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Abstract. Let g denote a semisimple Lie algebra with the property that none of its simple
factors is of type A1. Suppose that k ⊆ g is a Lie subalgebra isomorphic to sl2. The goal of
this paper is to prove the existence of a positive integer b(k, g) such that if V is any irreducible
finite dimensional g-module then when restricted to k, the decomposition of V will contain
some irreducible k-module with dimension less than b(k, g). Beyond proving the theorem,
we show how it may be generalized by introducing the notion of a small subalgebra.

1. Introduction

The main goal of this paper is to provide a proof of the following:

Theorem (see [18]). Let k be an sl2-subalgebra of a semisimple Lie algebra g, none of whose
simple factors is of type A1. Then there exists a positive integer b(k, g), such that for every
irreducible finite dimensional g-module V , there exists an injection of k-modules W → V ,
where W is an irreducible k-module of dimension less than b(k, g).

Note that the above statement (announced in [18]) is not asserting that every irreducible
representation of k of dimension less then b(k, g) occurs. Rather, the theorem asserts a
uniform upper bound on the dimension of the smallest irreducible representation of k that
occurs. One might say we consider the lowest highest weight of a g-module relative to the
restricted action of k.

More precisely, let Wi denote the irreducible i + 1 dimensional representation of sl2. If
V is an irreducible finite dimensional g-module then, upon restriction to a fixed subalgebra
isomorphic to sl2 we have a decomposition:

V ∼=
⊕∞

i=1 Wi ⊕ · · · ⊕Wi
︸ ︷︷ ︸

mi(V )

with mi(V ) ≥ 0 being the multiplicity of Wi in V . The above theorem asserts that the
number:

max

{

min
mi(V )6=0

i | V an irreducible finite dimensional g-module

}

is finite provided that g has no simple factor of type A1.
In fact, the result is more general than k ∼= sl2. In Section 3.5.2 (and then in Theorem

4.0.11) we discuss the situation when k is replaced by a general semisimple Lie algebra. The
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