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Negative magnetic susceptibility and nonequivalent ensembles for the
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We calculate the thermodynamic entropy of the mean-field φ4 spin model in the microcanonical
ensemble as a function of the energy and magnetization of the model. The entropy and its derivative
are obtained from the theory of large deviations, as well as from Rugh’s microcanonical formalism,
which is implemented by computing averages of suitable observables in microcanonical molecular
dynamics simulations. Our main finding is that the entropy is a concave function of the energy for all
values of the magnetization, but is nonconcave as a function of the magnetization for some values of
the energy. This last property implies that the magnetic susceptibility of the model can be negative
when calculated microcanonically for fixed values of the energy and magnetization. This provides a
magnetization analog of negative heat capacities, which are well-known to be associated in general
with the nonequivalence of the microcanonical and canonical ensembles. Here, the two ensembles
that are nonequivalent are the microcanonical ensemble in which the energy and magnetization are
held fixed and the canonical ensemble in which the energy and magnetization are fixed only on
average by fixing the temperature and magnetic field.

PACS numbers: 05.20.-y, 05.20.Gg, 05.70.Fh

I. INTRODUCTION

The Legendre transform connecting the entropy function of the microcanonical ensemble and the free energy of the
canonical ensemble in the thermodynamic limit of these ensembles is often used in practice to obtain the entropy of
a system from the knowledge of its free energy. Unfortunately, as has been stressed repeatedly in studies of systems
involving long-range interactions [1, 2, 3, 4, 5, 6], the entropy is the Legendre transform of the free energy only if
the entropy is concave as a function of the energy. If the entropy is a nonconcave function of the energy, as it often
happens in long-range systems, then it cannot be calculated as the Legendre transform of the free energy. In this
case, one must resort to analytically obtain the entropy by other means, e.g., by evaluating directly the density of
states from which the entropy is defined (see, e.g., Refs. [7, 8]), or by using large deviation techniques based on the
microcanonical ensemble [4, 9, 10, 11, 12]. Another possibility put forward recently works by modifying the definition
of the canonical ensemble in such a way that nonconcave entropies can be obtained from the Legendre transform of a
modified form of free energy [13, 14]. Examples of applications of this generalized canonical ensemble can be in found
in Refs. [15, 16].

There are many types of statistical models whose entropy is known to be a nonconcave function of the energy.
Examples, listed in the order in which they were discovered, include systems of particles interacting through gravi-
tational forces [17, 18, 19, 20], a model of plasma [21], statistical models of two-dimensional turbulence [22, 23], as
well as several spin models involving long-range and mean-field interactions [7, 8, 9, 10]. Our goal in this paper is to
study yet another model, which departs somewhat from the models listed above in that its microcanonical entropy
is nonconcave as a function of its energy and magnetization. This, as we shall see, has many consequences for the
equivalence of the many different ensembles that can be conceived for this model according to whether the energy
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