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We study evolution equations which model selection and mutation within the framework of quan-
tum mechanics. The main question is to what extent order is achieved for an ensemble of typical
systems. As an indicator for mixing or purification, a quadratic entropy is used, which assumes
values between zero, for pure states, and (d− 1)/d, for fully mixed states. Here, d is the dimension.
Whereas the classical counterpart, the quasi-species dynamics, has previously been found to be pre-
dominantly mixing, the quantum quasi-species (QS) evolution surprisingly is found to be strictly
purifying for all dimensions. This is also typically true for an alternative formulation (AQS) of this
quantum mechanical flow. We compare this also to analogous results for the Lindblad evolution.
Although the latter may be viewed as a simple linear superposition of the purifying QS and AQS
evolutions, it is found to be predominantly mixing. The reason for this behavior may be explained
by the fact that the two subprocesses by themselves converge to different pure states, such that the
combined process is mixing. These results apply also to high-dimensional systems.

I. INTRODUCTION

We consider evolution equations familiar from various
fields such as chemistry, biology, population dynamics,
or financial mathematics. The basic question is whether,
in the course of time, the system evolves towards a pure
state characterized by a low (or even minimum) value
of the entropy S, or towards a mixed state with a large
(or possibly even maximum) value of S. As a measure
for this tendency we use the quadratic entropy, which
vanishes for pure states, and which approaches (d− 1)/d
for the fully-mixed state. Here, d is the dimension of the
probability space.

Various models for such evolutions have been proposed
[1, 2]. Recently, we have considered the – arguably - sim-
plest model for such a dynamics [3], the so-called quasi-

species equation introduced by M. Eigen and P. Schuster
[1]. It models evolutionary dynamics based on selection
and mutation using the language of chemical reaction
kinetics [4, 5]. As shown below, these evolution equa-
tions, which are purely classical, are formulated in terms
of a matrix α of rate constants, whose elements are as-
sumed to be strictly positive, αij > 0, but possibly very
small. Since we are interested only in the general fea-
tures and not in the individual evolution of a particu-
lar system, the αij are taken to be equally-distributed
random numbers with a specified upper bound. The up-
per bounds may differ for the elements belonging to the
three parts spanning the matrix space, namely the di-
agonal matrices, (D), the upper triangular matrices (U),
and the lower triangular matrices (L). It is concluded in
Ref. [3] that the matrices α taken predominantly from
one of these three subalgebras (with the matrix elements
from the two other subalgebras being negligibly small)
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give a predominantly purifying dynamics. If, however,
only a reasonable amount from another part is mixed in,
the dynamics becomes predominantly mixing.

In this paper, we extend these considerations to the
quantum-mechanical setting. To provide a comparison
with the classical case, we first specify in Sec. II the
classical model and summarize our results of Ref. [3]. A
quantum-mechanical generalization of the quasi-species
equation is given in Sec. III, which defines a time evo-
lution both forward and backward in time. We analyze
the convergence properties for the general solutions and
find that the dynamics is (almost) always purifying. In
Section IV we present an alternative formulation of this
quantum dynamics, for which the time evolution is de-
fined only for positive time. Again, we conclude that the
modified dynamics is generally purifying. These findings
apply to all dimensions d and vastly differ from the clas-
sical case. In Section III A we illustrate our general result
for the simplest two-dimensional case, both theoretically
and by computer simulations.

What is of particular interest is also the connection
with the Lindblad dynamics, which is treated in Sec. V.
This dynamics may be viewed as a linear combination of
the two versions of the quasi-species evolution discussed
in the previous sections. From the physics point of view,
the advantage of this model lies in the fact that it can
be justified as the limit of a time evolution of a subsys-
tem suitably embedded in a larger system. It constitutes
the most general form of a quantum dynamical semi-
group [6, 7]. Its advantage from the mathematical point
of view lies in the fact that it is a linear equation and,
therefore, the evolution can be characterized by its eigen-
values and eigenfunctions. We concentrate on this fact
and characterize the possible eigenvalues and asymptotic
solutions, theoretically and by computer simulations. In
Sec. VA we illustrate our results for the two-dimensional
case. Numerical examples for dimensions up to eight are
provided in Sec. VB. We conclude in Sec. VI with a
summary of our results.
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