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Abstract

The rise of bubbles in viscous liquids is not omalywery common process in many
industrial applications, but also an important fam#ntal problem in fluid physics. An
improved numerical algorithm based on the frontkiag method, originally proposed by
Tryggvason and his coworkers, has been validatathsigexperiments over a wide range
of intermediate Reynolds and Bond numbers usinguasymmetric model (Hua and
Lou, J. Comput. Phy222769-795, 2007). In the current paper, this nuna¢adgorithm

is further extended to simulate 3D bubbles risimgiscous liquids with high Reynolds
and Bond numbers and with large density and visgasitios representative of the
common air-water two-phase flow system. To fad#itdne 3D front tracking simulation,
mesh adaptation is implemented for both the froasimon the bubble surface and the
background mesh. On the latter mesh, the goveriNagier-Stokes equations for
incompressible, Newtonian flow are solved in a mgwieference frame attached to the
rising bubble. Specifically, the equations are sdlusing a finite volume scheme based
on the Semi-Implicit Method for Pressure-Linked Bgions (SIMPLE) algorithm, and it
appears to be robust even for high Reynolds numbedshigh density and viscosity
ratios. The 3D bubble surface is tracked explicii§ing an adaptive, unstructured
triangular mesh. The numerical model is integratgih the software package
PARAMESH, a block-based adaptive mesh refinemenvIRA tool developed for
parallel computing. PARAMESH allows background mestaptation as well as the
solution of the governing equations in parallel @nsupercomputer. Further, Peskin
distribution function is applied to interpolate tiaariable values between the front and
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the background meshes. Detailed sensitivity aralydiout the numerical modeling
algorithm has been performed. The current modeldtss been applied to simulate a
number of cases of 3D gas bubbles rising in visdmusds, e.g. air bubbles rising in
water. Simulation results are compared with expenital observations both in aspect of
terminal bubble shapes and terminal bubble vekxitin addition, we applied this model
to simulate the interaction between two bubblemgisn a liquid, which illustrated the

model’s capability in predicting the interactionndynics of rising bubbles.

Keywords Computational fluid dynamics; Incompressible flaviilltiphase flow; Bubble
rising; SIMPLE algorithm; Front tracking method; &ative mesh refinement; Moving
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1. Introduction

Multiphase flows are numerous in both everyday &ifel engineering practice [34].
Typical examples in nature include raindrops inamd gas bubbles in water, whereas
chemical reactions, combustion and petroleum medigire examples of multiphase flows
in industry. One very basic example of such flogv$hie rise of a single gas bubble in an
otherwise quiescent viscous liquid due to buoyanidye understanding of the flow
dynamics of this system is of great importance ngigeering applications and to the
fundamental understanding of multiphase flow phg/siRising bubbles have been studied
theoretically [8, 25], experimentally [1] as weld @omputationally through numerical
modeling [37]. While all these efforts have prowddes with valuable insights into the
dynamics of bubbles rising in viscous liquids, &hare still many questions that remain
unanswered due to the involvement of complex plydibe behavior of a bubble rising
in a viscous liquid is not only affected by physipeoperties such as the density and the
viscosity of both phases [6], but also by the stefgension on the interface between the
two phases and by the bubble shape evolution [R7H& difficulties in describing and
modeling the complex behavior of a rising bubble tar a large extent due to the strong
nonlinear coupling of factors such as buoyancy,faser tension, bubble/liquid
momentum inertia, viscosity, bubble shape evoluaod rise history of the bubble. In
addition, the physics of the behavior of bubblesfia three-dimensional nature. Hence,
most of the past theoretical works were done witht af assumptions, and the results are
only valid for certain flow regimes [25, 45]. Theperimental works were limited by the
available technologies to monitor, probe and setie® moving bubbles without
interfering with their physics [1, 40, 46].

With the rapid advance of computing power and tetbpment of robust numerical
methods, direct numerical simulations promise grpatential in extending our
knowledge of the fundamental system of a singleblalrising in a viscous liquid.
However, there are still great challenges and aliffies in simulating such a system
accurately. This may be attributed to the follogvfacts: (i) the sharp interface between
the gas bubble and the surrounding liquid should tiaeked accurately without
introducing excessive numerical smearing; (ii) $heface tension gives rise to a singular

source term in the governing equations, leading tsharp pressure jump across the



interface; (iii) the discontinuity of the densitgdaviscosity across the fluid interface may
lead to numerical instability, especially when jamps in these properties are high. For
example, the density ratio of liquid to gas coutdds high as 1000; (iv) the geometric
complexity caused by bubble deformation and posdibpological change is the main
difficulty in handling the geometry of interfacejaarge bubble may break up into several
small ones, and small bubbles may also merge ta farger bubbles; (v) the complex
physics on the interface, e.g. the effects of stafas, thin liquid film dynamics, film
boiling and phase change (heat and mass transfdrgl@emical reactions. Fortunately,
various methods for multiphase flow have been dmedl to address these difficulties,
and each method typically has its own characteristrengths and weaknesses.
Comprehensive reviews of numerical methods for ipthdtse/interfacial flow simulation
have been given by Scardovelli and Zaleski [39] Andaland et al. [43]. Most of the
current numerical techniques applied in the sintabf multiphase/interfacial flows
have been developed with focus on the following aspects: (i) capturing/tracking the
sharp interface, e.g. interface capturing, grighit, front tracking or hybrid methods; and
(i) stabilizing the flow solver to handle discamtious fluid properties and highly singular
interfacial source terms, e.g. the projection-odiom method [43] and the SIMPLE
algorithm [6, 17].

The volume of fluid [14, 4], level-set [28, 44, 28}d phase-field [19] approaches fall
into the first category of front capturing methods. these methods the interface is
captured using various volume functions definedhengrid used to solve the “one-fluid”
formulation of the governing equations for multipadlow. Since the interface can be
captured using the same grid as the flow solvexrsehmethods are relatively easy to
implement. However, the accuracy of this approadimiited by the numerical diffusion
from the solution of the convection equation of tlidume function. Various schemes
have been developed to advect, reconstruct / isdiné the volume function to improve
the accuracy in calculating the interface positi@ne example is the high-order shock-
capturing scheme used to treat the convective ténntee governing equations [18].
Although the explicit reconstruction of the interéais circumvented, the implementation
of such high-order schemes is quite complicated,thay do not work well for the sharp



discontinuities encountered in multiphase/intedafliows. In addition, a relatively fine
grid is needed in the vicinity of the interfaceotatain good resolution.

The second category of these methods tries to theckioving interface by fitting the
background grid points according to the interfaasifoon. The fitting is achieved
through re-meshing techniques such as deformingjngpand adapting the background
grid points. This method is also well-known as aubdary-fitting approach”, and the
“boundary” here refers to the interface betweenfhhiels. The grid-fitting approach is
capable of capturing the interface position aca&lyatEarly development on this
approach was done by Ryskin and Leal [37], andilioear grids were used to follow
the motion of a rising bubble in liquid. This methe suitable for relatively simple
geometries undergoing small deformations, wherppBcations to complex, fully three-
dimensional problems with unsteady deforming pHamendaries are very rare. This is
mainly due to difficulties in maintaining the propelume mesh quality and in handling
complex interface geometry such as topological ghahn spite of these difficulties,
recent works by Hu et al. [16] showed some veryrgagpive results on 3D simulations of
moving spherical particles in liquid. Quan and Sktin{35] presented a meshing
adaptation method to track the 3D moving interfiacsvo-phase flows.

The third category is the front tracking methodisTapproach solves the flow field
on a fixed grid and tracks the interface positionai Lagrangian manner by a set of
interface markers. These interface markers carrd®e garticles without connection, or
they can be logically connected elements, possduwtaining accurate geometric
information about the interface such as area, velwurvature, deformation, etc. A front
tracking technique was proposed by pioneer reseesdBlimm and his coworkers [11,
12, 13]. They represent the front interface usirggtiof moving markers and solve the
flow field on a separate background grid. The baokgd grid is modified only near the
front to make background grid points coincide wilik front markers of the interface. In
this case, some irregular grids are reconstruatedsaecial finite difference stencils are
created for the flow solver, increasing the compeaf the method and making it more
difficult to implement. Independently, another ftaracking technique was developed by
Peskin and collaborators [31, 10]. In their methtt interface is represented by a

connected set of particles that carry forces, eithgosed externally or adjusted to



achieve a specific velocity at the interface. Aefixbackground grid is kept unchanged
even near the front interface, and the interfacee®are distributed onto the background
to solve the “one-fluid” formulation of the flow eqtions.

A number of combinations and improvements of thessic approaches have been
proposed to enhance the capabilities in dealing Wieé sharp, moving interface, where
complex physical phenomena and processes could.o@ne of the most promising
approaches is arguably the front tracking methoobg@sed by Tryggvason and his
collaborators [48, 47]. Actually, this method mag biewed as a hybrid of the front
capturing and the front tracking techniques: adikackground grid is used to solve the
fluid flow, while a separate interface mesh is ugsedtrack the interface position
explicitly. The tracked interface carries infornamatiabout jumps in the density and the
viscosity and also about interfacial forces sucts@sace tension. Fluid properties are
then distributed onto the fixed background grideading to the position of the interface.
The surface tension can be calculated accordingeaeometry of the interface and is
also distributed onto the background grid in th@nity of the interface.

Besides the numerical techniques employed to cafttack the moving interface, it
is also very important to develop a stable numeénmathod to solve the governing
equations of the flow field. Some investigators dnaonsidered simplified models such
as Stokes flow [33], where inertia is completelgaged, and inviscid potential flow [15],
where viscous effects are ignored in. In both catesmotion of deformable boundaries
can be simulated with boundary integral techniquéswever, when considering the
transient Navier-Stokes equations for incompressidewtonian fluid flow, the so-called
“one-fluid” formulation for multiphase flow has pred most successful [4, 44, 47].
Popular modern methods that use the “one-fluidmigation include the projection-
correction method [46, 43] and the SIMPLE algorithi®, 17]. Various
multiphase/interfacial flow problems have been sgstully simulated by the front
tracking method [47] with a projection-correctidow solver. It appears that previously
reported results have been limited to flows witlv lm intermediate Reynolds numbers
(<100) and small density ratios (<100) [5]. It lmu$ natural to re-examine the approach
and to make it more robust and applicable to wildey regimes. Some revised versions

of the project-correction method have been proptsé@tprove its capability in handling



situations with large density and viscosity raf3]. Recently, Hua and Lou [17] tested
a SIMPLE-based algorithm to solve the incompressifavier-Stokes equations. The
simulation results indicat that the newly propossgthod can robustly solve the Navier-
Stokes equations with large density ratios up @01&nd large viscosity ratios up to 500.

Hua and Lou [17] presented extensive simulatiorts randel validation on a single
bubble rising in a quiescent liquid. The comprehansimulations show good results in a
wide flow regime with high density and viscositytioa, and the algorithm is as such
promising in the direct numerical simulation of mpthase flow. Unfortunately, the
previous validation studies were limited to the &dsymmetric model where fluid flows
and bubble shapes are axisymmetric. Hence, it wbaldnteresting to investigate the
robustness of the proposed numerical approach tdtiphase flow in flow regimes of
higher Reynolds and Bond numbers where the bubblemat be axisymmetric anymore.
Therefore, a fully three-dimensional modeling ajgto is proposed in this paper. In
addition, other features such as mesh adaptatioméng reference frame and parallel
processing are introduced to enhance the modebi#ypan simulating the rise of a 3D
bubble in a viscous liquid.

The numerical algorithm proposed by Tryggvason anewvorkers [48, 47] and
extended further by Hua and Lou [17], is adoptedhis paper. The handling of the
moving interface in this method may be charactdrias a hybrid of interface tracking
and capturing. The governing Navier-Stokes equatim solved on a fixed Cartesian
grid with an adaptive block structure, while theenface is represented by a set of
explicitly tracked front markers. These markersrfan adaptive triangular surface mesh
that is advected with a velocity interpolated fridm surrounding fluid. An illustration of
such a mesh system is shown in Figure 1. A singteo the governing equations is
solved in the entire computational domain by treathe two fluids as one single fluid
with variable fluid properties across the interfaceften referred to as the “one-field” or
“one-fluid” approach. The interface is assumedaweha given finite thickness (normally
about two to four times the background grid size)tsat jumps in the fluid properties
across the surface can be reconstructed smoottdglisyng a Poisson equation.

A parallel adaptive mesh refinement (AMR) tool, PRRESH [24], is integrated

with the modified SIMPLE flow solver, and the gonegrg equations are solved in a non-



inertial moving reference frame attached to thmgi®ubble. The AMR feature allows a
relatively high-resolution mesh in the vicinity tfe bubble surface. The non-inertial
moving reference frame technique translates thepotational domain with the rising

bubble, allowing the computational domain to betrekly small and always centered
around the bubble. The latter feature is parti¢ylaseful for studying the path instability
of a rising bubble or the interaction of multipleldbles, which may need very long
simulation periods. For example, it is observed experiments that the paths of
millimeter-sized air bubbles rising in water noriypadtabilize after a rise distance of 50-
100 times the initial bubble diameter. If a statipnframe were applied to simulate this
situation, the computational domain would be hugmgared to the domain of interest.
Even though an AMR feature is adopted, the totahler of grid points could still be a

big burden, slowing down the simulation.

The problem of a single bubble rising in a visctiqaid has been widely used as a
typical validation case for the development of newnerical methods for multiphase
flow [6, 42, 43]. Due to numerous experimental amonerical studies in the past, the
physical understanding of the bubble rise behawidiquid has been well-established in
some flow regimes, e.g. regimes with lower Reynottel Bond numbers [7, 1].
However, due to the complexity in multiphase flolwygics and the difficulties in both
experiments and simulations, the behavior of agisiubble with high Reynolds number
is still not understood well [26, 21]. In this papwe first validate our model through
comparing computational results of a single bulbisiag with experimental results [1] in
aspects of both bubble shapes and terminal vedgcitm addition, we apply the 3D model
to simulate air bubbles rising in water, and we pare the terminal velocities and shapes
of the bubbles predicted in our simulations witlpexmental results within a large range
of diameters: from 0.5 mm to 30 mm. There have Heannumerical studies on this
topic except some recent ones [9, 21]. Howevecesihe process of air bubbles rising in
water is so common in both our daily life and inda$ applications, a better
understanding of this system is of great importance

The rest of this paper is organized as followsSéttion 2 we present the governing
equations as well as the numerical method we dopdplve these equations. Numerical

results presented in Section 3 include a detagedisvity analysis of the computational



set-up as well as validation through a comparisbow numerical predictions with
available experimental data on gas bubbles risinbguids. In addition, we also apply
the current model to simulate the interaction ofotwsing bubbles. Finally, we

recapitulate our main findings in Section 4.
2. MATHEMATICAL MODEL AND NUMERICAL METHOD

2.1. Governing Equations

The problem of gas bubbles rising in liquids stddiethis paper can be described as
an isothermal, multi-fluid system with two incomgséle and immiscible Newtonian
fluids. We will use one single set of governing apns for the entire flow domain
where we treat the different fluids as one singledfwith material properties varying
across the interface. With this “one-fluid” apprbathere is no need to deal with the
jump conditions across the interface when the gomgrequations are solved. However,
we will have to calculate the fluid property dibuitions and include the surface tension
as a singular source term in the solution domaioutijh the use of a delta function before
the equations can be solved.

The mass conservation for the whole domain underirthompressibility condition
may be expressed as

Nsu=0. (1)

The momentum conservation (Navier-Stokes equatiake)s the form

ﬂ({tu)+eruu=-Np+N>{n(Nu+NTu)]+ s k.nd(x-x,)ds+(r- r)g, (2

G
whereu is the fluid velocity, s is the fluid density,r, is the density of the liquid phase,
pis the pressures is the fluid viscosity,s is the surface tension coefficieri, is the
interface curvaturen is the unit normal vector to the interfagg,is the gravitational
acceleration, andz(x) is a delta function that is defined as the prodfcthree one-
dimensional delta functionsi(x) = d(x)d(y)d(z), X = (X, Y, 2). The subscriptf refers to a
point on the interfaceé:. It is worth pointing out that the material propes densityr

and viscosityn? will be discontinuous across the interface, aratetwill generally be a



jump in the pressurg across the interface as well. Note that the sarfansion term is

a singular term that only comes into effect onittierface between the two fluids.
We non-dimensionalize the equations by introduatihgensionless characteristic

variables as follows:

«_X . _ U . _[g . T . P . n . g
X =—,U =—, = |=t,r =—,p = ,m=—,k =Dk, g ==,
D VgD D r r,gb m g

where D is the diameter of a sphere with the same volusitha bubble andj = g|.

Thus we may re-express the Navier-Stokes equati®ns

W s Rixruu =R p+ = Roffu + )l + 2 k0 dlx- x,)ds+(7- 9g, (3)
it Ar Bo

G

in which the superscript * has been omitted forvamence. The non-dimensional

Archimedes and Bond numbers used here are thusededis

1/2~3/2 2
% andBo:ﬂ_

m s

The Archimedes number was also used in the prewiauk [2] to characterize the rise of

Ar =

a bubble in liquid due to buoyancy, reflecting th8o of buoyancy to viscous forces. By
studying the non-dimensional formulation, it can rticed that the flow is entirely

characterized by the following four dimensionlessgmeters: The density and viscosity
ratios of the fluids, the Archimedes number andBbad number. In experimental work
it is common to use a different set of dimensioslesmbers [1]- the most important one

DU,

being the bubble Reynolds number defined Ias:r'—, where U, is the

experimentally measured terminal velocity of th&ng bubble. Another dimensionless
number one may encounter in this setting is theid@number,Fr =U, /(gD)"?. We

thus have the following relationship between thehmedes number of our formulation
and the Reynolds number used in experimeR&s= Ar: Fr . Finally, we mention two

other dimensionless numbers frequently used by rarpatalists, namely the Eotvos
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number, which is exactly the same as the abovee@fBond number, and the Morton

am"
rs®

numberM =

2.2. Treatment of the Discontinuities across ttierface

When the governing Navier-Stokes equations areegohumerically on a fixed grid,
the values of the density and viscosity on thegempints are required. It is a reasonable
assumption that each fluid is incompressible, dadl foroperties such as density and
viscosity are constant in each fluid phase. Heheedensity and viscosity are physically
discontinuous across the interface between theitmniscible fluids, and this abrupt
jump at grid points adjacent to the interface hasditionally caused great problems in
many numerical methods. In Tryggavson et al. [48, & fixed background mesh is
adopted to solve the governing flow equations, asdparate mesh is applied to track the
position of the interface as well as the discoritiesi across the front. An illustration of
such a mesh system is shown in Figure 1. The diswoties across the front are
distributed from the front mesh to the backgrouresim and continuous distributions of
the fluid properties can be reconstructed on tRedfibackground mesh. The singular
source term on the interface is distributed to Ilaekground grid similarly, and the
governing equations can thus be solved on the fpesdkground grid using any preferred
numerical approach.

The reconstruction of the field distributids(x,t) of material properties at time in
the whole domain can be achieved through conshgicta certain indicator
functionl (x,t) . Let this indicator function be zero in the liquptlase and one in the gas
phase. We may then define

b(x,t) =b +(h, - )« (x,1), 4)
whereb(x,t) is either fluid density or viscosity, and the sufis | andb refer to liquid
and gas phase, respectively. FurtheMebe the domain of the gas phase anddebe

the interface between the two phases. The indi¢atmtion may then be expressed as

[(x,t)= d(x- x9dx¢. (5)

W(t)

Taking the gradient of the indicator function amglging Stokes’ theorem, we get
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NI(x,t) = Nd(x- x9dx¢= nd(x- x9ds, (6)

W(t) a(t)
wherenis the outer unit normal vector of the interfacakifig the divergence yields a

Poisson equation for the indicator function:

N2l (x,t) =Nx nd(x- x9ds. (7)

&(t)
By solving this equation we obtain the distributioihmaterial properties from Equation
(4). However, this distribution is discontinuousraes the front and therefore poses
considerable numerical difficulties.

Unverdi and Tryggvason [48] addressed the sharm junfluid properties across the
interface in their front tracking algorithm. Theytioduced an artificial thickness of the
interface inside which the material properties vaoptinuously from one fluid to the

other. According to this idea, a distribution fuoat D(x) is introduced to approximate
the delta functiora(x) with the assumption of an artificial thicknesslud interface. We

here adopt the traditional Peskin distribution tiorc[31],

3 P ) . i
D(x- x,) = (4h) i:1(1+ cos%‘xi xi’f‘)) if ‘xi xi’f‘<2h . @)
0 otherwise.

Replacing the delta function in Equation (7) by thkeove Peskin distribution, an
alternative, smooth indicator function can be retarcted by solving the modified
Poisson equation. This indicator function willthige zero in the pure liquid phase, vary
continuously from zero to one in the artificialdkiness region, and one in the gas phase.

Besides the discontinuity in fluid properties asrtise bubble interface, the surface

tensionF, = s, k.n,d(x- x,)ds, a singular source term on the bubble interface,
G

represents another great challenge for numericahaods in multiphase flow. In the
current study the net force caused by surface densin the surface elements is
calculated, thus circumventing the high-order dsikes involved in curvature
calculations. Figure 2 shows the surface tensiawefeexerted on a central surface
element (EO) by its neighboring elements (E1, EQ@ BB). The surface tension force
acting on an edge shared between the central eleandra neighboring element can be

calculated by
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F=s( "n, i=12and3, 9)
wheret; is the vector of edge and n, , is a unit outward normal of edge The n, ,

can be estimated by averaging the element normetionge of the two neighboring
elements sharing edge Hence, for a central element EO, the net foezesed by surface

tension can be expressed as

3 3

F.e= F=s (" ny). (10)

i=1 i=1
According to Equation (10), the net surface tendayne on all surface elements can be
calculated and then distributed to the backgroureshmfor solving the momentum
equations:

Fs (X) = I:s,ED(X_ Xk) . (11)

k

Here x, represents the mass centre of #eh element used to triangulate the bubble

surface.

2.3. Tracking the Moving Interface

With the techniques introduced in Sections 2.1 2:2d the governing equations can
be solved on a fixed background grid to obtainftoe field. An adaptive, unstructured
triangular mesh (front markers) is used to repreten interface between the two fluid

phases. The velocity, (X, ,t) of these moving front markers may then be obtaimgd
interpolation from the flow field on the backgroumgsh. Subsequently, the front mesh

points can be advected in a Lagrangian manner &@wsitionx " at then-th time step

to a positionxf'”l at the (n+1)-th time step. Thus the front moves with the same
velocity as the surrounding fluid, and the so-ahlt®-slip condition of the interface is
satisfied. In this paper, the interpolation is elrout using the same distribution
function as the one used for the transfer of flpidperties to the background grid,
yielding

u (X, )= u(tD(X- x,), (12)

X
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X" =x," +u,"Dt. (13)

As the front marker points are advected, the meshand quality may consequently
change. The resolution of the front mesh has agtedfect on the information exchange

with the fixed background grid, which may eventyadiffect the accuracy of the
simulation results. Therefore, it is of key impota that the front mesh has a more or
less constant quality and uniform resolution thfoug the duration of the simulation. In
this study, the resolution of the triangular mesh the 3D surface of the bubble is

maintained more or less uniform through adapta®the interface evolves.

2.4. Mesh Adaptation

As two sets of mesh are applied in the currenttfo@cking method, the resolution of
both the front mesh and the background mesh neafrdimt plays an important role in
resolving the interfacial physics of the multiphdksv. From physical principles it is
known that fluid particles on the bubble interfag# move downwards along the surface
towards the bottom of the bubble as it rises. In flont tracking simulation, the mesh
points on the bubble interface also move in a sinphttern. As a result, the mesh on the
upper part of the bubble becomes coarser. On ther band, the mesh at the lower part
of the bubble becomes increasingly dense. Figuag 3{ows the variation of front mesh
quality as the bubble rises in liquid without franesh adaptation. It is obvious that the
accuracy will be affected when the mesh on theigdpo coarse, and that the dense fine
mesh at the bottom of the bubble will consume esteescomputing power without much
benefit in accuracy. Thus, the front mesh adapiaa® shown in Figure 3(b) is essential
to ensure the accuracy and efficiency of the sitiara

In this aspect, three basic operations are addptadapt the front mesh, namely edge
swap, edge split and edge deletion. For long edgesedge swap operation as shown in
Figure 4(a) is a simple and easy operation to inpitbe mesh quality. In the edge split
operation as shown in Figure 4(b), a new pointasegated by surface fitting of the
existing neighboring mesh points. This new poirthisn inserted into the two associated
meshes, and new and finer triangles are generategplace the old ones. Thus edge split
is important to refine the front mesh. For the tleteof short edges as shown in Figure

4(c), the triangles associated with the short edtidoe deleted, and the resulted gap will
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be sealed through merging the old nodes of thet sage. Hence, edge deletion is
important to coarsen the front mesh. In additioansistent checking of the mesh
connectivity is also important to ensure the aacyira calculating the surface tension.
Accordingly, the resolution of the background mefdo plays an important role in
capturing the flow behavior — particularly so irethicinity of the interface. If the
background mesh resolution is too low, then theitéet flow dynamics will not be
captured reasonably well, resulting in unrelialbild amaccurate simulations. Therefore, it
is desirable to have relatively high-resolutiordgriparticularly near the interface, while
coarse grids may be used away from the interfabes i§ achieved in our model by the
use of the block-based adaptive mesh refinementRAMol PARAMESH [24]. In this
study, the refining and coarsening of the grid kéos based on whether there exists a
bubble front within the blocks. An example of tHedk-wise Cartesian mesh refinement
generated by PARAMESH is showed in Figure 5. It banseen that fine background
grids are located in the vicinity of the bubble,ilttoarser background grids are applied
in regions further away from the bubble front. Thesture makes it more efficient to
solve the governing equations and to capture tbe fphysics near the interface
accurately. Another excellent feature of PARAMESHHhat all blocks of Cartesian grid
points have the same structure at any level oheefient. Hence, once the flow solver is
developed for one grid block, it can be easily egapto all other blocks independent of
the level of refinement. In addition, the differdsibcks can be distributed to different

CPUs in an MPI parallel environment, which speedhgoproblem solving cycle.

2.5. Flow Solver

The numerical method for the governing flow equadics one of the key components
in the simulation. Traditionally, an explicit profon-correction method based on
second-order central differences on a regular,gstagl Cartesian grid has been used
along with the front tracking approach [48]. Howeve seems that this approach is
unable to handle the large density ratios typidatystems in industrial applications as
well as in nature. In search of a more robust splMeia and Lou [17] implemented a
modified version of the classical SIMPLE method ][36r axisymmetric multiphase
flow. Further details about the modified SIMPLE @ithm can be found in the past
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works [17, 6]. Computational results indicate ttras approach is more robust than the
projection-correction method — especially for nphase flows with large density ratios
such as the air-water system. This improvementastmprobably due to the fact that the
SIMPLE algorithm avoids solving the problematicgsere equation directly. Instead, the

pressure and the velocity are corrected iteratiaed on the governing equations.

2.6. Moving Reference Frame

In many applications of multiphase flow it is oftdesirable to study the long-term
behavior and evolution of the moving interface bedw the fluids. In such applications
the front may move a considerable distance, andttiay of the rise path of an air bubble
in water is a typical example. The computationaindm must then be correspondingly
large to accommodate such extensive movement. Haweva three-dimensional model
with a high-resolution grid, a large computatiorddmain is computationally very
expensive. Computational cost may therefore litmi& domain size and thus also long-
time simulations.

To remedy this problem, we have therefore incorgor@ moving reference frame
into our numerical algorithm. The idea is to mokie teference frame together with the
front such that the front (e.g. a bubble) remaimmsaror less fixed in the computational
domain. The size of the computational domain may the chosen independently of the
duration of the simulation, and this will in turreduce the computational cost
significantly. As a result, we may carry out lonigie simulations of moving interface
problems which could not have been done in a statjoreference frame.

Figure 6 illustrates a moving reference frame. €hé¢he frameXY stands for a
stationary reference frame and the frami@y( for a moving reference frame. The

positions of a monitoring point in the framesy and X¥ ¢ are represented as, and
X, respectively, which are correlated with the positof the moving reference frame

(x,,) according to Equation (14). The velocity of thenitoring pointP is u(x,t) in the
frame XY andu(x(t) in the moving frameXt(, and the velocity of the moving frame is
u,(t). The following correlations can be obtained:

+X¢ (14)
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u(x,t) =u,(t) +u(xqt). (15)
Allowing translational, but not rotational, moveneof the frame in the present

study, the following is the updated governing flequations in the moving reference

frame:
199 | Roruwer r Mo = Rgy+ L Ko mRas NEug]
t dt Ar
. (16)
+— knd(x¢ x¢)ds+(r - Dg
Bo,
NGuc=0 (17)

The moving front will generally be accelerating aswl will the moving reference
frame. Thus the frame of reference in which we sdlve governing equations is no
longer an inertial frame, and we must therefore ifgdtie momentum equations to take
into account the acceleration of the frame. In tholaj according to Equation (15), when
the governing equations are solved in a movingeeige frame, the velocity condition on

the boundary X; )'should be modified ag'(x;',t) =u(Xg,t)- u,(t .)

Notice that the additional term on the left-handestu,,/dt, which denotes the
accelerationa,, of the moving reference frame, is added in Equa{its). We aim to
choosea,, so that the rising bubble remains as fixed asipless the moving frame, i.e.

ideally the acceleration of the frame is equah®dcceleration of the bubble. The bubble
acceleration is of course unknown, so we need pooagmate this acceleration at each

time step. We shall adopt the prediction as preseby Rusche [36], namely

e _ Dug”
aml =- (Dt)” , (18)
where
0 n n n-1
Durr1n+l - /1 Xd Xd Xd Xd (19)

o)y o)
Here x) is the position of the centre of mass of the belyblative to the moving frame

at time stepj, (Dt)" =t"-t"*, and/, and/, are appropriate under-relaxation factors.

It was found that/,=/, = 0.1 gave good results in the present study.
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2.7. Boundary Conditions

One aim of the current study is to investigatedizeamics of a single bubble rising in
liquid. This system has been extensively studiegesmentally, and can therefore be
used as a good study case to validate the curremiemcal modeling algorithm. In
experiments, the bubble rises in a liquid tank Wwhig typically much larger than the
bubble size (about 20 bubble diameters) to mininteetank wall effect. In the present
simulations, the side length of the cubic simulattimmain is selected to be eight times
the bubble diameter, which is large enough to mgleall containment effects as
concluded in the domain size sensitivity analysesented in Section 3.1. In addition,
free slip boundary conditions were applied on tberfvertical walls of the cubic
simulation domain. A pressure inlet boundary caoaditis applied on the top of the
computational domain. Here the pressure is fixedod¢o zero, the vertical velocity
component has a zero normal gradient, and the dragk velocity components are
assumed to be zero. A velocity outflow boundargdition is applied on the bottom of
the simulation domain, where the flow velocity st $0 be the moving speed of the
reference frame and zero normal gradient conditso@applied to the pressure. The
moving speed of the stationary reference frametigsbe zero, while the speed for the
moving reference frame can be calculated accortbhnthe method introduced in the

previous section.

2.8. Solution Procedure
We may now summarize the main steps in advanciagahution from one time step

to the next as follows:

(1) The velocity of the front marker points,; , is calculated through interpolation of
the fluid velocity fieldu" according to Equation (12).
(2) The front is advected to its new positiot}™"by using the normal interface

velocity u} found in step (1) — see Equation (13). The frdetments are then

subject to examination for adaptation and topolalgibange. Meanwhile, volume

conservation is enforced.
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n+l

| ™ (xT™) is computed based on the interface position

(3) The indicator function

xT*. This is done by solving the Poisson problem irudmpn (7) with the

discrete delta distribution from Equation (8). Sedpsently, the distribution of the
density 7", the viscosity 7/** and the surface tensioR"is updated on the
flow solver grid points.

(4) We find the velocity fieldu™ and the pressurg™ by solving the mass

continuity and momentum equations using a modifiecsion of the SIMPLE

algorithm. Appropriate boundary conditions are agphccording to Section 2.7.

(5) Repeat steps (1) to (4) to advance the solutidim@t"*>.

3. RESULTS AND DISCUSSION

In this section, we report various numerieaults serving different purposes: model
sensitivity analysis, experimental validation, aaldo model capabilities exploration. A
summary of all the simulations can be found in €ahl in which all simulation

parameters are listed.

3.1. Sensitivity Analysis - Size of the Computati@omain

Extensive experiments have been performed in thet fma study the rise and
deformation of single bubbles in quiescent liqui@dten these experiments have been
done in large containers with a size of at leastbRBble diameters in each spatial
direction to avoid wall containment effects [1]. this paper, we intend to validate
simulation results against such experiments. Toeaehthis, the computational domain
should also be rather large to avoid any signiticeffects caused by the wall
confinement. On the other hand, if the domain isseim too large, excessive computing
time is needed to complete the simulation. Toyaeathe influence of the domain size, a
number of numerical tests were run with domainssizmging from two to twelve bubble
diameters in each of the spatial dimensions. Tl rgisolution was kept constant and
accommodated approximately twenty cells inside Ibble in each direction. All

computations were carried out in a moving referdreme.
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The terminal rise velocity and the terminal bubdib@pe were used to assess the wall
confinement effects for various domain sizes. Time af this sensitivity analysis is to
find the smallest possible computational domaimvinch wall containment effects have
negligible impact on the bubble terminal velocitygdashape. Figure 7 presents the
simulation results of the terminal bubble shape #rel rise velocity using different
domain sizes under the conditions 8o=2430, Ar=1524, r,/r, =1000 and

m m, =100 (Case A3). There is a notable change in the tetinfinbble shape and rise

velocity as the domain size is increased from twasik bubble diameters. When the
domain size is increased beyond six bubble diametso significant change in the
simulation results is observed. Moreover, it isedothat the wall confinement has a
strong effect on the terminal velocity for smallnt&in sizes from two to six bubble
diameters. However, the change in terminal velositgnly around 1% when increasing
the computational domain size from eight to ten bdebdiameters in each spatial
dimension. Based on these observations we conthaiex domain size with side length
of eight bubble diameters should be sufficientum simulations. Actually, experimental
results by Krishna et al. [23] also indicate thallveffects on a rising bubble is negligible

when the diameter of the liquid container is eighibble diameters or larger.

3.2. Sensitivity Analysis - Grid Resolution

PARAMESH divides the computational domain into anter of blocks in each
spatial direction. Each block consists of a certaimber of grid cells in each direction,
and the governing equations are discretized ancedahumerically on these grid cells.
For a computational domain of fixed size, therethezefore two ways to change the grid
resolution using PARAMESH: either by changing thember of blocks, which is
determined by the maximum number of refinementleva by changing the number of
cells in each block. In our grid sensitivity anasyse kept the maximum refinement level
fixed and changed the number of cells in each blédksimulations were done in a
moving, cubic computational domain with side lengtijual to eight bubble diameters
using equal grid spacing in each of the spatiadations.

The results from the grid sensitivity analysis d@n found in Figure 8 under the
conditions ofBo= 2430, Ar=1524, r,/r,=1000 and m/ m =100 (Case A3). It is
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noted that the terminal bubble velocity is highignsitive to the mesh resolution up until
16 cells per bubble in each space direction. Howerereasing the number of cells from
16 to 20 yields less than 1% change in terminabaigl. The terminal bubble shape also
has a very strong dependence on the grid resolutspecially when the grid resolution
is relatively low. On the other hand, we can evea a slight change in shape when we
increase the number of cells per bubble diameten ft6 to 20. However, increasing the
number of cells per bubble diameter further to 82sdnot lead to any visually detectable
change in the bubble shape. Based on the abovmevé §ufficient to use a resolution of

20 cells per bubble diameter in our simulations.

3.3. Comparison of Results Obtained in a Statiorary a Moving Reference Frame

Since a moving reference is introduced in this pap@erform long-time simulations
of both single bubbles rising and two bubbles Bxténg, it is important to evaluate the
accuracy and impact of using a moving referencmdras opposed to a stationary frame.
For this purpose, simulation results for Case Atailed in a stationary reference frame
are compared with those obtained in a moving referdérame.

The bubble shapes predicted in both stationaryraodng frames at different time
steps are shown in Figure 9. A closer look at flgare shows that the differences
between the shapes obtained in the two refereacees are negligible. A comparison of
the velocity profiles of bubbles rising in a stagoy and a moving reference frame is
shown in Figure 10, and they are in reasonablecaggat. Note that the velocity of the
moving frame has been added to the rise velocitgioed in the moving reference frame
to enable a direct comparison with the rise veyoicitthe stationary frame. In addition to
comparing bulk behavior of rising bubbles, we woaldo like to compare the detailed
flow patterns around the bubbles.

A comparison of the streamlines predicted in a@taty and a moving frame can be
found in Figure 11. Since one frame is at rest @mel is moving, comparing streamlines
would only be sensible if we modify the velocityane of the frames to account for the
different velocities of the frames. Here we havessn to subtract the velocity of the
moving reference frame from the velocity field cartgd in the stationary frame before

comparison. It can be seen from Figure 11 thatxaelkent agreement of the streamline
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patterns in the stationary and the moving frameob$ained. Furthermore, pressure
distributions predicted in a stationary and a mgvname are compared in Figure 12, and
again the results agree well.

Based on the various tests and comparisons ofreliffeélow characteristics carried
out and described above, we can conclude thatsa®fua moving reference frame yields

numerical results reasonablagreemento those obtained in a stationary reference frame.

3.4. Model Validation with Experiments

In this section we will compare experimental reswdtzailable in the literature [1]
with predictions obtained by our numerical methiodFigure 13 we compare observed
and predicted terminal bubble shapes for a rand®egholds and Bond numbers, and the
results agree very well. Table Il shows a comparisb the associated terminal rise
velocities, and again there is reasonable agreerhetween experiments and our
numerical predictions. However, it is noted that tielative deviation in Case Al is a
little bit high as the numerically predicted Reyt®humber is about 20% lower than that
observed in experiments. This deviation may be tdutne low rise velocity where the
relative error will be high even for small absoleteors though there is no change in the
simulation accuracy. Another possible reason i¢ tha hindrance effect due to the
limited size of the domain becomes significantoat Reynolds numbers. Since free slip
boundary is applied in the current simulation, toenputation of a single bubble rising
corresponds rigorously to the rise of a homogeneswerm of bubbles. Sangani [38]
calculated the sedimentation velocity of a swarnsgtierical bubbles at low Reynolds
numbers for a complete range of volume fractiorsthfe cubic simulation domain has a

side length equal to eight bubble diameters (8B¢, volume fraction of the bubble
swarm isa = 4/3xp(D/2)% / (8D)® » 1.023 10°%. In this casea <<1, and the velocity

U, =1- 176K +2/3
K +1

of the bubble swarm is given by a'®, where U_is the

swarm /

velocity of the single bubble, and = /3 / mp. Calculations then yield) /U, » 088

as K = 001 for Case Al. Hence, due to the limited size ofdbmputational domain, the
estimated bubble swarm velocity is about 12% lothan the velocity of a single free

rising bubble. This could explain the discrepanbgeyved for Case Al.
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Air bubbles rising in water are common in many isidial processes. Examples in
chemical engineering include bubble columns, loeactors, agitated stirred reactors,
flotation, and fermentation reactors. For the destg efficient two-phase reactors,
detailed knowledge of bubble sizes and shapes, vdipcities, internal circulations,
swarm behaviors, bubble induced turbulence andngjxand bubble size distributions
(including coalescence and breakup) is of fundaalemtportance. In such industrial
applications, bubbles often have non-spherical emen dynamic shapes as well as
asymmetric wake structures. Extensive experimestiadlies have been performed to
study air bubbles rising in water [7, 46]. Theirasarements of the terminal rise velocity
of air bubbles in water are presented in Figuread4 function of the bubble size. It is
found that the measured terminal velocity vary iicemtly (or bifurcation) when the
bubble diameter is greater than 0.5 mm and sm#il@n 10 mm. Traditionally this
variation has been explained by the presence ddcants [7], but more recently both
Wu and Gharib [49] and Tomiyama et al. [46] atttdulithis variation to the manner in
which the initial bubbles were generated. The igsudinues to be a matter of discussion
- refer to Yang and Prosperetti [50].

Due to difficulties in measuring the physipabperties on the bubble, a fundamental
understanding of the system of a single bubblagiga high Reynolds number regimes is
not well established. With the recent rapid incee&s computing power, numerical
simulations of two-phase flows based on continuuecimanics models with moving free
interfaces have become feasible and proved extyeosslful for a better understanding
of fundamental processes and phenomena. Howeverenal modeling of the multi-
fluid system of air bubbles rising in water is Istjuite challenging due to the large
density ratio of water to air, the low liquid visity of water, high Reynolds numbers,
and large bubble deformations. Koebe et al. [2&tst early trials of 3D direct
numerical simulation of air bubbles rising in watgrhigh Reynolds number using a
volume of fluid (VOF) method. They studied bubbleth diameters from 0.5 mm to 15
mm, and their numerical predictions on the termmise velocity of the bubbles agree
reasonably with experimental data. However, tméypduced some initial white noise in
the simulations, which may introduce non-physicaktyrbations to the simulation

system. The recent work by Dijkhuizen et al. [9pored their trial on simulation of
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single air bubbles rising in initially quiescentrpuvater using both a 3D front tracking
method and a 2D VOF method for bubble diametergingnfrom 1 mm to 8 mm. The
calculated terminal rise velocites by the 3D fronatking method are quite close to the
experimental observations by Tomiyama et al. [#6}, they over-predicted the velocity
for bubble diameters larger than 3 mm.

In this paper, we use the front tracking methaith features of mesh adaptation and
moving reference frame, allowing a finer mesh ie tlegion of the bubble surface.
Consequently, better accuracy is obtained in theentisimulations. We simulate a single
air bubble rising in initially quiescent pure wateith bubble diameters ranging from 0.5
mm to 30 mm. The numerically predicted rise velesiof the bubbles agree well with
the upper bound of the experimental measuremeniBobyyama et al. [46] within the
whole range of different bubble sizes as shownigurfe 14. The variation of terminal
shape of the rising bubble with a wide range oftdeitsize from 0.5mm ~ 30 mm is
shown in Figure 15, which has reasonable agreemiémtexperimental observations [7].
When the bubble diameter is in the range from 2 ta 10 mm, oscillation of the
bubble rise velocity and the bubble shape is alslipted in the simulations. The
terminal bubble rise velocity is calculated througheraging the instantaneous rise
velocity over a period of time. Since we assumeititeal bubble shape to be spherical
and the surface tension coefficient to be constdm®, bifurcation of the bubble rise
velocity is not revealed in the current simulatiblawever, this is an interesting topic to

be explored in the future.

3.5. Numerical Studies on the Interaction betweeso Rising Bubbles in Viscous Liquid
The problem of a single bubble rising in a visx liquid is an ideal case for numerical
model validation. However, the final goal when depéng a numerical model for
multiphase flow is not just investigating the fldwehavior of single bubbles rising in
viscous liquids, but also investigating multi-flusgystems with multiple bubbles. With
the confidence from validating the current model dosingle bubble rising in a viscous
liquid, we would like to extend this model to exadhe complex interaction between
two bubbles rising in a liquid. In the present stuthe bubble coalescence criteria is

simplified, and only geometrical constraints arensidered. This means that bubble
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coalescence occurs when two points on the bubblacguare close enough, e.g. one fifth
of the size of the bubble surface mesh. The topologange associated with the
coalescence is maintained from a geometrical pintew. A similar modeling strategy
can also been found in the work by Shin and Ju4g.[Figures 16 and 18 illustrate the
simulation of the interaction of two initially spteal bubbles rising in a quiescent liquid
due to buoyancy.

In the first simulation, one smaller bubble is i@y located 2.5D above a bigger
bubble in vertical direction, and 0.5D axis-off imnathe bigger bubble in the horizontal
direction of Y. Here, D represents the effectivandeter of the bigger bubble. The
diameter of the smaller bubble is half that of bigger bubble. The flow conditions for

the bigger bubble are as followsAr =1346, Bo=1150, r,/r,=1181 and
n, I n, =5000 (Case B1). Figure 16 shows the temporal bubbl@esieaolution of the

two rising bubbles. As the bigger bubble has a érgise velocity, it will catch up with
the smaller bubble (Figure 16€ 4.0)). When they are close enough, the trailing bigger
bubble is significantly affected by the low-presswone in the wake of the leading
smaller bubble. The trailing bubble undergoes latgf®@rmations and moves towards the
bottom wake zone of the leading bubble (Figuret£66.0)). Finally, the trailing big
bubble merges with the leading smaller bubble, androidal bubble ring is formed
(Figure 16¢ =10.0)). Similar bubble shape evolution patterns hage &leen predicted
in other numerical studies [42]. In addition, Figur7 shows the temporal variation of the
position of the bubbles in both vertical and honitzd directions. It can be seen from
Figure 17(a) that the trailing bigger bubble hakigher rise speed than the smaller
leading bubble. The interesting finding is that whbe two bubbles are close enough,
then the rise speed of both bubbles increasesfismmily. After the coalescence of the
two bubbles, the resulting merged bubble returnshéo familiar situation of a single
bubble rising. The lateral movement of the traillmgbble caused by the leading bubble
can be seen in Figure 17(b). Even though inititii/ leading bubble moves slightly away
from the trailing bubble laterally, this distance guite small. However, the trailing
bubble, despite its big size, is significantly atédl by the leading bubble and moves
towards it.
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In the second simulation, the smaller bubble igalty located 2.5D above the bigger
bubble in vertical direction, and 1.0D center-afbrh the big bubble in the horizontal
direction of Y. Here, D represents the effectivandeter of the bigger bubble. The
diameter of the smaller bubble is half that of bihgger bubble. The flow conditions for
the bigger bubble are as followsAr =1524, Bo=2430, r,/r,=1181 and

m | m =5000 (Case B2). Figure 18 shows the temporal evolutibrthe two rising

bubbles. In this case the initial horizontal off-setween the bubbles is larger than in the
previous case, and as a result the bigger bubbleactually overtakes the smaller one. It
can be seen from Figures 18 and 19(b) that therlgdmlibble first starts moving laterally
away from the trailing bubble, whereas the trailndpble then starts moving towards the
leading bubble before the overtaking occurs (Fidil8€ = 40,7 = 6.0,f = 80)) . After
the bigger bubble has overtaken the smaller one,sthaller bubble is significantly
affected by the wake of the bigger bubble. In fdog, smaller bubble is attracted to the
wake of the bigger bubble, resulting in a highlyodmed and elongated bubble shape as
shown in Figure 184 =12.0,t =14.0,f =16.0). It is also noticed from Figure 19(a) that
the smaller bubble is accelerated and rises fashenwake of the bigger bubble, and
finally it catches wup and merges with the bigger blida (Figure
18(¢ =180, =200,t =220)). In this case, the smaller trailing bubble htteleffect

on the rising speed of the bigger leading bubble.

4. CONCLUSION

The numerical algorithm used in this paper is dahir extension of the algorithm
given in [17] for simulating 3D gas bubbles risingviscous liquids at high Reynolds and
Bond numbers for systems with large density andogsy ratios such as air/water. To
achieve this, mesh adaptation is implemented ftim tiee front mesh and the background
mesh, and a moving reference frame attached toishng bubble is used to solve the
governing incompressible Navier-Stokes equationse Folution method is a finite
volume scheme based on the Semi-Implicit Method Poessure-Linked Equations

(SIMPLE), and the solver appears to be robust e@methe range of high Reynolds
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numbers and high density/viscosity ratios. The leilsiirface is tracked explicitly using
an adaptive, unstructured triangular mesh. The mmdetegrated with the software
package PARAMESH, a block-based adaptive meshemi@mt (AMR) tool developed
for parallel computing. It includes features suchbackground mesh adaptation and
parallel implementation of solvers for the goveghequations on supercomputers. The
interpolations between the front mesh and the backgl mesh are done with the
traditional Peskin approximation of the delta fumet The current model has been
applied to simulate a number of examples of 3D lga#sbles rising in viscous liquids,
including air bubbles rising in water. The simubati results are compared with
experimental observations in aspect of both theaiteal bubble shape and the terminal
bubble velocity. In addition, we use this modelptedict the interaction between two
bubbles rising in liquid. The numerical resultsisiirate the capability and feasibility of
the current simulation method and provide us witime physical insights into the

complex behavior of bubbles rising in viscous lagui
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Figure Captions

Table I: The physical parameters for the various testesgorted in this paper.
Table 11: Comparison of terminal rise velocities found ¥periment [1] and predicted

by numerical simulations.

Figure 1. Simulation of a single bubble rising gsthe front tracking method. Multiple
unstructured blocks with Cartesian mesh are usethéflow solver while the
bubble surface is represented by an unstructuiatrlar mesh.

Figure 2: The surface tension forcés, (F, andFs) exerted on a central surface element
(Eo) by the neighboring elements,(E, and E). Heren; N, andnzrepresent
the normal of element E1;Eand E respectively, whileN; o N20 andNzp is

the normal on the three edges of elementré&spectively. Furthet; 1, andts
indicate the three edge vectors of element E

Figure 3: The evolution of the rising bubble shapevo different time steps and the
variation of bubble surface mesh quality (a) withaund (b) with adaptation.

Figure 4: Basic operations (a) edge swap (b) edlife(s) edge delete for the triangular
mesh adaptation of the bubble surface mesh. E stanéxisting element to
be removed and NE for the new element to be created

Figure 5: An illustration of the mesh refinementdterent levels for a background block
mesh based on the position of the bubble surfafter fAefinement, the parent
block is divided into eight sub-blocks. Each subekl has the same Cartesian
mesh as the parent block.

Figure 6: Schematic diagram showing the implementadf a moving reference frame
attached to the rising bubble. Frame XY represanttationary frame and
Frame XY’ a moving frame. P is a point associatath the bubble surface
where the moving frame is to be attached.

Figure 7: Sensitivity analysis about the effedtshe computational domain size on (a)
the bubble shape and (b) the bubble rising velqmigdicted in the simulation
under the conditions ofir =1524, Bo=2430, r,/r,=1000 and nm/ m =100.

Here D is the side length of the cubic computatich@main measured in
number of bubble diameters.

Figure 8: Sensitivity analysis about the effectbatkground grid size on (a) the bubble
shape and (b) the bubble rising velocity predigtethe simulation under the
conditions of Ar =1524, Bo=2430, r,/r,=1000 and n,/ n, =100. Here, H stands
for grid size.

Figure 9: A comparison of the evolution of the peceetl bubble shapes in a stationary
(the left-most column) and a moving reference frafte two right-most
columns) under the conditions oAr=1346, Bo=1150, r,/r,=1000 and

n I n, =100.
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Figure 10: A comparison of the bubble rise velesitpredicted in a stationary and a
moving reference frame under the conditionsArci1346, Bo=1150,
r, 1 r,=1000and p / 5, =100.

Figure 11: Comparison of flow streamlines nearlibbble at different times computed
in a stationary and a moving frame under the camdht of Ar=1346,
Bo=1150, r,/r,=1000 and p»/n =100. TO enable a direct comparison, the
velocity of the moving frame was subtracted from Welocity computed in the
stationary frame.

Figure 12 Comparison of pressure distributions nise@ bubble at different times
computed in a stationary frame and a moving framéeu the conditions of
Ar =1346, Bo=1150, r,/r,=1000and /5, =100.

Figure 13: Comparison of terminal bubble shapesemwiesi in experiments [1] and
predicted by numerical simulations.

Figure 14: Comparison of the terminal velocity of leubbles of different size rising in
water predicted in the present simulations andmvleslen experiments [7, 44].
Figure 15: Numerically predicted terminal shapesaof bubbles rising in water for

bubble diameters ranging from 0.5 ~ 30mm. Thetgoito L correspond to
the bubble size of 0.5, 0.7, 1.0, 1.5, 2.0, 2.9, 4.0, 7.0, 10.0, 20.0 and
30.0mm, respectively.

Figure 16: Numerical simulation of the interactimiitwo rising bubbles of different size.
The flow conditions (Case B1) ar@r =1346, Bo=1150 for the larger bubble
and Ar =476, Bo=2875 for the smaller bubble whilg /,, =1181 #, /5, =5000

for both bubbles. The initial diameter of the Erdpubble is D=1.0, twice that
of the smaller bubble. The smaller bubble is ilitisocated 2.5D higher in
vertical direction and 0.5D axis-off in the Y ditem relative to the larger
bubble.

Figure 17: Simulation predicted (a) vertical andl lderal movement in Y direction of
two rising bubbles and the merged bubble undesséme conditions as those
in Figure 16.

Figure 18: Numerical simulation of the interactimiitwo rising bubbles of different size.
The flow conditions (Case B2) arer =1524, Bo= 2430 for the larger bubble
and Ar = 538, Bo=6075 for the smaller bubble while/, =1181, n, /1, =5000

for both bubbles. The initial diameter of the largabble is D=1.0, twice that
of the smaller bubble. The smaller bubble is iliifisocated 2.5D higher in
vertical direction and 1.0D centre-off in the Y alition relative to the larger
bubble.

Figure 19: Simulation predicted (a) vertical andl lgeral movement in Y direction of
two rising bubbles and the merged bubble undeséime conditions as those
in Figure 18.

33



Table I: The physical parameters for the various testesgorted in this paper.

Test Case Ar Bo nilry m 1 ny
Al 1.671 17.7 1000 100
A2 79.88 32.2 1000 100
A3 15.24 243 1000 100
A4 134.6 115 1000 100
A5 30.83 339 1000 100

134.6 (large bubble) | 115.0 (large bubble)

Bl 47.6 (small bubble) | 28.75(small bubble)

1181 5000

15.24 (large bubble) | 243.0(large bubble)

B2 5.38 (small bubble) | 60.75(small bubble)

1181 5000
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Table 11: Comparison of terminal rise velocities found ¥periment [1] and predicted

by numerical simulations.

Experiment Simulation Deviation
Test Case
Re Ar Fr Re=Fr Ar | |Re-Rg/Rel00

Al 0.232 1.671 0.109 0.182 21.49
A2 55.3 79.88 0.686 54.798 0.91
A3 7.77 15.24 0.499 7.605 2.13
A4 94.0 134.6 0.666 89.644 4.63
A5 18.3 30.83 0.576 17.758 2.96
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Figure 1. Simulation of a single bubble rising gsthe front tracking method. Multiple
unstructured blocks with Cartesian mesh are usethéflow solver while the

bubble surface is represented by an unstructuistgrlar mesh.
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Figure 2: The surface tension forcés, (F, andF3) exerted on a central surface element
(Eo) by the neighboring elements,(EE, and E). Heren; N, andnzrepresent
the normal of element E1,Bnd E respectively, whild; o Nyo andNsg is
the normal on the three edges of elementr&spectively. Furthet; t, andts

indicate the three edge vectors of element E
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(a) Bubble surface mesh evolution without adagat
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Figure 3: The evolution of the rising bubble shapevo different time steps and the

variation of bubble surface mesh quality (a) withand (b) with adaptation.
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(a) edge swap

<7

(b) edge split

(c) edge delete

4 5
~& |

Figure 4: Basic operations (a) edge swap (b) eple(s) edge delete for the triangular

G
A% Q

N

mesh adaptation of the bubble surface mesh. Esfanéxisting element to be

removed and NE for the new element to be created.
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(a) Refinement level 1 (b) Refinemenele2 (c) Refinement level 3

Figure 5: An illustration of the mesh refinementdterent levels for a background block
mesh based on the position of the bubble surfafter fefinement, the parent
block is divided into eight sub-blocks. Each subelil has the same Cartesian

mesh as the parent block.
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Figure 6: Schematic diagram showing the implementadf a moving reference frame
attached to the rising bubble. Frame XY represanttationary frame and
Frame XY’ a moving frame. P is a point associatégth the bubble surface

where the moving frame is to be attached.
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(@)

Domain size 2D 4D 6D 8D 10D 12D

Bubble terminal

) 0.311 0.454 0.485 0.499 0.502 0.504
velocity

Bubble terminal shape

(b)

Figure 7 Sensitivity analysis about the effects of the cotappanal domain size on (a)
the bubble shape and (b) the bubble rising veloptgdicted in the

simulation under the conditions ofr =1524, Bo=2430, r,/r,=1000 and

n I n,=100. Here D is the side length of the cubic computaiodomain

measured in number of bubble diameters.
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(@)

Number of background

grid per bubble

Terminal bubble
] 0.311 0.454 0.485 0.499 0.502
velocity

Terminal bubble shape

(b)

Figure 8: Sensitivity analysis about the effedtbackground grid size on (a) the bubble
shape and (b) the bubble rising velocity predidtedhe simulation under

the conditions ofAr =1524, Bo=2430, r,/r,=1000 and p, / n, =100. Here, H

stands for grid size.
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Figure 9: A comparison of the evolution of predicted bubble shapes in a stationary

(the left-most column) and a moving reference fraihe two right-most

columns) under the conditions ohr =1346, Bo=1150, r,/r,=1000 and

m [ n, =100.
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Figure 10: A comparison of the bubble rise velesitpredicted in a stationary and a
moving reference frame under the conditions af=1346, Bo=1150,

r, I r,=1000and  / n, =100.
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Time t=2 t=4

t =10

Moving

Frame

Stationary

Frame

Figure 11: Comparison of flow streamlines nearlibbble at different times computed

in a stationary and a moving frame under the camubt of Ar=1346,

Bo=1150, r,/r,=1000 and p /n, =100. TO enable a direct comparison, the

velocity of the moving frame was subtracted frora #elocity computed in

the stationary frame.
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Time t=2 t=4 t=6 t=8 t =10

Moving

Frame

Stationary

Frame

Figure 12  Comparison of pressure distributionarrnthe bubble at different times
computed in a stationary frame and a moving frangeuthe conditions of

Ar =1346, Bo=1150, r,/r, =1000 and p, / 5, =100.
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Experiments Simulations
Test : : : Modeling
Case Test Observed terminal Predicted terminal conditions and
Conditions bubble shape bubble shape predicted terminal
velocity

E=17.7 Bo =17.7

Al |M=711 Ar=1.671
Re = 0.232 Fr=0.109
E=322 Bo =32.2

A2 | M=8.210*% Ar =79.88
Re = 55.3 Fr=0.686
E =243 Bo = 243

A3 | M=266 Ar=15.24
Re =7.77 Fr = 0.499
E=115 Bo =115

A4 | M =4.6310° Ar=134.6
Re =94.0 D Fr = 0.666
E =339 Bo =339

A5 | M=143.1 Ar =30.83
Re = 18.3 Fr=0.576

Figure 13: Comparison of terminal bubble shapesemfes in experiments [1] and

predicted by numerical simulations.
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Figure 14: Comparison of the terminal velocity of leubbles of different size rising in

water predicted in the present simulations andrvlegein experiments [7, 46].
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Figure 15: Numerically predicted terminal shapesaof bubbles rising in water for
bubble diameters ranging from 0.5 ~ 30mm. Thetgoto L correspond to the bubble
size 0f 0.5, 0.7, 1.0, 1.5, 2.0, 2.5, 3.0, 4.0, ZMO, 20.0 and 30.0mm, respectively.
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t=20 t =40 t =60

t =80 t =100

Figure 16: Numerical simulation of the interactimiitwo rising bubbles of different size.
The flow conditions (Case B1) arer =1346, Bo=1150 for the larger bubble
and Ar =476, Bo= 2875 for the smaller bubble while, /,, =1181, /5, =5000
for both bubbles. The initial diameter of the Erdpubble is D=1.0, twice that
of the smaller bubble. The smaller bubble is ilifisocated 2.5D higher in

vertical direction and 0.5D axis-off in the Y diten relative to the larger
bubble.
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(a)

(b)

Figure 17: Simulation predicted (a) vertical andl lgeral movement in Y direction of
two rising bubbles and the merged bubble understimae conditions as

those in Figure 16.
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Figure 18: Numerical simulation of the interactimintwo rising bubbles of different size.
The flow conditions (Case B2) arer =1524, Bo= 2430 for the larger bubble
and Ar = 538, Bo=6075 for the smaller bubble while/, =1181, n, /1, =5000
for both bubbles. The initial diameter of the largabble is D=1.0, twice that
of the smaller bubble. The smaller bubble is ilitisocated 2.5D higher in

vertical direction and 1.0D centre-off in the Y alition relative to the larger
bubble.
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(a)

(b)

Figure 19: Simulation predicted (a) vertical andl lderal movement in Y direction of
two rising bubbles and the merged bubble undeséime conditions as those

in Figure 18.
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