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Abstract

The exact solutions of the linear two channels dissipation model in different way are
presented. Firstly we analyze the steady state, traveling wave and particular solutions of this
model. Then by using elimination method and canonical transformation the model becomes
telegraph or Klein Gordon equation in the second order partial differential equation. In the
Klein Gordon equation we get particular solution, so we also obtain particular solution of linear
two channel dissipation model. In the form telegraph equation we solve by Fourier transform
and obtain the solution of linear two channels dissipation model in the Fourier representation
formula. Finally we find the exact solution by characteristic method in the integral form of the
linear two channel dissipation model.

1. Introduction

Many process of fundamental equation occurring in the natural and physical
sciences are obtained from conservation laws. Conservation laws are just balance laws,
equations expressing the fact that some quantity is balanced throughout process.
Mathematically, conservation laws usually translate into differential equations. In this
paper let us consider u(x; t) and v(x; t) that depend on single spatial variable x and time
t > 0. We assume that u and v are densities or concentrations measured in amount per
unit volume that flow with speeds c1(x) and c2(x) respectively. Two groups of quantity
have interactions, and then van Beckum(2003) arrived at the following set of equations
for the concentrations u(x; t) in the first group and v(x; t) in the second group:

Y +¢,(x) b =aV(X,t)—au(x,t)
ot OX )
M+c2(x)% = au(xt) —av(xt)

The constant « is the coefficient of exchanging concentrations. The approximation of the
classical solution of the above equations that have boundary and initial value conditions has
been investigated Sumardi(2005) by using finite difference method in case c,(x) = —C,(x) =1.



Sumardi(2007) also wrote approximation solution by Immersed Interface Method for
case ¢, (X), c,(x) discontinue constants. In this paper the exact solutions of the

linear two channel dissipation model which have constant speed: c,(x)=c, and
C,(x)=c, are presented. By using elimination method and canonical transformation

the model becomes telegraph equation in second order partial differential equation. The
particular solutions of Klein Gordon equation has been investigated by Polyanin(2002).
The initial value problem of telegraph equation has been solved by Fourier transforms
method Evans(1998) and Pinsky(1998).

2. Steady State Solution and traveling wave solution for two channels dissipation
model

Steady state solutions for two channels dissipation model are solutions that are
independent in time. Thus the steady state solutions of the equation (1), which have
constant speed: ¢,(X)=c, and c,(x)=c, are solutions of the system ordinary
differential equations:

dx

c, V() =au(x) —aVv(x)
dx

=aV(X) —au(x)

(2)

It is not difficult to solve the system by some method in theory of ordinary differential
equations. The solution in case ¢, # ¢, :
—a(c+Cy)x

u(x)=A+Bc,e “*

—a(c;+C,)X (33.)
v(x)= A—Bce
andincase ¢, +¢c, =0:
U(x)=Ax+B
(3.b)

V(x) = Ax+ B+ 2%
o

with constants A and B in equation (3.a) and (3.b) that are determined by boundary
conditions u(x) and v(x) for finite real number x € R. We also have if we solve the time-
dependent system taking as initial functions the steady state, then these functions are the
solution.
We look for constants traveling wave solutions with speed s by setting
u(x,t)=U(z), v(x,t) =V (2), z = a(x-st)
Two channels dissipation model reduce in ordinary differential system:

(4)



that have the same form with the equation (2), the solution in case s # 3(c, +c¢,) with
s#C and s#¢,:

—a(Cy+Cy—25)(x—st)

U(2) = A+B(-s+c,)e & e

o, 290) (5.2)
V(z) = A—B(-s +¢,)e ° St
and incase s=1(c, +¢C,):
U(x) = A(x—st) + B - A(x= (6, +¢,)) + B
(5.b)
V(x) = A(x —st) + B+M= A(X—l(cl+cz)+ C1_C2)+ B
a 2 20

By compare the steady solution and the traveling wave solution for two channels
dissipation model, we see that the steady state solution is traveling wave solution with
speed zero. Both of the steady and traveling wave solutions are exponential and linear
function that depending to speed c, and c,. Parameter s in (5.a) will lead to speed of

traveling wave which is travels forever, with constant speed and undisturbed shape.
Constant A and B are arbitrary.

3. Particular Solutions for two channels dissipation model
Firstly we find the particular solutions for two channel dissipation model by
Anzatz method. Suppose the particular solution in the form

u(x,t) = Ae*™

v(x,t) = Be*'™ ©
Then we find A, B and m in order to satisfy equation (1), we obtain system equation
(m+c, +a)A- aB:OI @
—aA+ (m+c,+a)B =0
To get non trivial solution, we have
m+c, +a —a | 0 @)
- m+c, +a
S0 we obtain the quadratic equation
m® +(c, +¢, +a)m+c,C, +a(c, +¢,) =0 9)

that has two distinct real square roots, since the discriminant of the quadratic equation is
D=(c, —c,)’ +4a’ > 0. Hence we obtain

_—cl—cz—Zai\/B

m;, = > (10)
Substitute (10) into (7), we obtain relationship A and B:
—c, +
g_G=C VD (1)

2a
S0 we obtain particular solutions:



—cl—cz—Zaix/B
x+7t
u(x,t) = 2

—c, ¥ / o GG 2a+\/7

v(x,t) = T

We also obtain particular solutions for two channels dissipation model by
elimination method, so we get one second order hyperbolic partial differential equations.
The equation is transformed in the Klein Gordon equations. We can see that the Klein
Gordon equation has many particular equations from Polyanin(2002).

Let equations (1) be written in operator diferential:

0 ou
(a+cl&+aju(x,t)— av(x,t)=0

(12)

(13)
—au(x t)+(g+c a—u+ozjv(x t)=0
’ ot 2 ox ’

If the first equation multiplies by §+022—u+a and the second equation multiplies by
X

a then we can eliminate v(x,t), so it is obtained

o%u o%u o%u
8'[_2+(01+C2)8t8X+C1 2 o 37

In order to solve equation (14) consider the changes variables in case c, # C,

+2a6_u+a(c +C )—=0 (14)
ot OX

n=X— (e +c,)t
2 (15)
1
T :E(c1 —C,)t

Using the Chain rule from Calculus for transforming partial derivatives for functions of

two variables we have the Telegraph equation:
2 2
U, fa u_0u_j (16)
or® ¢, —C,0r 0n

To put this in more convenient form, let

B= (17)
C, - Cz
resulting in the equation
2 2
0 l;I N ou o l; _ (18)
or or 877
The Telegraph equation is transformed in Klein Gordon equation by
u(n,7) =e " w(n,) (19)
S0 we obtain
2 2
0w aw—ﬂzw:o (20)

or?  on’?



Based on the book by Polyanin (2002) we obtain the particular solutions of Klein Gordon
equation (20):

w(n,7) =e*” (An + B) (21)
W(7,7) = cos(7+ A7 + p1* )(Acos(ur) + Bsin(ur)) (22)
W(7,7) = sin(7y A7 + u® )(Acos(u) + Bsin(uz)) (23)
W(,7) = €57 (Acos(un) + Bsin(un)) (24)
w(,7) = eV (Ae® 4 Be 1) (25)
W(7,7) = Al (£) + BK,(€), &= By(r+Cy)? —(7+C,)’ (26)

where A, B,C, and C, are arbitrary constants, I,(&) and K, (&) are the modified Bessel

functions. Then we work our way backwards with substituting the inverse transformation
(13), (15), (17) and (19) we obtain the result below.
From the equation (21), we have

() = Ax =L (c, +¢,))+ B
2 (27)

V(1) = AX= (¢, +¢,)+ 2%y 1 B
2 o

u(x,t) = e‘Z“‘(A(x —%(cl +C,))+ Bj

Cl_c2)+Bj
[04

From the equation (22), we have the particular solution:

u(x,t) = e cos((x Ny )j(cos(ﬂ (&= %)) p 4 sin( %)Bj

vx ) = AL B -“tcos((x Gx ey 57w )jsm(y (G- e,
+A[%m ——j sm[(x “”Cz)t)m )jcos(y L AL
+p Bt o cos[(x N )jcos(ucl‘—cz)t)
+B[‘°17 B u - j sm[(x Gr ey 57w )jsm(u =gl

(29)

(28)

v(x,t) = —e‘zo"(A(x —%(cl +C,)+

We also get particular solutions from equation (23)-(26).



4. The solution for initial value of two channels dissipation model

For the last section we will investigate the initial value problem for two channels
dissipation model. Let

ou(x,t) g, ou(x,t) _
ot OX

aVv(x,t) —au(x,t)

vixt ovixt (30.a)
v(x.1) +C, (1) =au(x,t) —av(x,t)
ot OX
u(x,0) =u,(x), v(x,0)=v,(x) xeR,t>0 (30.b)
For special case we take ¢, =c, =c, so we have
Y +C ) =aV(X,t) —au(x,t)
ot OX (31)
v(x.1) +C v(x.1) =au(x,t)—av(xt)
ot OX
Adding two equations in (31) then we have advection equation, which have solution:
u(x,t) +v(x,t) = F(x—ct) (32)
where F(x —ct) arbitrary function. Substitute (32) in first equation (31)
ux.H +C8u(x,t) =-2au(x,t) + aF (x —ct) (33)
ot OX
then solve the equation (31), hence we have general solution;
u(x,t) = %(F (x—ct) +e *"G(x - ct))
(34)

v(x,t) = %(F(x —ct)—e?*G(x - ct))

Applying the initial condition (30.b), Thus we have the solution initial value (30.a)-(30.b)
incasec, =C, =C:

u(x,t) = 1(u0 (X —ct) +V, (X —ct) +e72" (U, (x — ct) — v, (X — ct)))
: (35)
v(x,t) = E(u0 (X —Ct) +V, (X —ct) —e 7> (U, (X —Ct) = v, (X — ct)))

In case c, #c, using elimination method and transformation variable of equation (15),
we get new initial value problem in telegraph equation:
o°u . 4a ou du

> T ~——=37-0 (36.a)
or® ¢, —C,0r 0n
u@,.0) ="fm)=u,()
36.b
o= = lav ) - v, o) i) o0

To solve the initial value problem above, we look for u(z;,7)in terms of its Fourier
transform



() = JU e du @7

U(u,7) = % j u(n,r)e dn (37.b)

and formally apply the operations implied by (36.a)

2 2 2( o?
o’ 4a ou  du (au+ 4a 6U+ﬂzujeiwdﬂ, (38)

2 T A A2 2
ot ¢ -c¢,0r on° <\o0r° ¢ —c¢C, Ot
Therefore we solve the ordinary differential equation
o°U  4da oU
-+
or® ¢, —-c¢C, Ot
with initial conditions

+4°U =0 (39)

1 T —inu
U(u,7)=F(u) = [ (e dn (40.2)
aLJ(;L/Z-) 1 I —ir
bl Vud VA =G(uy) =— g 'muq 40.b
on |rm0” CU =5 Jame (40.0)
We seek a solution (39) of the form
U(u,7)=Be”, B,yeC (41)
Plugging into (39), we deduce y° + 4o y+u® =0, hence
¢ -G
4 4o Y
¢, -G ¢, -G
Consequently
4da
= ) ; ) i 4o
e(cl ‘72] (Bl(y)e””) +B,(u)e "™ ) if || < —
1 2
U(u7)= [ 4a ], 4 (42)
e 7% (B, (w)e” " + By (e ") if [ >|
17 V2

for 7(/1)=\/(C Z_aC J -ut 5(ﬂ)=\/ﬂ2 —(C 20 J where B, () and B, (u)are

1 2
selected so that

F(x) =B, (1) +B,(n)
and



2 2 _ )
Bl(y)(y(ﬂ)—(c _ac D+ Bz(u)(—ﬂ#)—[c _ac D if| 4] < - _“C
o 2 o @
Bl(u)(ié(u)—[ 3 j} B, (ﬂ)[—iﬁu)—( < j] if |u] > |2
Cl_cz CJ_—C2 Cl_ ,
We thereby obtain the Fourier representation formula:
2a
umo)= | e[] (B, (1)e” " + B, (w)e 7" ™ du
s 22
1 2 (44)

2a
i J‘e[%-Cij(Bl(#)eiﬁ(#)r +B, (y)e_is(#)rki'wdﬂ
2a

Then we work our way backwards with substituting the inverse transformation (15) we
obtain the result:

| 1]>

u(x,t) = I e_m(Bl(ﬂ)e;m+Bz(ﬂ)e_;m]ei(x_;(01+CZ)#dﬂ
o 22
R ey [ 4 ]T e o - (45)
\ﬂ\>c_iz
and
v(x,t) zi(éu(x,t) +C, . +au(x,t)j : (46)
al ot OX

The other method for solving initial value problem we will use the characteristic
method. The fundamental idea with hyperbolic equations is the notion of the
characteristics, curves in space time along which these signal are propagated. In the
curves along the partial differential equations can be reduced to simple form for example,
system of ordinary differential equations. The characteristic are the curves along which
information is transmitted in the system.

Let (x,t) € R* and every s € R that defined by
w(s) = u(x + c,s,t + s). (47)
z(s) = v(x + C,S,t + S)
Furthermore we obtain
dw(s)
ds
dz(s)
ds
The equation (46) is integrated from s=—-t to s=0, it is obtained

= U (X+CS,t+8)+U, (X+C,5,t+8)=a(V(X+CSt+8)—u(x+cs,t+s))  (48)

=V, (X+C,S,t+8)+V, (X+C,S,t+5) = a(u(x+czs,t+s)—v(x+czs,t+s)) (49)



j‘%ds = j)‘a(v(x+cls,t+ $) —U(X +C,S,t +5))ds
_t _t (50)

w(0) —w(-s) = ja(v(x +C,(s—t),8) —u(x+c,(s—t),s))ds

and because of
w(0) — w(-t) = u(x,t) —u(x,0) =u(x,t) —u(x—c,t,0) =u(x,t) —u,(x —c;t)  (51)
so we have the solution:

u(x,t) = u, (x - c,t) +ja(v(x+ ¢, (s—t),8) —u(x+c,(s—t),s))ds. (52)
Similarly we can do for the equation (47), hence we have
V(X,t) = vy (X —C,t) + j a(u(x+c,(s—t),s) —v(x+c,(s—t),5))ds (53)

Another way we can solve two channels dissipation model : firstly by transformations
and then by characteristic method. Transform u(x,t) and v(x,t) by

u(x,t) =e U (x,t)

(54)
v(x,1) = eV (x,1)
so we have new initial value problem:
U,(x,t) +cU,(x,t) =aV (xt)
V,(x,t) +¢c,V, (x,t) = aU (x,t) (55)
U (x,0) = Uy (¥)
V(x,0) = vy (x)
The equations (53) are solved by characteristic method, we obtain:
t
U (x,1) :uo(x—clt)+J.aV(x+c1(s—t),s)ds (56)
0
t
V(x,t) = V(X —,t) + [l (x +C, (s —1), 5)ds (57)
0
or
t
u(x,t) =u,(x—ct)e™ + J'av(x +¢,(s—t),s)e““"ds (58)
0
t
V(X,t) =V (X —c,t)e ™ + jau(x +C,(s—t),s)e“""ds. (59)
0

The equation (52)-(53) and (58)-(59) are called integral equation form of the initial value
of the two channel dissipation model. It is very useful to prove the existence solution of
initial value problem of two channel dissipation model.
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