' € I, the graph Gy = (V, EV) where Fy,
denotes the subset of (%) consisting of all 2-subsets {u, v} of V for which the
shortest path pr(u,v) from u to v in T has length 2 (i.e., for which there ex-
ists some (necessarily unique) vertex w € Vp — V with {u, w}, {v,w} € Er),
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one obtains a block graph whose blocks correspond, in a one-to-one fashion,
to the vertices in Vp — V that are not a leaf of 7' — a block of cardinality N
corresponding to a vertex of degree N.

In particular, one can recover T' up to canonical isomorphism from Gy
in case V' contains all leaves of T', implying that this construction gives rise
to a canonical one-to-one correspondence between (isomorphism classes of)
finite block graphs on the one, and finite trees 7' for which one of the two
subsets in Il contains all leaves of 7" on the other (see also [4, Section 2]).

Moreover, a vertex v € V is a cut point of Gy if and only if v is
not a leaf of T" and, given any two vertices u,v € V, the shortest path
pPay (u,v) between u and v in Gy can be obtained from the shortest path

pr(u,v) = (po = u,wi,p1,Ws, P2, ..., W, P = v) between u and v in
T by just eliminating every second vertex in that path, i.e., the vertices
wy, W, . .., Wy that are contained in Vp — V.

It follows that, with D, T' = T(D), Vr(D), Er(D), Vp, and & as above,
assigning to D the block graph

GD = GVD = (VD,ED = EVD)

(as defined above), and to any edge {u,v} € Ep the (well-defined!) length
lp(u,v) := d(z,y) where d is the unique metric in D for which the two pairs
{u, k(d)} and {v, k(d)} are edges in Er(D), and = and y are chosen in X so
that w is the first vertex traversed by the shortest path pr(k(d),z) from x(d)
to x in T, and v is the first vertex traversed by pr (/@(d), y), we obtain a block
graph Gp whose vertex set contains X, together with a length-assigning map
lp: Ep — Rog: {u,v} — lp(u,v).

We claim

Theorem 4 Given a compatible decomposition D of a proper metric D de-
fined on a finite X, the block graph Gp := (Vp, Ep) together with the embed-
ding p :=1Idx of X into Vp and the length assignment map {p : Ep — Ry
1s a block realization of D.

Proof: We have to show that zy = Dy, (z,y) holds for all z,y € X and that
every vertex in Vp — X has degree at least 3 and is a cut point of G.

To establish the first claim, consider the shortest path
pT(fE,y) = (pO = T,W1, P1, W2, P2, - - -, Wiy, P -= y)
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between z and y in T' = T'(D) and the associated shortest path

P (2,y) = (Pos D1, - - - k)

between x and y in Gp. Next, choose metrics dy, ..., d; € D with k(d;) = w;
for all i =1,2,...,k, and note that d;(z,y) = lp(p;—1,p;) > 0 will then hold
for all i = 1,2,...,k, while d(z,y) = 0 will hold for all d in the complement
D —{diy,ds,...,d} of {dy,da,...,dp}. Thus, the length k = k(z,y) of the
path coincides with

k
Dy (2,y) = Z Up(pi-1,pi)
i=1

= Z di<x7y)
= > dxy)

deD,d(z,y)#0

= > d(z,y)

deD
= :L’y

for all z,y € X, as required.

It remains to show that every vertex in Vp — X has degree at least 3 and
is a cut point of Gp. However, as none of the vertices in Vp — X is a leaf
in T'(D), all these vertices must be cut points in Gp. And if there would
be a vertex v € Vp — X that has degree 2, let v; and vy denote the two
vertices in Vp with {v, v}, {v, v} € Ep, and let Dy, Dy € D denote the two
metrics in D with {v, x(D1)},{v,x(D2)},{v1, k(D1)}, {ve, k(D2)} € Er(D).
Clearly, By := {v,v1} and By := {v,v2} must be two blocks of cardinality 2
implying that the two partitions of X/D; and X/Ds must be splits of X and
that the two metrics D; and D, must be scalar multiples of the associated
split metrics dx/p, and dx/p,. However, X/D; consists of the two subsets
gate! (v) and gatey! (v1), and X/D, consists of the two subsets gatey. (v)
and gatey! (v2) and, in view of vg, = (v2)p, = v and vg, = (v1)p, = v, we
must have

gate! (v1) C gatey. (v) = X — gatey! (vs)

and
gategzl (vy) C gate]_gi(v) =X — gate]_gf(vl)
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while, in view of v ¢ X and degg_(v) = 2, there can be no x € X with
xp, = xp, = v. So, we must also have gatey! (v)Ngatey! (v) = 0 and, there-
fore, gatey!(v;) = gatey,(v) and gatey!(v;) = gatey! (v) implying that
X/D; = X/Dy must hold. Thus, D; and Dy would both be scalar multiples
of the same split metric 6x/p, = dx/p, in contradiction to our assumption
that Dy and D, are linearly independent. This concludes the proof of Theo-
rem 4. 1

5 Back and Forth: The Problem of Unique-
ness

In this section, we want to establish the following result:

Theorem 5 Given a proper finite metric space M = (X, D), a compatible
decomposition D of D, and a block realization (G,¢,Idx) of D, one has
D = D(Idx|G|¢) if and only if (G,¢,1dx) is isomorphic to (Gp,{p,Idx),
i.e., there exists a (necessarily unique) bijection o from the vertex set Vp of
Gp onto the vertex set Vg of G such that a(x) = = holds for all x € X,
a 2-subset {u,v} of Vp is an element of the edge set Ep = Ev, of Gp if
and only if {a(u), a(v)} is an element of the edge set Eg of G, and {p(u,v)
coincides with {(a(u), a(v)) for all u,v € Vp with {u,v} € Ep.

Proof: 1t is an immediate consequence of the description of the construction
of Gp and ¢p provided in the previous section that D = D(Idx|G|¢)must
hold in case (G, /¢,1dx) = (Gp, {p,Idx).

So, it remains to establish the following proposition:
Proposition 5.1 Given two block realizations
(Gy,0,,1dx) and (Ge,/ls,Idx)
and a compatible decomposition D of D with
D = D(G1]t[Idx) = D(Ga|l2|1dx),

there exists
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(1) a (necessarily unique) bijection o from the vertex set Vi, of Gy onto
the vertex set Vi, of G such that a(x) = x holds for all x € X,

(i) a 2-subset {u,v} of Vi, is contained in the edge set Eg, of Gy if and
only if {a(u), a(v)} is is contained in the edge set Eg, of Ga ,

(iii) and 6 (u,v) = o (a(u), a(v)) holds for all u,v € V with {u,v} € Eg,.

To establish this proposition, note first that, there exists, for every metric
d € D, unique blocks By = B;(d) € B(G:) and By = Bs(d) € B(G2) with
d = d(1dy|B,|6,) = ddyx|B.Je») iIMmplying that there exists a unique bijection ap
from B(G1) onto B(Gs) such that

(i) ag(By) = Bs holds for some B; € B(G;) and some By € B(G3) if and
only if there exists some d € D with By = B;(d) and By = Bs(d),

(ii) the maps
gatep |x : X — By 12— xp, and gatep |x: X — By:x— xp,

induce canonical bijective isometries from M5 = (X/d, d) onto the met-
ric spaces My, (By) = (By,(?") and My, (By) = (By, (5?),

(iii) implying also that there exists a bijective isometry ap, : By — Bs from
My, (By) onto My, (B3) defined by mapping any v; € B; onto the unique
element vy € By for which v9 = xp, holds for some —or all —x € X
with v; = zp,.

Further, given an element v; € Vi, and two distinct blocks By, By in B(Gy)
with v; € By N By, we claim that vy := ap, (v1) coincides with vy := ap(v1).

To prove this assertion, we first establish the following

Lemma 5.2 Given a compatible decomposition D of D, the following holds:

(a) Given any two distinct metrics d,d' in D, there exists exactly one pair
(C,C") of equivalence classes C = C(d|d') € X/d and C" = C(d'|d) € X/d’
whose union coincides with X.

(b) Given, in addition, any two points x,y € X with d(z,y),d (x,y) # 0,
one has either

z/d=C(d|d) and y/d = C(d'|d)
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or

y/d=C(d|d) and z/d = C(d|d),

but never x/d = z/d and y/d =y/d'.
Furthermore, the first assertion x/d = C(d|d’) and y/d = C(d'|d) is equiva-
lent with each of the following seven assertions

(i) z/dUy/d = X,

(ii) z € C(d|d),

(iii) y € C(d'[d),
(iv) @/d C x/d and y/d C y/d,
(v) z/d C z/d, or x/d =z/d and y/d C y/d,
(vi) z/d C z/d, or x/d = x/d and d’ is a split metric,

)

(vii) x/d C x/d, or x/d' = x/d and y/d C y/d .

(c) In particular, the binary relation “XY” defined on the set
Daly) = {d = d <= o/d Cz/d and y/dC y/d

for any two metrics d,d" € D(z|y) is a linear order on D(x|y).

Proof: (a) Assume that C; U C] = Cy U CY% = X would hold for some C, Cy
in X/d and C},C% in X/d' with, say, C; # Cy. Then, also

X=0C,UC,C(X-CHuC,CCciuc,

would hold, implying that also C| and C! cannot coincide. Thus, we would
get

CCX-CiCCICX—-CyCC
and, therefore, Cy = C,Cy = C} and X/d = X/d' = {C}, Cs} in which case
S = {Cy,Cy} would be a split of X and both, d and d’, would be scalar

multiples of the associated split metric dg in contradiction to the fact that d
and d' are supposed to be linearly independent.

(b) Note first that X = C(d|d')UC(d’|d) implies that z € C(d|d") and, hence,
z/d = C(d|d’), or z € C(d'|d) and, hence, z/d = C(d'|d) must hold for all
ze X.
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So, as d(x,y),d (z,y) # 0 implies x/d # y/d and x/d' # y/d', either x/d =
C(d|d") and y/d = C(d'|d) or z/d = C(d'|d) and y/d = C(d|d") must hold
for all z,y € X with d(x,y),d (z,y) # 0 while x/d = z/d and y/d = y/d’
can never hold in view of the fact that, according to (a), there can be only
one pair of subsets C' € X/d and C' € X/d' with CUC" = X.

Thus, assuming that z/d = C(d|d’) and y/d = C(d'|d) holds, it is obvious
that also the assertions (i) to (iii) must hold while none of these assertions
can hold in case y/d = C(d|d') and x/d’ = C(d'|d). So, all of these assertions
must indeed be equivalent with the assertion that x/d = C(d|d’) and y/d" =
C(d'|d) holds.

Further, (i) implies x/d' C X —y/d' C z/dand y/d C X —z/d C y/d , i.e., (i)
implies (iv) while, conversely, if (iv) holds and (i) would not hold, we would
have X = z/d' Uy/d and, hence, z/d C x/d" and y/d’ C y/d which together
with (iv) would imply x/d = z/d and y/d = y/d which, as observed above,
is impossible. So, (i) is indeed also equivalent to (iv).

It follows from the same observation that (iv) implies (v), and it is obvious
that x/d" = z/d together with x/d U y/d" = X implies X/d' = {z/d’,y/d'}
and, hence, that d’ is a split metric. So, (iv) implies (v) and (vi).

Next, it is trivial that (v) implies (vii) while (vi) implies that either z/d" C
x/d holds or z/d = x/d and, therefore, y/d C X —2/d C X —z/d =y/d.
So, also (vi) implies (vii).

And finally, if (vii) holds and (iv) would not hold, we would have z/d C x/d’
and y/d C y/d and, therefore, x/d = z/d" and y/d" = y/d which, as we
know, is impossible. So, (vii) also implies (iv), as claimed

(c) Tt follows immediately that the binary relation “<¥” defines a linear or-
der on D(z|y): “=xY” is transitive as d,d’,d" € D(z|y), d' <Y d and d" <Y d'
implies z/d" C z/d" C x/d and y/d C y/d C y/d" and, hence, d” <¥ d (in
view of ((b),iv)). “=¥” is a partial order as d’ <% d and d <¥ d’ implies
x/d = x/dand y/d = y/d and, hence, d = d' for all d,d’ € D(x|y). And it is
a linear order as either d = d' or d’ <Y d or d <¥ d’ holds for all d,d’ € D(z|y)
in view of the first assertion in (b). 1

Now,

(i) assume that (G, ¢, Idx) of D is a block realization for which D coincides
with D(Idx|G|¢),
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(ii) consider the shortest path

pc(z,y) = (po == po(z,y),p1 == p1(2,y), ..., pr = Pi(2,Y))
from x to y in G of length k = kg(z,y) = #D(x|y),
(iif) let |
B':= B(i: z|y)
denote the unique block in B(G) with {p;_1,p;} C B’, and

(iv) let d; := d(pij,) denote the metric in D corresponding to B,

implying that D(z|y) = {d1,ds, ..., dx} must hold.

We claim:

Lemma 5.3 One has d; =Y d; for some i,57 € {1,2,...,k} if and only if
1 < 7 holds.

Proof: To simplify notation, denote the gate vg of any v € V; relative to
any block B € B(G) also by B(v). Clearly, we have

B'(z) = B'(po) = B'(p1) = - = B*(pi—1) = pi—1

and
pi = Bi(pz‘) = Bi(pi—i-l) == Bi(pk) = Bi(@/)‘

Thus, according to (B6), we must also have

X={ue X :d(z,u)=0}U{ue X :di_1(y,u) =0} =x/d; Uy/d;—1
and therefore also z/d; 1 C xz/d; and y/d; C y/d;_1, i.e., di_1 <Y d; for all
1=2,3,...,k as claimed. 1
In consequence, referring to the terminology introduced in Proposition 5.1,
also the following must hold:

Corollary 5.4 Given a compatible decomposition D of D and two block re-

alizations
(Gl, 61, Idx) and (GQ, 62, Idx)
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with

the order in which the shortest path from x to y in either Gy or Gy traverses
the blocks of Gy and Go is respected by the bijection ag : B(Gy) — B(G3),
if this path traverses the blocks in B(G1) corresponding to metrics in D(x|y)

in the order BY, B2, ..., B*, it traverses the blocks in B(Gy) corresponding to
those metrics in the order ag(B'), ag(B?),..., as(B").

Continuing with the terminology introduced in Proposition 5.1, let us now
return to the proof of our claim that, given an element v; € Vi, and two dis-
tinct blocks By, By in B(G;) with v; € By N By, the vertex vy 1= ap, (v;)
coincides with vy := ap/(v1). To simplify notation, put By := agp(B)
and By := ap(B}), and recall that ap, (v1) and ap(v;) are determined by
first choosing some z,y € X with By(y) = Bj(z) = v; and then putting
ap, (v1) = Ba(y) and ap (v1) = By(x).

Next, note that we may choose x and y as follows: First, we choose some
u € By —{v} and some v’ € B} — {v;}, and then we choose x,y € X so that
Bi(z) = u and B/ (y) = v holds.

According to (B7) (replacing w by = and w’ by y, and putting v = v' := vy),
this implies Bj(z) = Bi(y) = vy, as required. Furthermore, it follows from
the fact that the terms

Df(uavl) = Df(Bl(x)a Bl(y)) = d(Bl\&)(x’y)

and
D((,Ul?y) = Dﬁ(Bi(x)vBi(y)) = d(Bi\€1)($ay)

in the sum
Dy(z,y) = Dy(x,u) + Dy(u,v1) + De(vy,u') + De(u, y)
do not vanish that the shortest path
P, (,y) = (. y) = 2, py(2,9) -, () = y)

from z to y in Gy of length k = #D(z|y) must pass through the vertices
u, vy, (in that order), that is, there must exist some index iy € {1,2,...,k—

1} with p}ofl(x,y) = u, pilo(x, y) = vy, and p}oﬂ(x,y) =
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Thus, denoting, for all ¢ = 1,...,k, the block B € B(G;) that contains

pi_i(z,y) and p}(z,y) by Bi(i : x|y), we must have B; = B (i : z|y) and

Bi = Bi(ig+1 : z|y) while v; is the unique vertex in Vg, that is contained in

the intersection of By (ig : z|y) and Bi(ig + 1 : z|y). Consequently, we have
_ ol

vy = p;, and

Bi(l’) - Bi (p(l)(x7y)) = Bi(pi(x,y)) == Bi(p,}o(.l’,y)) :pllo =0
as well as
vy = pzlo = B (pzl()(‘r’y)) =B (p%0+1($>y)) =--=hB (p,lg(x,y)) = Bi(y).

Furthermore, the corresponding sequence

By(1: zly) := ozg(Bl(l : m|y)), oo, Ba(k i xly) = aB(Bl(k: : a:|y))

of blocks in G5 must exactly coincide with the sequence of blocks in GG, that
are traversed by the shortest path

pG’g(xa y) = (p(Q](xa y) = xapf(xa y)7 s 7pi('ra y) = y)
from z to y in G,. In particular,
Bs(io : x|y) = ag(Bilio : zy)) = as(Bi) = By

and
Bs(ig+1: zly) = ag(Bi(io+ 1 : zly)) = as(B)) = B

must hold which in turn implies that also

ap(v1) = By(x) = By(pi(2,y)) = By (pi(x,y)) = -~ = By(pi, (2, 9)) = pi,
as well as
Pgo = By (pilo (z, y)) = By (PZZOH(% y)) == By (Pi(l?y)) = By(y) = ap, (v1)

must hold and, hence, vy = ap(v1) = p;, = ap(v1) = v} as claimed.

It is now easy to finish the proof of Proposition 5.1: For every block B in
B(G4), we have a length-preserving bijection ap, from B; onto ag(Bi) for
which ap, (2p,) = Tay(p,) holds for all x € X. And we have just seen that
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any two of these bijections coincide on all those vertices in Vi, on which both
of them are defined.

Thus, together, they give rise to a unique bijection from Vi, onto Vg, that

is easily checked to satisfy all the conditions stated in Proposition 5.1. 1

The following consequence of our results seems worth mentioning:

Corollary 5.5 Given a block realization (G, ¢, Idx) of a proper finite metric
D, a point x € X, and a block B € B(G), the following assertions are
equivalent:

(i) one has x € B,

(ii) one has x/duax|Bje) € /daax|pe) for all blocks B' € B(G) — {B} with
x/duay B U r/daay sy # X and, in addition, either x/day B #
x/duay e for all such B or #B = 2,

(iii) one has duayse 2% d' for ally € X —{z} and all d' € D(xly),

iv) there exists some y € X — {x} such that diga. ey XY d' holds for all
(Idx|Bl6) 2z
d € D(z|y).
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