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Abstract

In this paper we discuss three kinds of methods for proving that an L-
function is non-zero in a part of its critical strip. The fundamental classical
result is de la Vallée Poussin’s theorem with Riemann’s zeta function. A
first method of generalizing this fits in quite nicely to the Rankin-Selberg
theory of L-functions for GL(n). It falls short, however, of proving all cases
of our Main Theorem. A second method of proof using Eisenstein series for
SL(2) was introduced by Sarnak following Selberg. This was carried out in
2002 [Sar]. In his paper, Sarnak suggested generalizing his method using
Langlands-Shahidi theory. The result was [GLS] and [Gel-Lap]. This third
method works not only for the GL(n) L-functions but for a broad range
of Langlands-Shahidi L-functions too. For a result by this method which
goes beyond “de la Vallee Poussin’s method” see the example of the ninth
symmetric L-function of GL(2).

Introduction

The Grand Riemann Hypothesis (GRH) states that the non-trivial zeroes
of the L-function of any automorphic cuspidal representation of GL(n) have
real part equal to 1/2. The Main Theorem discussed in this paper is a
generalization of a much weaker property of the non-vanishing of ζ(s).

In 1896, J.Hadamard and Ch. de la Vallée-Poussin proved (indepen-
dently) that ζ(s) 6= 0 for Re(s) = 1; this non-vanishing of ζ at the edge of
the critical strip

0 ≤ Re(s) ≤ 1

turns out to be equivalent to the Prime Number Theorem. A little later,
de la Vallée-Poussin extended the non-vanishing of ζ to an explicit region
inside the critical strip:
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