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Abstract. The purpose of this paper is to develop optimal strategies for a
simple integer choice game with a skew symmetric payoff matrix. The analysis
involves the calculation of certain Pfaffians associated with these matrices.

1. Introduction

Alice and Bob play a game where each secretly chooses a positive integer. If both
players choose the same integer then the game is a tie. Otherwise, the player that
chooses the smallest integer (say Bob) wins $1 (from Alice), unless the two integers
differ by 1, in which case Alice wins w dollars from Bob. Here w is an arbitrary
positive real number. This game was partially analyzed by Mendelsohn [4] about
60 years ago. It was also discussed in the book of Herstein and Kaplansky [3] and
was further popularized in a book of Martin Gardner [2, Chapter 9.3].

It will be convenient to use “negative payoffs”. For example, if Bob’s integer is
1 less than Alice’s, then Bob receives the negative payoff v = −w. That means that
Bob pays Alice w dollars. This game yields a skew-symmetric payoff matrix A(v)
for “the row player” Bob, with v on the first super-diagonal and all 1’s above. We
denote by Am(v) the m × m submatrix of A(v) consisting of the first m rows and
columns; for example,

A5(v) =





0 v 1 1 1
−v 0 v 1 1
−1 −v 0 v 1
−1 −1 −v 0 v
−1 −1 −1 −v 0




.

If both players choose integers from the set {1, . . . , m} then Am(v) is the payoff
matrix for the row player Bob. For example, if Bob plays 3 and Alice plays 1, 2, 3,
4 or 5, then Bob wins −1, −v, 0, v or 1, respectively.

A strategy for a player of this game is a list of plays each with a corresponding
probability. For example, Bob could have the strategy of playing 1, 2, and 4 with
probabilities 2/3, 1/4, and 1/12, respectively (playing every other integer with
probability 0). A pure strategy is a strategy where one probability is 1 and all of
the rest are 0. For example, Bob’s strategy is pure if he plays 4 with probability 1.
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