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Abstract. We investigate the initial segments of the Medvedev lattice as
Brouwer algebras, and study the propositional logics connected to them.

1. Introduction

The Medvedev lattice M was introduced by Medvedev [13] in order to provide
a computational semantics for constructive (propositional) logic. M is a rich
structure that is interesting in its own right, for example it can be studied in
connection with other structures from computability theory such as the Turing
degrees, but certainly the connections with constructive logic add an extra flavour
to it. There are of course many other approaches to the semantics for constructive
logics, ranging from algebraic (McKinsey and Tarski [12]) to Kripke semantics, and
from realizability (Kleene) to the Logic of Proofs (Artemov and others [1]), to name
only a few of many possible references. Medvedev’s approach, following informal
ideas of Kolmogorov, provides a complete computational semantics for various
intermediate propositional logics, that is, propositional logics lying in between
intuitionistic logic and classical logic. The notion of Medvedev reducibility has
recently been applied also in other areas of computability theory, e.g. in the study
of Π0

1-classes, cf. for example Simpson [17].
In this paper we study the logics connected to the factors (or equivalently, the

initial segments) of M. We start by briefly recalling some background material.
For more extensive discussions about M we refer to the survey paper by Sorbi [22].
Our computability theoretic notation is fairly standard and follows e.g. Odifred-
di [16]. In particular, ω denotes the natural numbers, ωω is the set of all functions
from ω to ω (Baire space), and Φe is the eth partial Turing functional. ω<ω is
the set of all finite strings of natural numbers. σ � τ denotes that the finite
string σ is an initial segment of the (possibly infinite) string τ . σ τ̂ denotes string
concatenation (with τ possibly infinite). [σ] denotes the set

{
f ∈ ωω : σ � f

}
.

We list some further notation according to theme:
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