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Abstract

Based on the y-model, the BGK scheme and the time-dependent gas distribution function, we
present an efficient second-order gas-kinetic BGK scheme for compressible multicomponent flows on
unstructured meshes. The second-order accuracy of the scheme is achieved by including slopes in the
reconstruction step and the efficiency lies in the fact that the slopes in a cell are constructed by using
the information in the cell only. Using the explicitly constructed time-dependent gas distribution
function, we can obtain in addition the values of the flow variables at cell edges of the cell, which
together with the cell averaged values make it possible to construct the slopes of the flow variables
in the cell, avoiding the use of the values from neighboring cells in the usual process. Thus, with the
stencil of a first-order scheme, we construct a second-order gas-kinetic scheme. Numerical examples
illustrate the accuracy and efficiency of the scheme.
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1 Introduction

In recent years, the development of Boltzmann-type schemes has attracted much attention. The success
of such schemes has appeared in a wide range of applications, see [13, 14, 6, 16] for example. Among the
Boltzmann-type schemes, the equilibrium-flux method (EFM) has been intensively studied [18]. EFM is
flux splitting and is also referred to as a kinetic flux vector splitting (KFVS) scheme. With the inclusion
of a Boltzmann collision model, the BGK model, in the flux evaluation process, the gas-kinetic BGK
scheme has been proposed in [17, 24] (also see the survey article [25]). The BGK scheme differs from the
KFVS method mainly in the inclusion of particle collisions in the gas evolution stage. Instead of solving
the collisionless Boltzmann equation, the BGK scheme uses a collisional BGK model which approximates
the Boltzmann collision operator when it is near equilibrium. Since the gas evolution process is associated
with a relaxation process, i.e., from a non-equilibrium state to an equilibrium one, the entropy condition is
satisfied by the BGK scheme. Once the physical structure can be well resolved by the numerical cell size,
the BGK scheme automatically gives an accurate compressible Navier-Stokes solution in smooth regions,
while in the discontinuous regions, the delicate dissipative mechanism in the BGK scheme generates a
stable and crisp shock transition.

Numerical schemes for multicomponent flows associated with discontinuities and shock waves have
been one of the most important topics in computational fluid dynamics. In the last decades great progress
has been made, and a number of schemes have been proposed in the literature. Among them are meth-
ods which use an extended conservative system of governing equations, where additional conservation
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equations are introduced to the original fluid dynamical equations to describe the conservation of pa-
rameters such as the level set functions, the mass fractions and the ratio of specific heats (y-model) in
the mixture, see [1, 9, 21] and among others. In order to maintain pressure equilibrium and positivity
of the mass fractions, and eliminate spurious oscillations and computational inaccuracy near interfaces
which are observed in some numerical computations obtained using these conservative methods, several
non-conservative approaches to capture the contact discontinuities using an additional non-conservative
governing equation are proposed, see [1, 22, 23] for example.

In [7], the authors of this paper proposed a first-order gas-kinetic BGK scheme on structured meshes
for compressible multicomponent flows by incorporating a conservative y-model given in [1] into the BGK
scheme introduced in [17, 25]. The reason why we used the y-model to capture the motion of interfaces
is that in the framework of the BGK scheme and the process recovering the original equations by using
local equilibrium states, for multicomponent fluids, the y-model in the conservative form, which governs
the motion of interfaces, can be (easily) incorporated in the BGK scheme. In [8] the authors extended
the first-order y-model BGK scheme proposed in [7] to the second-order one on structured meshes.

In this paper we construct an efficient second-order gas-kinetic BGK scheme for compressible mul-
ticomponent flows on unstructured meshes, extending thus the scheme of [8] to unstructured meshes.
Furthermore, our scheme is computationally cheap and efficient. For the sake of clear presentation, we
will restrict the construction of our scheme in two spatial dimensions only. However, the scheme of this
paper can be extended to three spatial dimensions without any essential difficulties. The basic idea in
the construction of our efficient kinetic scheme lies in that we can extract more information from the
time-dependent gas distribution function within a cell which, together with the cell averaged values of
the flow variables, makes it possible to obtain slopes of the flow variables in the cell. More precisely, at a
cell interface, with the help of the explicitly constructed gas distribution function f we can evaluate not
only the fluxes at a time step but also the value of the flow variables at the next time step. Thus, we
can update the slopes by using the cell averaged value and the cell interface value of the flow variables
in a cell. Therefore, with the stencil of a first-order scheme, we can construct a second-order gas-kinetic
scheme. This avoids using the value of the conservative variables from appropriate neighboring cells in
the construction of the slopes in the usual process (see [11, 14] for example). Consequently, we get an
efficient discontinuous gas kinetic BGK scheme, which is computationally cheap, efficient and easy in
coding. As is well-known, it is sometimes very difficult to choose a suitable stencil to construct slopes of
the flow variables on unstructured meshes. We mention that in [15] a similar idea was used to construct
kinetic schemes for steady and unsteady single-component flows on unstructured meshes.

This paper is organized as follows: In section 2, the gas-kinetic 7-BGK model for compressible mul-
ticomponent flows is presented. Section 3 is devoted to the construction of the efficient second-order
kinetic scheme on unstructured meshes. In Section 4 we present some numerical examples to validate our
scheme in the numerical simulation of compressible multicomponent fluids. A conclusion remark is given
in the last section.

2 ~-Based BGK model for compressible flows

In this section, we derive the y-based BGK model in two spatial dimensions. In [1] Abgrall introduced
a non-conservative y-model approach to capture contact discontinuities of two fluids using an additional
non-conservative governing equation for the specific heat ratio v in two spatial dimensions:
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where U and V are the macroscopic velocities in z- and y-directions respectively. According to the
analysis in [1], pressure equilibrium across an interface can be achieved using the equation (2.1), while
an earlier y-model scheme [21, 9] uses « instead of 1/(y — 1) and may result in pressure oscillations in
the vicinity of the interface. We should point out here that the equation (2.1) is actually derived for a



scheme of Godunov-type (cf. [1]). For the scheme of the present paper, however, the numerical examples
show that the equation (2.1) performs better than the earlier y-model. Hence, we use (2.1) in our scheme
for multifluid computations.

The equation (2.1) can be easily written in the following conservation form, using the conservation

law of mass 5 5 - 5 -
ot <7—1>+3w <7—1>+8y <7—1> . (2.2)

Next, we add (2.2) to the Euler equations and discuss the corresponding BGK model from which the
Euler equations coupled with (2.2) can be recovered. The reason why we use the conservative form (2.2)
instead of the non-conservative form (2.1) is that (2.2) can be easily incorporated in the framework of
the BGK scheme.

The BGK model in two spatial dimensions can be written as (see, e.g., [2, 3, 26])

fotufo +vf, = g, (2.3)

where f is the gas distribution function and g is the equilibrium state approached by f, (u,v) is the
particle velocity, both f and g are functions of x,¥,t,u,v and the internal variable £, z, and the internal
variable z is related to 7, the particle collision time 7 is related to the viscosity and the heat conductivity
coefficients. We should point out here that the dependence of f on the additional variable z makes it
possible to recover the extended Euler equations (2.6) in which an interface is captured by using the
equation (2.2). The equilibrium state g is usually assumed to be a Maxwellian distribution. In order to
recover the extended Euler equations (2.6), the the Maxwellian distribution should have the form:
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where p is the macroscopic density, Z = 1/(y—1) is related to the equation (2.2), and A = m/(2kT) with m
being the molecular mass, k is the Boltzmann constant and T is the macroscopic temperature. The total
number of degree of freedom K in ¢ is equal to (5—3v)/(y—1)+ 1, and &2 denotes &> = &2 + &3 +- - -+ &%
The relation between the mass p, the momentum pU, pV, the energy E, pZ and the distribution function
is given by

(p, pU, 0V, B, pZ)" = / bfdz, (2.5)

where

T
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and d= = dudvdzd{ is the volume element in the phase space with d¢ = d&; - - - dék.

Since the mass, the momentum and the energy are conservative during particle collisions, f and g
satisfy the conservation constraints

/(g — Yad=2 =0, a=1,2,3,4,5
at any point in space and time.

For a local equilibrium state with f = g, the extended Euler equations can be obtained by taking the
moments of ¢ to the equation (2.3). This yields

/¢0&(gt + UGz + Ugy)dE = 07 a = 1727374757



and the corresponding extended Euler equations (coupled with (2.2)) are

p pU pV
pU pU? +p pUV
oV | + pUV +| pV2+p =0, (2.6)
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where E = $p(U? 4+ V? + £1£2) is the total energy and p = p/(2)) is the pressure.

To the first order of 7, the Chapman-Enskog expansion gives f = g — 7(g: + ug. + vg,) . We take
the moments of ¢ again to the equation (2.3) with this f to get the following compressible Navier-Stokes
equations with a dynamic viscous coefficient u = 7p, coupled with (2.2),
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Remark 2.1 The gas-kinetic method in [26] can completely recover the macroscopic internal energy for

a perfect gas. More specifically, the flow internal energy %pKQ—f is exactly recovered to be % through

p=d and K = % + 1, where K is equal to the total number of degree of freedom of the internal
variable £ for a perfect gas, as v = (n + 2)/n with n being the degree of molecular freedom. However, in
the mizing layers, the relationship of v = (n + 2)/n may not be maintained, and hence, 51317 could be no
longer an integer. Thus, the total number of degree of freedom of the internal variable & may not be equal

to 5;%17 + 1 anymore. Consequently, this could lead to the flow in the interfacial region like a real gas.




3 An efficient second-order y-model BGK scheme on unstruc-
tured meshes

In this section, we present an efficient second-order gas-kinetic scheme on unstructured meshes for com-
pressible multicomponent flows. First, we notice that the general solution f of (2.1) at any point ¥ = (z,y)
and time ¢ is given by

1t ;
f(mayatauav) = / g(wlaylatlauav)e_(t_t )/Tdtl + e_t/TfO(aj - Utay - ’Ut), (31)
T Jo

where ©' =z —u(t —t'), y' =y —v(t —t') and fy is the initial distribution function.
Let Q; denote a mesh cell with edges e;. The cell averaged conservative variables on the cell {; at
the nth time level are denoted by

wi = (p},p; U p; Vi Ef, p} Z7), (3.2)

and the slopes of the conservative variables in the cell j at the nth time level in the normal direction of
the three cell edges by (cf. Fig.1)

n n n
Sj-3/20  Sjji-1/20  Sjj+1/2- (3-3)

Taking moments to the BGK equation (2.3) with f = ¢ and integrating the resulting equation over
the cell ;, we get

/ /¢a(gt+ugx+vgy)dEdX:0, a=1,---,5,
Q;

where dX = dzdy, that is

d
—/ /wangdX+/ /(Ugm + vg,)d=dX =0,
dt Jo, o,

which gives

d
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er €EOQ;

where @ = (u,v)7, ej, is an edge of the cell Q; and n denotes the unit outward normal to e;. We write
(3.4) in the form of numerical fluxes as follows:

d -
E/Qj/@bagd:dX+ > Foee®ler] =0, a=1,---,5, (3.5)

er €00

where |eg| is the measure of ej, and Fy, ¢, is the numerical flux function across the cell edge ey corre-
sponding to the moment ¢,. The fully discrete form of the corresponding macroscopic flow equations of
(3.5) reads then

tnt1
W =l — / S FueaOlerl/1], (3.6)
tn ek€(9Qj

where |Q;| is the measure of ;.
Therefore, our numerical algorithm can be described as follows:

Given the cell averaged value w7, and the slopes 5?,1‘73/2’ S;'l,jfl/w S?’j+1/2 in the normal direction of the



cell edges at the nth time level (Set s" S

3i=3/2
J+'i1/2’ 5?;1-1/2 at the (n + 1)th time level.

=0, whenn =0). Find w?‘H st

n. = gn.
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55,

Next, based on the y-BGK model, we construct the numerical fluxes F,, ., in order to obtain w?'H
by (3.6). Roughly speaking, the numerical fluxes F, ., are obtained based on the construction of an
efficient 2nd-order y-BGK solver in the normal direction of the edge ey.

We begin with rewriting (3.6) in componentwise:

( tnt1
= [TX R/l
tn ek€(9Qj
tnt1
(pU)I+ = (pU)} —/ > Fove ®)lel/191,
tn ex €082;
1 fnt
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The first stage is to reconstruct the initial distribution function fo by using the values wj of the
macroscopic conservative variables. fo will be needed in the dynamical evolution stage below (the second
stage) for the computation of the gas distribution function f at a cell interface (cf. (3.1)).

By rotating the coordinates, we may assume the interface between the cell j and the cell j + 1 to be
Civ172 == {(®j41/2,¥); —a <y < a} for some a > 0 (see Fig.1), and without loss of generality we may
take ;1,5 = 0. For a compressible flow, the initial gas distribution fy at time ¢ = 0 is supposed to have
the form

g'[1+alz — r(a'u+ AY], =<0, (3.8)
o g l+a"x—71(a"u+ A")], x> 0. .
The equilibrium state g around (z = 0,y = 0,¢t = 0) is assumed to be
g=go[1+ (1 - H(2))a'z + H(z)a"z] + At, (3.9)

where H(z) is the Heaviside function, go is a local Maxwellian distribution located at = 0, g and g
have the same expression as that in (2.4). The coefficients a"",a@"", A" A in (3.8) and (3.9) are related
to the derivatives of the Maxwellian in space and time, and assumed to have the following form obtained
from a Taylor expansion of the Maxwellian:

Lr b Lr Lo, L
a"" =ay" +ay"u+ ay"v + 5(147"(712 +0° + &) + a2,

_ 1 1, 1, 1,
a" =ay" +ay u+ay v+ §a4r(u2 +0® + &) +ag"z,

1
AN = AV AFTu o AT+ S AT (0 40 4 6) 4+ AT,
_ _ 1— _
A=A+ Asu+ Aszv + 5A4(u2 + 0% + &%) + A5z,

where aéf’",aé-’r, AbT and A; can be determined by using the relation between the macroscopic variables
and the gas distribution function in the same manner as in [25], the known cell averaged values (3.2) and



slopes (3.3). For example, the coefficients aé- can be obtained by the following identity:
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where y 3
U=Ucos¢p+Vsing, V =-Using+ V cosg,

and ¢ is the angle of the normal direction, % is the differentiation in the normal direction of the cell

interface between the cell j and the cell j + 1 at the nth time level which is known and given by (3.3).
The coefficients Aé. can be computed by the compatibility conditions:

/(alu+Al)1pagldE =0, a=1,---,5,

. —1 . . .
and the coefficients A; by the conservative constraints over a time step:

At
/ /(g_f)llladtdE:O, a=1,---,5.
0
In this way, all unknown terms on the right-hand side of (3.8) and (3.9) can be determined. So, fo and
g are obtained.

Inserting ¢ and fo into (3.1) and recalling the definition of H(z), we obtain the gas distribution
function f at the cell interface I'j /2

f(l'j+1/2,t,u,1),£) = (]- - eit/T)go + |:T(_]- + eit/T) + teit/‘r] [alH(u) + ar(l - H(U))] ugo
r (i Cig /) Ago + et/ (1 - uta ) H(u)g'
+g%ﬁ(1—uufx1_zuu»gr+e—ﬁf(—rAUMuml—rAﬂl—fﬂuDgﬁ,

from which the fluxes across the cell interface I'; /5 are given then by

Fooex 1
Pff,ek u
F ot en :/u v f(Tj41/2,0,t,u,v,8)d=.
T 3 (W +v* + &%)
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Therefore, the numerical fluxes in the normal direction across the interface ey between the cell j and the
cell j + 1 (cf. Fig.1) can be written as

fp7ek fmek

Fot,er ]:90761;: (:05(15—.7-'p‘~,781c sin ¢

Fove, | = fp[}’ek sin ¢ + fpf/,ek coso | . (3.11)
-7:E,ek .7:E7gk

pr,ek pr,Ek



Finally, we use (3.7) and (3.11) to obtain the value of the conservative variables w?“ at the (n + 1)th
time level.

To finish the description of our algorithm, it remains to construct the slopes s"t', = snt!
33—3/2° “ji—1/2
s?ﬁ_l /2 for each cell. We should point out here that in the construction of our scheme, the crucial

point is that one can extract more information (e.g., the value of the conservative variables at the
points #;_5/2,%;_1/2,Zj41/2 on the cell boundary) from the two neighboring gas distribution functions
(see Fig.1), from which we can therefore evaluate not only the numerical fluxes but also the slopes
s?ﬁ3 /20 s?ﬁl /20 s?ﬁl /2 That means, we can use the information in a cell only to construct the slopes
at cell interfaces. This avoids using the values of the conservative variables from the neighboring cells in
the construction of the slopes, and therefore, the scheme is computationally cheap and efficient. As is
well-known, it is sometimes very difficult to choose a suitable stencil to construct the slopes of w?“ on
unstructured meshes.

Figure 1: Slope update: dots are the centroids, circles are the interface points

To get the slopes, we first note that the value of the conservative variables at the cell interface between
the cell j and the cell j + 1 at the (n + 1)th time level can be obtained as follows, by integrating the two
half equilibrium distribution functions of the cells j (denoted by g;) and j+ 1 (denoted by g.) (see Fig.2).

1 1
u u
w;fllﬂ :/ v gldE+/ v grd=
u<ti | L(u? 4+ 0% + €2) w>Un | L(u? + 02 + £2)

i ¥ (3.12)

u J—

T(u? + 02 + &%)
z

We point out here that the construction (3.12) is different from that in [15]. Instead of the two parts on
the left respectively right hand side of U; respectively U, of the gas distribution function f, we use here
two half Maxwellians g,, g.. We find that this kind of construction can eliminate spurious oscillations in
some cases, such as, when the velocity at a cell interface is larger than that in the neighboring cells at
the next time step, the slopes constructed as in [15] could cause spurious oscillations in the vicinity of
the interface. Hence, we use here the interface values given by (3.12) to remove possible oscillations near
the cell interface.

Consequently, the slopes of the conservative variables w? Lin the cell j at time step t,4; in the
normal direction of the cell interface between the cell j and the cell j + 1 can be obtained by taking

+
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Figure 2: Value of the flow variables at an interface: obtained by using two half Maxwellians of the cells j
(denoted by g;) and j + 1 (denoted by g,)

appropriate differences directly and using a limiter. Let

(@i — @) fdn_,

¥ (Wi, — wi ) fdn, :

jt1/z = \Wit1/2 St/ =
where w"T! is the average of w;lfll /2 and w;lf?)l /20 dn is the projection of d; ;1 /> in the normal direction,
and dn_ is the projection of d; ;_1/» in the normal direction, d; ;j, 1/ is the distance from the centroid
of the cell j to the interface point j 4 1/2, d; j_,/, is the distance from the centroid of the cell j to the
center between the interface points j — 1/2 and j — 3/2.

+1
)W”

j+1/2

—n+1

Wij-1/2

Figure 3: Slope s; jy1/2 for the cell j in the normal direction of the interface between the cells j and j + 1

Having had the slopes S;%j+1/2’ thus we can use van Leer’s limiter to obtain easily the slope s?jilm
of the conservative variables in the cell j in the normal direction of the cell interface between the cell j
and the cell j 4+ 1, see Fig.3. The slopes in the other two normal directions for the cell j can be obtained
in the same manner.

In summary, our numerical algorithm consists of three steps:

(1) Initial reconstruction: Use the cell averaged values of the conservative variables w; and limiters
to get the linearly interpolated values w;.

(2) Gas evolution stage: Use the initial data reconstructed from the first step to give an explicit

solution of the BGK model (2.3). More precisely, one constructs the initial distribution function fo and



the equilibrium state g from the reconstructed initial data, and thus obtains the general explicit solution
of the BGK model (2.3), from which one gets the numerical fluxes across cell interfaces.

(3) Construction of the slopes: Use the information in a cell only to construct the slopes of the
conservative variables in the normal direction of a cell interface.

4 Numerical examples

We now present three numerical examples, one one-dimensional and two two-dimensional multifluid
problems to demonstrate our scheme. In all the cases, the numerical time step is taken as

At = CFL\/|Q| /(max |u| + C),

where CFL is the CFL number and C' is the sound speed. In the following numerical examples, we take
CFL = 0.25 ~ 0.45.

EXAMPLE 1. Sod’s Shock-Tube Problem

This problem has been extensively studied (see, e.g., [9, 25]). It is a one-dimensional shock tube problem
with two different initial constant states in a tube with unit length:

(o0 =1,pU; =0,E; = 2.5, = 14),
(pr = 0.125, puUy = 0, Ep = 0.5, 7 = 1.2),

and the initial discontinuity is located at = 1/2. The computation is carried out on a uniform mesh
with 200 cells. The numerical results obtained using our efficient second-order scheme and the first-order
scheme are shown in Fig.5 and Fig.6 for the density and gamma. We see that the numerical results
obtained using the second-order scheme are generally in good agreement with the corresponding ones
given in [9, 25] using different schemes. Comparing our numerical results with the exact solution, the
second order scheme resolves obviously better than the first order scheme. In Fig.7 and 8 the computed
results by the second-order scheme with 200 and 400 cells are compared. We clearly see that as the grid
is getting refined, the numerical solution tends to the exact one.

ExampPLE 2. High Pressure Problem
This problem is taken from Abgrall’s paper [1] with initial data

(pr = 14.54903, pU; = 0.0, B, = 2.9¢7,~, = 1.67),
(pr = 1.16355, p,U, = 0.0, B, = 2.5¢5, 7, = 1.4).

From the numerical test point of view, this problem is difficult for multicomponent flow solvers due to
its large pressure variation, and is a good test for the accuracy and robustness of a scheme. Here in the
computation 1200 cells are used. The simulated results for the density, gamma, velocity and pressure
are shown in Fig.9-Fig.12, respectively. We see that comparing with the “exact” solution, our numerical
scheme is quite accurate. Moreover, the velocity and pressure are obviously smoother across the material
interface than those in [1].

EXAMPLE 3. A Mach 1.22 Shock Hits a R22 Cylindrical Bubble (see e.g. [12])

We examine the interaction of a Mach 1.22 planar shock wave with a R22 cylindrical bubble. A schematic
description of computational set-up can be found in [10], the initial flow distribution is determined from
the standard shock relation with the given strength of the incident shock wave. The bubble is assumed
to be in both thermal and mechanical equilibrium with the surrounding air. The non-dimensionalized
initial conditions are
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W= (p=1,U=0,V=0,P=1,y=1.4), preshock air,
W = (p=1.3764,U = 0.394,V = 0, P = 1.5698, v = 1.4), post-shock air,
W= (p=3.1538,U =0,V =0,P = 1,7 = 1.249), R22,

the reflection boundary conditions on the upper and lower boundaries are used. In the computation
105852 triangular cells with 53446 nodes are used. The results are shown in Fig.13 where the contours
of the density are given at three different times. The space-time location of the refraction wave, shock
wave, and transmitted wave, downstream and upstream edges of the bubble are shown in the Fig.4.
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Figure 4: Space-time location of the refraction wave, shock wave, and transmitted wave, downstream and

upstream edges of the bubble

Table 1.Velocity Comparison for R22 Bubble Test

Velocity(m/s) V, \A V, \'A V,
Experiment 415 240 540 78 73
Quirk& Karni 420 254 560 116 74

BGK 409. 242 550 20 72

Since the initial data are non-dimensionalized, in order to give a quantitative comparison for the velocity,
we have to compute the sound speed C. Recalling that p,, = 1.225kg/m?, Py, = 1.0101325 x 10°Pa, we

easily find that
C =+\/7Px/poo = 288.07Tm/s.

So, we can get the physical velocity V* from the numerical velocity V' by utilizing the relation
V* =V x C. In Table 1, we give a quantitative comparison of the velocity obtained by the y-model
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BGK scheme with the experimental data and the numerical results obtained by Quirk and Karni [20].
From the table we easily see that the computed results by the y-model BGK scheme are in very good
agreement with the experimental data and closer to the experiment than those in [20]. We also mention
that in [23] Shyue presented similar numerical results. However, Shyue used much more cells (3650 x 365)
than ours in his computation.

EXAMPLE 4. A Mach 1.22 Shock Hits a Helium Cylindrical Bubble (see e.g. [20, 12])

We consider the interaction of a Mach 1.22 planar shock wave with a cylindrical helium bubble. We use
the same grid as in Example 3, i.e., 105852 triangular cells with 53446 nodes. The bubble is assumed
to be in both thermal and mechanical equilibrium with the surrounding air. The non-dimensionalized
initial conditions are

W= (p=1,U=0,V=0,P=1,y=1.4), preshock air,
W = (p=1.3764,U = 0.394,V = 0, P = 1.5698, v = 1.4), post-shock air,
W = (p=0.1358,U =0,V = 0,P = 1,7 = 1.67), helium,

the reflection boundary conditions on the upper and lower boundaries are used. The results are shown
in Fig.14 where the contours of the density are given at three different times.

From Examples 3 and 4, it is easy to see that the numerical results obtained using the scheme of this
paper reproduce the large-scale structure of the corresponding results in [20, 4, 12] and of the experiments
described in [5].

5 Conclusion

In this paper, based on the y-model, the BGK scheme and the time-dependent gas distribution function,
we present an efficient second-order gas-kinetic BGK scheme for compressible multicomponent flows on
unstructured meshes. The second-order accuracy of the scheme is achieved by including slopes of the
flow variables, the initial distribution function and the equilibrium state in the reconstruction step, and
the efficiency lies in the fact that the slopes in a cell are constructed by using the information within
the cell only. Using the explicitly constructed time-dependent gas distribution function, we can obtain
in addition the values of the flow variables at cell edges of the cell, which together with the cell averaged
values make it possible to construct the slopes of the flow variables in the cell, avoiding the use of the
values from neighboring cells in the usual process. Thus, with the stencil of a first-order scheme, we
have constructed a second-order gas-kinetic scheme. Several numerical results obtained using the scheme
of this paper are presented which are compared with either the exact and benchmark solutions or the
experimental data. The comparison demonstrates the accuracy and efficiency of the scheme.
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Figure 5: Sod’s shock-tube problem: Density distribution, the lst-order and efficient 2nd-order y-model BGK
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Figure 6: Sod’s shock-tube problem: v distribution, the 1st-order and efficient 2nd-order y-model BGK schemes,
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Figure 7: Sod’s shock-tube problem: Density distributions computed using the 2nd-order scheme with 200 and
400 cells, compared with the exact solution

1.6

exact solution
——oe—— gamma 400
——-—— gamma 200

15

L |

1.4

=
w

LI L L O

gamma

1.1

0.9 1 1

Figure 8: Sod’s shock-tube problem: v distributions computed using the 2nd-order scheme with 200 and 400
cells, compared with the exact solution
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Figure 9: High pressure problem: Density distribution at time t=0.2
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Figure 10: High pressure problem: v distribution at time t=0.2
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Figure 13: Interaction of a shock with a R22 bubble: Density contours at three different times t=28, 42, 103.
105852 cells with 53446 nodes are used
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Figure 14: Interaction of a shock with a helium bubble: Density contours at three different times t=24,125,176.
105852 cells with 53446 nodes are used
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