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Abstract 
The exact solutions of the linear two channels dissipation model in different way are 

presented. Firstly we analyze the steady state, traveling wave and particular solutions of this 
model. Then by using elimination method and canonical transformation the model becomes 
telegraph or Klein Gordon equation in the second order partial differential equation. In the 
Klein Gordon equation we get particular solution, so we also obtain particular solution of linear 
two channel dissipation model. In the form telegraph equation we solve by Fourier transform 
and obtain the solution of linear two channels dissipation model in the Fourier representation 
formula. Finally we find the exact solution by characteristic method in the integral form of the 
linear two channel dissipation model. 

 
 

1. Introduction 
 
Many process of fundamental equation occurring in the natural and physical 

sciences are obtained from conservation laws. Conservation laws are just balance laws, 
equations expressing the fact that some quantity is balanced throughout process. 
Mathematically, conservation laws usually translate into differential equations. In this 
paper let us consider u(x; t) and v(x; t) that depend on single spatial variable x and time 
t > 0. We assume that u and v are densities or concentrations measured in amount per 
unit volume that flow with speeds c1(x) and c2(x) respectively. Two groups of quantity 
have interactions, and then van Beckum(2003) arrived at the following set of equations 
for the concentrations u(x; t) in the first group and v(x; t) in the second group: 
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The constant α  is the coefficient of exchanging concentrations. The approximation of the 
classical solution of the above equations that have boundary and initial value conditions has 
been investigated Sumardi(2005) by using finite difference method in case 1)()( 21 =−= xcxc .  



Sumardi(2007) also wrote approximation solution by Immersed Interface Method for 
case )(),( 21 xcxc  discontinue constants. In this paper the exact solutions of the 

linear two channel dissipation model which have constant speed: 11 )( cxc =  and 

22 )( cxc =   are presented. By using elimination method and canonical transformation 
the model becomes telegraph equation in second order partial differential equation. The 
particular solutions of Klein Gordon equation has been investigated by Polyanin(2002). 
The initial value problem of telegraph equation has been solved by Fourier transforms 
method Evans(1998) and Pinsky(1998).  
 
2. Steady State Solution and traveling wave solution for two channels dissipation 
model 
 

Steady state solutions for two channels dissipation model   are solutions that are 
independent in time. Thus the steady state solutions of the equation (1), which have 
constant speed: 11 )( cxc =  and 22 )( cxc =  are solutions of the system ordinary 
differential equations: 
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It is not difficult to solve the system by some method in theory of ordinary differential 
equations. The solution in case 21 cc ≠  : 
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and in case 021 =+ cc : 
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with constants A and B in equation (3.a) and (3.b) that are determined by boundary 
conditions u(x) and v(x) for finite real number ℜ∈x . We also have if we solve the time-
dependent system taking as initial functions the steady state, then these functions are the 
solution. 
 We look for constants traveling wave solutions with speed s by setting 
 )(),(),(),(),( stxzzVtxvzUtxu −=== α   
Two channels dissipation model reduce in ordinary differential system: 
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that have the same form with the equation (2), the solution in case )( 212
1 ccs +≠  with  

1cs ≠  and 2cs ≠ : 
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and in case )( 212
1 ccs += : 
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By compare the steady solution and the traveling wave solution for two channels 
dissipation model, we see that the steady state solution is traveling wave solution with 
speed zero. Both of the steady and traveling wave solutions are exponential and linear 
function that depending to speed 1c  and 2c . Parameter s in (5.a) will lead to speed of 
traveling wave which is travels forever, with constant speed and undisturbed shape. 
Constant A and B are arbitrary. 
 
3. Particular Solutions for two channels dissipation model 
 Firstly we find the particular solutions for two channel dissipation model by 
Anzatz  method. Suppose the particular solution in the form 
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Then we find A, B and m in order to satisfy equation (1), we obtain system equation  
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To get non trivial solution, we have 
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so we obtain the quadratic equation  
 0)()( 212121

2 =++++++ ccccmccm αα             (9) 
that has two distinct real square roots, since the discriminant of the quadratic equation is 

04)( 22
21 >+−= αccD . Hence we obtain  
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Substitute (10) into (7), we obtain relationship A and B: 
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so we obtain particular solutions: 
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We also obtain particular solutions for two channels dissipation model by 
elimination method, so we get one second order hyperbolic partial differential equations. 
The equation is transformed in the Klein Gordon equations. We can see that the Klein 
Gordon equation has many particular equations from Polyanin(2002). 
Let equations (1) be written in operator diferential: 
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If the first equation multiplies by α+
∂
∂

+
∂
∂

x
uc

t 2  and the second equation multiplies by 

α  then we can eliminate v(x,t), so it is obtained 
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In order to solve equation (14) consider the changes variables in case 21 cc ≠  
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Using the Chain rule from Calculus for transforming partial derivatives for functions of 
two variables we have the Telegraph equation: 
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To put this in more convenient form, let 
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resulting in the equation  
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The Telegraph equation is transformed in Klein Gordon equation by  
 ),(),( τητη βτ weu −=              (19) 
so we obtain 
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Based on the book by Polyanin (2002) we obtain the particular solutions of Klein Gordon 
equation (20): 
 )(),( BAew += ± ητη βτ             (21) 

 ))sin()cos()(cos(),( 22 µτµτµβητη BAw ++=          (22) 

 ))sin()cos()(sin(),( 22 µτµτµβητη BAw ++=          (23) 
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22 µηµηµβττη −−± += BeAeew            (25) 
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where 21 and,, CCBA  are arbitrary constants, )(and)( 00 ξξ KI  are the modified Bessel 
functions. Then we work our way backwards with substituting the inverse transformation  
(13), (15), (17) and (19) we obtain the result below. 
From the equation (21), we have 
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From the equation (22), we have the particular solution: 
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We also get particular solutions from equation  (23)-(26). 
 
 
 
 



4. The solution for initial value of two channels dissipation model 
  

For the last section we will investigate the initial value problem for two channels 
dissipation model. Let  
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0,)()0,(),()0,( 00 ≥∈== tRxxvxvxuxu    (30.b) 
For special case we take ccc == 21 , so we have  
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Adding two equations in (31) then we have advection equation, which have solution:
 )(),(),( ctxFtxvtxu −=+            (32) 
where )( ctxF − arbitrary function. Substitute (32) in first equation (31)  
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then solve the equation (31), hence we have general solution; 
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Applying the initial condition (30.b), Thus we have the solution initial value (30.a)-(30.b) 
in case ccc == 21 : 

 
( )

( )))()(()()(
2
1),(

))()(()()(
2
1),(

00
2

00

00
2

00

ctxvctxuectxvctxutxv

ctxvctxuectxvctxutxu

t

t

−−−−−+−=

−−−+−+−=

−

−

α

α

                     (35) 

 In case 21 cc ≠  using elimination method and transformation variable of equation (15), 
we get new initial value problem in telegraph equation: 
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To solve the initial value problem above, we look for ),( τηu in terms of its Fourier 
transform 
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and formally apply the operations implied by (36.a) 
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Therefore we solve the ordinary differential equation  
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with initial conditions 
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We seek a solution (39) of the form  
 CBBeU ∈= γτµ γτ ,,),(            (41) 
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We thereby obtain the Fourier representation formula: 
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Then we work our way backwards with substituting the inverse transformation (15) we 
obtain the result: 
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 The other method for solving initial value problem we will use the characteristic 
method. The fundamental idea with hyperbolic equations is the notion of the 
characteristics, curves in space time along which these signal are propagated. In the 
curves along the partial differential equations can be reduced to simple form for example, 
system of ordinary differential equations. The characteristic are the curves along which 
information is transmitted in the system.  
Let 2),( ℜ∈tx  and every ℜ∈s  that defined by  
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The equation (46) is integrated from ts −=  to 0=s , it is obtained  
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and because of  
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so we have the solution: 
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Another way we can solve two channels dissipation model : firstly by transformations 
and then by characteristic method. Transform ),( txu and ),( txv by 
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The equations (53) are solved by characteristic method, we obtain: 
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The equation (52)-(53) and (58)-(59) are called integral equation form of the initial value 
of the two channel dissipation model. It is very useful to prove the existence solution of 
initial value problem of two channel dissipation model. 
 
 
 
 



Acknowledgment 
For writing this paper , we would like to thank to dr. Frits van Beckum who give 

me problem when he visited at Department of Mathematics, Gadjah Mada University and 
his nice communications up to now for doing our research. Research was partially 
completed while the author was visiting the Institute for Mathematical Sciences, National 
University of Singapore in 2006 on workshop Geophysical Fluid Dynamics and Scalar 
Transport in the Tropics(13 Nov- 8 Dec 2006). 
 
References 
[1] Evans, L.C., Partial Differential Equations, American Mathematical Sociaty, 1998 
[2] Pinsky M.A., Partial Differential Equations and Boundary Value Problems with 

Applications, McGraw-Hill Companies Inc., 1998 
[3] Polyanin A.D., Handbooks of Linear Partial Differential Equations for Engineers and 

Scientists, Chapman & Hall/CRC, 2002 
[4] Sumardi, Soeparna D. Lina Aryati, Convergence of finite diffence approximation for 

two channel dissipation model, Procedings International Conference on Applied 
Mathematic (ICAMO5), 2005 

[5] Sumardi, Soeparna D. Lina Aryati, Fourier Method for two channel dissipation 
model, paper presented on Workshop Geophysical Fluid Dynamics and Scalar 
Transport in the Tropics, IMS, NUS, Singapore,13 Nov - 08 Dec 2006 

[6] Sumardi, Soeparna D. Lina Aryati, The immersed interface method for two 
channels dissipation model with discontinue constants velocity, Proceding of 
SEAMS-GMU Conference, 2007. 

[7] van Beckum F.P.H., Travelling wave solution of a coastal zone non-Fourier 
dissipation model, Proceddings of the Symposium on Coastal Zone Management, 
2003. 


