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1 Introduction

Let X1, Xo, ..., X,, be independent random variables and let T" := T'(Xy,...,X,) be a general
sampling statistic. In many cases T can be written as a linear statistic plus an error term, say
T =W+ A, where .
W=> g(Xi), A=A(Xy,...,Xp) =T -W
i=1

and g; := gn; are Borel measurable functions. Typical cases include U-statistics, multi-sample U-
statistics, L-statistics, and random sums. Assume that

n
(1.1) E(gi(X;)) =0fori=1,2,...,n, and ZE(gZQ(XZ)) =1.

i=1

It is clear that if A — 0 in probability as n — oo, then we have the following central limit theorem
(1.2) sup |P(T < z) — ®(2)] — 0
z

where ® denotes the standard normal distribution function, provided that the Lindeberg condition
holds:

n
Ve>0,) EgH(Xi)I(lgi(Xi)| >e) — 0.
i=1
If in addition, E|A[P < oo for some p > 0, then by the Chebyshev inequality, one can obtain the

following rate of convergence:
(1.3) sup |P(T < z) — ®(2)| < sup |P(W < z) — ®(2)| + 2(E|A[P)/0+P),

The first term on the right hand side of (1.3) is well-understood via the Berry-Esseen inequality. For
example, using Stein’s method, Chen and Shao (2001) obtained

n n
(1.4) Sup [P(W < z) — ®(z)| < 4-1(21Egi2(Xi)I(|gi(Xi)| >1)+ Z;Efgi(Xi)|3I(|9i(Xi)| < 1))~

1= 1=
However, the bound (E|A|P)Y/(4P) is in general not sharp for many commonly used statistics. Many
authors have worked towards obtaining better Berry-Esseen bounds. For example, sharp Berry-Esseen
bounds have been obtained for general symmetric statistics in van Zwet (1984) and Friedrich (1989).
An Edgeworth expansion with remainder O(n~!) for symmetric statistics was proved by Bentkus,
Gotze and Zwet (1997).

The main purpose of this paper is to establish uniform and non-uniform Berry-Esseen bounds for

general nonlinear statistics. The bounds are best possible for many known statistics. Our proof is



based on a randomized concentration inequality approach to bounding P(W + A < z) — P(W < z).
Since proofs of uniform and non-uniform bounds for sums of independent random variables can be
proved via Stein’s method [8], which is much neater and simpler than the traditional Fourier analysis
approach, this paper provides a direct and unifying treatment towards the Berry-Esseen bounds for
general non-linear statistics.

This paper is organized as follows. The main results are stated in next section, five applications are
presented in Section 3 and an example is given in Section 4 to show the sharpness of the main results.
Proofs of the main results are given in Section 5, while proofs of other results including Example 4.1
are postponed to Section 6.

Throughout this paper, C will denote an absolute constant whose value may change at each
appearance. The L, norm of a random variable X is denoted by ||X||,, i.e., || X||, = (E|X|P)}/P for
p=> 1L

2 Main results

Let {X;,1 <i<mn}, T, W, A be defined as in Section 1. In the following theorems, we assume that
(1.1) is satisfied. Put
(2.1) B = ZEIQZ DIP1(1gi(X3)| > 1) + > Elgi(X)[P1(|gi(X0)| < 1)

i=1

and let § > 0 satisfy

(2.2) ZElgz i)l min(9, |g:(Xi)|) = 1/2.

THEOREM 2.1 For each 1 < i < n, let A; be a random variable such that X; and (A;, W — g;(X}))
are independent. Then
(2.3) sup |[P(T < z) — P(W < 2)| <40 + E|WA| + > Elgi(X:)(A — Ay)]

z i=1

for 0 satisfying (2.2). In particular, we have

(2.4) sup | P(T < 2) — P(W < 2)| < 28+ EIWA| + 3" Elgs(X.)(A — A)
z i=1
and
(2.5) Sup |P(T < 2) — B(=)| < 618 + EIWA| + 3" Elgs(X.)(A — A
z i=1



Next theorem provides a non-uniform bound.

THEOREM 2.2 For each 1 < i < n, let A; be a random variable such that X; and (A, {X;,j # i})
are independent. Then for § satisfying (2.2) and for z € R*,

(2.6) P(T<2) - P(W<2)| < v +elli

where

(2.7) v = P(A]> (o] +1)/3) + gpugxxz-) > (|21 +1)/3)
+§P<\W — (X0 > (2]~ 2)/3)P(lga(X0)| > 1),

(2.8) = 288 AL + 35 9K 1A - Al

=1
In particular, if Elg;(X;)|P < oo for 2 < p <3, then
(29)  |P(T <z)—2(2)]

< P(A]> (|2l +1)/3) + C(lz| +1)” (HA|!2+Zng DIlIA = Adlz + " Blai( X;)P).
=1

A result similar to (2.5) has been obtained by Friedrich (1989) for g; = E(T'|X;) using the method
of characteristic function. Our proof is direct and simpler and the bounds are easier to calculate. The

non-uniform bounds in (2.6) and (2.9) for general non-linear statistics are new.

REMARK 2.1 Assume E|g;(X;)[P < oo forp > 2. Let

2(p — 22 & 1/(p— 2)
(2.10) 5= ( e ZE\ (X))
Then (2.2) is satisfied. This follows from the inequality

. (p—2)P%a? !
(211) mln(a, b) 2 a — W

fora >0 and b > 0.

REMARK 2.2 If 3 < 1/2, then (2.2) is satisfied with 6 = 3/2.



REMARK 2.3 Let § > 0 be such that
> Eg(Xi)I(|lgi(Xi)| > 6) < 1/2.
i=1

Then (2.2) holds. In particular, if X1, Xa, -+, X, are independent and identically distributed (i.i.d.)

random variables and g; = g1, then (2.2) is satisfied with 0 = co/+/n, where ¢y is a constant such that

E(vng1(X1))*1(|yvng1(X1)| > co) < 1/2.

REMARK 2.4 In Theorems 2.1 and 2.2, the choice of A; is flexible. For example, one can choose A; =
A(Xl, PN ,Xifl, O,qurl, PN ,Xn) or Al = A(Xl, PN ,Xifl,Xi,Xi+1, PN ,Xn), where {X,L, 1 < ) < n}
is an independent copy of {X;,1 < i < n}. The choice of g; is also flexible. It can be more general

than g;(x) = E(T|X; = x), which is commonly used by others in the literature.

REMARK 2.5 Let X1,...,X, be independent normally distributed random variables with mean zero
and variance 1/n, and let W, T and A be as in Example 4.1. Then
(2.12) EIWA| + Y EIX;P + Y EIX{(A(Xy,..., Xy, Xn) = A(Xq,..,0,..., X)) < Ce¥/3

i=1 i=1
for (1/e)¥3 < n < 16(1/e)*3. This together with (4.5) shows that the bound in (2.4) is achievable.
Moreover, the term Y~ E|g;(X;)(A — A;)| in (2.4) can not be dropped off.

3 Applications

Theorems 2.1 and 2.2 can be applied to a wide range of different statistics and provide bounds of
the best possible order in many instances. To illustrate the usefulness and the generality of these
results, we give five applications in this section. The uniform bounds refine many existing results with

specifying absolute constants, while the non-uniform bounds are new for many cases.

3.1 U-statistics

Let X1, Xs,..., X, be a sequence of independent and identically distributed (i.i.d.) random variables,
and let h(zy,...,x,) be a real-valued Borel measurable symmetric function of m variables, where m

(2 <m < n) may depend on n. Consider the Hoeffding (1948) U-statistic

Up=(" )_1 S h(Xis Xiy)-

m . .
1<i1<..<tm<n

5



The U-statistic elegantly and usefully generalizes the notion of a sample mean. Numerous investi-
gations on the limiting properties of the U-statistics have been done during the last few decades. A
systematic presentation of the theory of U-statistics was given in Koroljuk and Borovskikh (1994). We
refer the study on uniform Berry-Esseen bound for U-statistics to Filippova (1962), Grams and Serfling
(1973), Bickel (1974), Chan and Wierman (1977), Callaert and Janseen (1978), Serfling (1980),Van
Zwet (1984), and Friedrich (1989). One can also refer to Wang, Jing and Zhao (2000) on uniform
Berry-Esseen bound for studentized U-statistics.

Applying Theorems 2.1 and 2.2 to the U-statistic, we have

THEOREM 3.1 Assume that Eh(X1,...,X;) = 0 and 0? = Eh*(Xy,...,X;) < co. Let g(z) =
E(h(X1,X2,...,Xn)| X1 =) and 03 = Eg?(X1). Assume that o1 > 0. Then

(3.1) sup |P (ﬁUn < z) - (
z moq

where cy is a constant such that Eg?(X1)I(|g(X1)| > coo1) < 02 /2. If in addition E|g(X1)[P < oo for

- (14+v2)(m —1)o .
7 200 <))< G

2<p<3, then

1+v2)(m—1)o  6.1E|g(X1)"

(3.2) sup P (ﬁvn < ) —a(z)| <
z moq

(m(n —m+1))Y20y n(P=2)/2q7
and for z € RY,
vn Imo? 13.5e~14/3m1 /24
3.3 P U, <z2|—d(z) <
(3:3) | <m01 =7 @l = A+ 22 —m+1)o? " (n—m+ )P0
CE|g(X1)P

(L + [2)n=27207

Moreover, if E|h(X1,...,Xn)|P < oo for 2 < p <3, then for z € R,

ﬂ\{ZUn < z) —(2)|

Cm!'2E|M(X1, ..., Xm) P CE|g(X))|P
(1+|z))P(n —m 4+ 1)1/267 (14 |2|)Pn-2)/257"

(3.4) P (

Note that the error in (3.1) is of order O(n~1/2) only under the assumption of finite second moment
of h. The result appears not known before. The uniform bound given in (3.2) is not new, however, the
specifying constant for general m is new. Finite second moment of h is not the weakest assumption
for the uniform bound. Friedrich (1989) obtained an order of O(n~/2) when E|h|%/3 < oo which is
necessary for the bound as shown by Bentkus, Gotze and Zitikis (1994).



For the non-uniform bound, Zhao and Chen (1983) proved that if m = 2, E|h(X1, X2)|® < oo,
then
(3.5) |P (ﬁUn < z) —®(2)] < AnV2(1 4 |2)) 73

moy
for = € R', where the constant A does not depend on n and z but the moment of h. Clearly, (3.4)
refines Zhao and Chen’s result specifying the relationship of the constant A with the moment condition.
After we finished proving Theorem 3.1, Wang (2001) informed the second author that he also obtained
(3.4) for m =2 and p = 3.

REMARK 3.1 (3.3) implies that

Vn Cm!/?q? CE|g(Xy)]P
3.6 P|—U,< -0 <
(36) | <m01 : )| (1+|2])3(n —m + 1)Y/202 * (1 + |2])PnP=2/247

for|z] < (n—=m+1)/m)"/2. For|z| > ((n—m+1)/m)"?, the bound like (3.6) can be easily obtained
by using the Chebyshev inequality. On the other hand, if (3.6) holds for any z € R, then it appears

necessary to assume E|h(X1,..., X;n)P < co.

3.2 Multi-sample U-statistics

Consider k independent sequences {Xji,...,Xjn,;} of i.i.d. random variables, j = 1,...,k. Let
h(xzj,l=1,...,m;,j =1,...,k) be a measurable function symmetric with respect to m; arguments

of the j-th set, m; > 1, 5 =1,..., k. Let
9:Eh(le,l:1,...,mj,j:1,...,k).

The multi-sample U-statistic is defined as

Un:{ﬁ(%)_I}Zh(xﬂ,z:iﬂ,...,z’jmj,j:1,...,k)

where 1 = (n1,...,n;) and the summation is carried out over all 1 < ij; < ... < ijm; < ny, nj > 2my,
7 =1,...,k. Clearly, Up is an unbiased estimate of #. The two-sample Wilcoxon statistic and the
two-sample w?-statistic are two typical examples of the multi-sample U-statistics. Without loss of

generality, assume § = 0. For j = 1,...,k, define

hj(.f) = E(h(XH, . ?lel; . .;Xkl, .. 7kak)‘Xj1 = .ZL‘)



and let 0 = Eh3(X;1) and

=1

§Il\’)

na
A uniform Berry-Esseen bound with order O((min;<;<j, n;)~'/?) for the multi-sample U-statistics was

obtained by Helmers and Janssen (1982) and Borovskich (1983) (see, [Koroljuk and Borovskich (1994),
pp. 304-311.]). Next theorem refines their results.

THEOREM 3.2 Assume that 0 =0, 0 := Eh?(X11,..., X1my; -5 Xk1y - -+, Xk, ) < 00 and

maxi<j<i0j > 0. Then for 2 <p <3

_ 14+2 m? 6.6 mP
67 swlP (o < 2) ()| < LEYDI ST 005 Ty
z On =1 n;g (o j=1 n?
and for z € R
902 kom?2\2 o Fam?
3.8 P(o;lU, <z) - < —— (Y L) 4135 BN 2
(3.8) P (07U <2) - 2(2)| < <1+\z\>22(§1n) H D Dy
. ¢ i m; Elh;(X;1)]
A+ =Pt &= !
3.3 L-statistics
Let X1,..., X, beii.d. random variables with a common distribution function F', and let F;, be the

empirical distribution function defined by

Fo(z)=n""! ZI(XZ- <z) for r€ R
i=1

Let J(t) be a real-valued function on [0, 1] and define

for non-decreasing measurable function G. Put

o2 = /_ Z /_ O:O J(F(s))J(F())F(min(s, £))(1 — F(max(s, £))dsdt

and



The statistic T'(F,,) is called an L-statistic (see [Serfling (1980), Chapter 8]). Uniform Berry-Esseen
bounds for L-statistic for smoothing J were given by Helmers (1977), and Helmers, Janssen and
Serfling (1990). Applying Theorems 2.1 and 2.2 yields the following uniform and non-uniform bounds

for L-statistic.

THEOREM 3.3 Let n > 4. Assume that EX? < oo and E|g(X1)|P < oo for 2 < p < 3. If the weight

function J(t) is Lipschitz of order 1 on [0, 1], that is, there exists a constant ¢y such that

(3.9) |J(t) — J(s)| < colt —s| for0<s,t<1
then
and
(3.11) IP(Vio  (T(Fy) — T(F)) < 2) - B(2)
9ZEX? C <60||X1H2 N E|9(X1)|p)
~ (14 12))?n0%2 (14 z))P\ /no nP=2)/25p

3.4 Random sums of independent random variables with non-random centering

Let {X;,i > 1} be i.i.d. random variables with EX; = p and Var(X;) = o2, and let {N,,n > 1}
be a sequence of non-negative integer-valued random variables that are independent of {Xj;,i > 1}.

Assume that EN? < co and
N, — EN,
Sn o 4 N(0,1).
Var(N,,)

Then by Robbins (1948),
Zﬁ\;nl Xi — (ENp)p
Vo2EN,, + u?Var(N,)

This is a special case of limit theorems for random sums with non-random centering. This kind

<, N(0,1).

of problems arises in the study, for example, of Galton-Watson branching processes. We refer to
Finkelstein, Kruglov and Tucker (1994) and references therein for recent developments in this area.
As another application of our general result, we give a uniform Berry-Esseen bound for the random

sum.



THEOREM 3.4 Let {Y;,i > 1} be i.i.d. non-negative integer-valued random variables with EY; = v
and Var(Y;) = 2. Put N, = 3", Y;. Assume that E|X;|*> < oo and that {Y;,i > 1} and {X;,i > 1}

are independent. Then

SN Xy — nuw

<
Vn(vo? + m2u?)

3.5 Functions of non-linear statistics

o3 +,uﬁ

E‘Xl‘g g )

2
(3.12) sup P ( z) - ®(2)] < Cn_1/2<% +

Let X, Xo,...,X,, be a random sample and én = @n(Xl, ..., X,) be a weak consistent estimator of

an unknown parameter 6. Assume that ©,, can be written as
A 1 n
O,=0+— (X)) + A
n=0+—=( 39X+ )

where g; are Borel measurable functions with Fg;(X;) = 0 and Y, Eg?(X;) = 1, and A :=
Ap(X1,...,X,) — 0 in probability. Let h be a real-valued function differentiable in a neighborhood
of # with ¢’(6) # 0. Then, it is known that

Vn(h(©n) — h(0)) a.
) <, N(0,1)

under some regularity conditions. When 0, is the sample mean, the Berry-Esseen bound and Edge-
worth expansion have been well studied (see Bhattacharya and Ghosh (1978)). The next theorem

shows that the results in Section 3 can be extended to functions of non-linear statistics.

THEOREM 3.5 Assume that h'(0) # 0 and §(co) = Sup|,_g|<¢, |h" ()| < oo for some co > 0. Then for
2<p<3,

Vn(h(©n) = h(h))
(3.13) sup P( i <z) - B(2)]
cod(co) "
< (U Gy (EIVAL+ > Bl (XA A))

3 4 | 2B|A[  4dc) "o(co)
1) Blgi(X)[P + - 0 ,
+6 Z:ZI |g ( )‘ + C%n + Con1/2 |h/(9)‘n(p*2)/2

where W =311 g:(X;).

10



4 An example

In this section we give an example to show that the bound of (2.4) in Theorem 2.1 is achievable.
Moreover, the term Y E|g;(X;)(A — A;)| in (2.4) can not be dropped off. The example also provides
a counter-example to a result of Shorack (2000) and of Bolthausen and Gotze (1993).

EXAMPLE 4.1 Let Xi,...,X,, be independent normally distributed random variables with mean zero
and variance 1/n. Define
n
W = ZXi, T:=1T, = W—s]W\_l/z +ecg and A=T -W = —5]W]_1/2 + € ¢p,
i=1
where co = BE(|W|7Y2) = /2/7 [5° a7 12e=7*2qg. Let {X;,1 < i < n} be an independent copy of
{Xi,1<i<n} and define
1 n
(4.1) a= ;ZE|A(X1,...,X,-,...,X,L) —AXy,.. L, X X))
i=1

Then ET =0 and for 0 < e < 1/64 andn > (1/¢)*

(4.2) P(T < ecy) — (e o) > 236,

(4.3) E|WA| + E|A| < Te,

(4.4) E|A|+) E|XiP +Va < Ce
=1

where C is an absolute constant.

Clearly, (4.2) implies that
(4.5) sup |P(T. < z) — ®(z)| > ¥/3/6.

A result of Shorack (2000) (see Lemma 11.1.3, p. 261, [22]) states that for any random variables W
and A,
(4.6) sup |[P(W + A < 2) — ®(2)| <sup |P(W < 2) — ®(2)| + 4E|WA| + 4E|A].

Another result which is in Theorem 2 of Bolthausen and Gotze (1993) states that if ET = 0, then

(47) sup | P(T < 2) — 8(2)] < C(EIA| + 3 Bla:(Xof° +va),
N i=1

where C' is an absolute constant and « is defined in (4.1).
In view of (4.3), (4.4) and (4.5), the result of Shrock and of Bolthausen and Gétze can be shown

to lead to a contradiction.

11



5 Proof of Main Theorems

In this section we prove Theorems 2.1 and 2.2 and Remarks 2.1 and 2.2.
Proof of Theorem 2.1. (2.5) follows from (2.4) and (1.4). When 5 > 1/2, (2.4) is trivial. For
B <1/2,(2.4) is a consequence of (2.3) and Remark 2.2. Thus, we only need to prove (2.3). Note that

(5.1) —Pz—|A|<W<2)<P(T<z)—P(W<z) <P(z<W<z+|Al].

It suffices to show that

(5.2) P(z<W <2+ |A]) <45+ EWA|+ 3 Elgi(X:)(A — A))|
=1

and

(5.3) P(z—|A[<W < 2) <40+ E[WA|+ > Elgi(X:)(A — Ay)]
=1

where § satisfies (2.2). Let

—|Al/2 =6 for w < z -9,
(5.4) faw)y=< w—=3224|A])  for z—6<w< 2+ |A]+6,
|Al/2 46 for w >z 4 |A]+6.

Let

& = gi(Xq), Mi(t)=&{I(-& <t<0)—I(0<t<-&)},

Mit) = BNG(t), () = 3] Ni(t), M(t) = ENI(2).
=1

Since &; and fa, (W —¢&;) are independent for 1 <1i <n and E¢; = 0, we have

(5.5) EWfaW)} = > E{&(fa(W) = faW = &)}
1<i<n
+ > EB{&(faW = &) — fa, (W = &)}
1<i<n
= Hy+ Hs.

Using the fact that M(t) > 0 and f}(w) > 0, we have

(5.6) H = Y E{gi/o AW + )t}
1<i<n =&

~

= ¥ B /O:of’A(W+t)Mi(t)dt}

1<i<n

12



- E{/Oof (W + 0)XI(1)dt

E{ s FA(W + )M (t)dt |

v

> E{I(z<W <z+]A|) NI(t)dt}
[t|<é
= Y B{I(z<W <z +|ADlgGIminG, &) }
1<i<n
> Hip — Hyp,
where
Hiy = P(z<W<z+|A) Y En, Hig=E| Y ni— Eni, 5 = |&|min(6, [&)).
1<i<n 1<i<n
By (2.2),
> Eni>1/2.
1<i<n
Hence
(5.7) Hiq > (1/2)P(z < W < z +|A]).

By the Cauchy-Schwarz inequality,

(5.8) Hi, < Z ni — En;) )1/2
1<z<n
< (X Em)l/2§5.
1<i<n

As to Hs, it is easy to see that

Faw) = fa,(w)] < [|A] -

Hence

(5.9) [Ha| < (1/2) ) El&G(A = A)].
i=1

Combining (5.5), (5.7), (5.8) and (5.9) yields

PG<W S 4IA) < 2ABWAW) 46+ 1/ Y Blaa - a9}
=1

E|WA| +20E|W| 425+ Y E|&(A = A))|
=1

IN

46+ EIWA[+ ) E|&(A = A).
=1

IN

13



This proves (5.2). Similarly, one can prove (5.3) and hence Theorem 2.1. g

Proof of Theorem 2.2. First, we prove (2.9). For |z| <4, (2.9) holds by (2.5). For |z| > 4, consider
two cases.

Case 1. > | Elgi(X;)|P > 1/2.

By the Rosenthal (1970) inequality, we have

(5.10) P(W| > (2] —2)/3) < P(IW]> |2]/6) < (|2[/6) PE|W"
< (el + 07| (L B())" + 3 Blaxor)
i=1 i=1
< O+ 1) i!m
Hence

[P(T <2)=®(2)] < P(A[>(]z[+1)/3) + P(IW]| > (|2 = 2)/3) + P(IN(0, 1)| > |z])
< P(A]> (2| +1)/3) + C(lel + )77 ) Elgi(X) P,
i=1
which shows that (2.9) holds.
Case 2. S0, Blgi(X)IP < 1/2.
Similar to (5.10), we have
- vR P -p
P(W = gi(X:)| > (2| - 2)/3) < C(l2] +1)" KZ (X)) + Y Elg (X)) < C(lzl + 1)
=1 j=1
and hence
ve < P(AI> (12l +1)/3) + (12 + 1)/3) PElgi(Xo) [P + Y Cl2] + 1) P Elgi(X)[”
i=1 i=1
< P(A]> (I2| +1)/3) + C(lel + )77 ) Elgi(Xo)P.
i=1
By Remark 2.1, we can choose
2(p =2 1/(p—2)
0 = ( 1)p—1 ZE‘ 9i( )
2 22
p (r_ 1\p—1 ZE‘ 9i

Combining the above inequalities with (2.6) and the non-uniform Berry-Essee bound for independent

random variables yields (2.9).

14



Next we prove (2.6). The main idea of the proof is first to truncate g;(X;) and then adopt the
proof of Theorem 2.1 to the truncated sum. Without loss of generality, assume z > 0 as we can simply

apply the result to —7". By (5.1), it suffices to show that

(5.11) Pz—|A|<W<2) <7y, +e
and
(5.12) Pz<W <z+|A) <7, +e *r

Since the proof of (5.12) is similar to that of (5.11), we only prove (5.11). It is easy to see that
Pz—|A|<W <z)<P(|Al >(24+1)/3) + P(z — |A| < W < z,|A| < (2 +1)/3).

Now (5.11) follows directly by Lemmas 5.1 and 5.2 below. This completes the proof of Theorem 2.2.

LEMMA 5.1 Let

Then

(5.13) Pz~ |A|<W < 2,]A| < (2 +1)/3)
< P(z—|A W < 2]A| < (24 1)/3)

+Y P& > (2+1)/3) Z (W =& > (2—2)/3)P(J&] > 1).
i=1 =
Proof. We have

P(z—|A| <W < 2 |A| < (z+1)/3)
< P~ |AlSW < 2,]A| < (2 +1)/3, max |6 < 1)

+P(z—|A| <W <z, |A] < (2 +1)/3, uax 1€ > 1)
< Plz—|AlSW <z A< (z2+1)/3)+ > P(W > (22 —1)/3,|¢&] > 1)
i=1

and

n

S PW > (22—1)/3,1&] > 1)

=1

15



SOPE > (24 1)/3) £ Y POW > (22— 1)/3.6 < (= + /3,6 > 1)
=1 i=1

SOP(E > (4 1/3) 43 PV — & > (-~ 2)/3. || > 1)

=1 =1

NP 13+ S POV - & > (2~ 2)/3)P(&] > 1),

i=1 =1

IN

IN

as desired. g

LEMMA 5.2 We have
(5.14) P(z—|A| <W < 2,|A] < (2+1)/3) < e /37

Proof. Noting that E¢; <0, e® <1+s+5%(e? —1—a)a"? for s < a and a > 0 and that a&; < a,

we have for a > 0

(5.15) Be®V = f[ Eei
i=1
< ﬁ (1 +aBE& + (e —1 —a)Ef?)
i=1
< exp ((e“ —1—a) zn:Ef?)
i=1
< exp ((e“ —1—a) iEéf) =exp(e® —1—a).
i=1

In particular, we have EeWV/2 < exp(e!/? — 1.5). If § > 0.07, then

Pz—|Al <W <z |A| < (2+1)/3)
< P(W > (22—1)/3) < e ?/3T1/6 gV /2

< e #Pexple® —4/3) < 1.38¢7%/3 < 206 e /3,

This proves (5.14) when § > 0.07.
For 6 < 0.07, let

0 forw <z —|A| =,
(5.16) faw) =14 e?(w—z4|A|+6) for z—|A| -6 <w<z+9,
eV/2(|A| + 26) for w>z+46.

Put
M(E) = 6{1(—& <t <0)— [0 < ¢ < —&)}, N() = " JL(8).
=1

16



By (5.5) and similar to (5.6), we have
(5.17) E{Wfas(W)} = E{ /_oo AW + )M (t)dt

+3 B{6UAOT — &) fa,(W - &)}
i=1
= G1+ Go,

It follows from the fact that M(t) > 0, fi(w) > e®/? for z — |A] = § <w < z+ 4§ and fi(w) > 0 for

all w,
(5.18) Gy > E{/ FAW + )M (t)dt
[t|<6
> E{e"2I(z — |A| < W < 2, |A] < (2 +1)/3) N (t)dt}
jt]<
= B{"WPI(z — |A| < W < 2, |Al < (2 4 1)/3) } EM (t)dt
1] <6
+E{V2I(z — |A| S W < 2,|A] < (2 + 1)/3)/ (M (1) — EM (1))t}
t/<s
> Gi11—Gip,
where

Gii = PG |A|<W <2, |Al< (- +1)/3) [ ENI(tt,
<
Gro = E{/ VP21 (1) — B (t)dt .
=

By (2.2) and the assumption that ¢ < 0.07,

MS&EM(t)dt = ;E\§i|min(6,|§i|)
= > El&[min(5,1&]) > 1/2.
=1

Hence

(5.19) Gia > (1/2)e30P (2 — |A| < W < 2, A < (2 +1)/3).
By (5.15), we have Ee" < exp(e — 2) < 2.06. It follows from the Cauchy-Schwarz inequality that

(5.20) Gia

IN

5 (0.5Ee + 2B|NI(t) — M (1)) dt
jt]<

5{2.066 + 2
05{ 066 + ; s

IN

BE(I(~& <t <0)+1(0 < t < —&))dt}

17



0.5{2.060 + 2 i B¢} min(5, &) |

i=1
< 05{2.066 + 25y BE?} < 2.030.
i=1
As to G, it is easy to see that
Fa(w) = fa,(w)] < ”2[|A] = A < e72ja - A

Hence, by the Holder inequality, (5.15) and the assumption that & and W — &; are independent

(5.21) Go] < S Bl 82(A - Ay
=1
< Z (ngeW*@Ym (E(A B Ai)g)l/z

@
I
—

(BB )" 1A - A,

I

Il
—_

)

< 144> G2 1A = Ao
i=1

Following the proof of (5.15) and by using |e® — 1| < |s|(e® — 1)/a for s < a and a > 0, we have

— n — — — — — — — —
EW?2e = N BBV 4 Y Bg(eh — 1)EE (e — 1) Be! T8

i=1 1<i#j<n
n
< 206e) EE +206(e—1)° > EGES
i=1 1<i#j<n
< 2.06e+2.06(e— 1) < 3.42%
Thus, we obtain
(5.22) E{Wia(W)} < E[W|eV/2(|A] + 20)
= \1/2
< {lalle + 28} (BW2e))

< 3.42(||Al]2 + 20).
Combining (5.17), (5.19), (5.20), (5.21) and (5.22) yields
Pz —|A| < W <z, |Al < (2+1)/3)

< 267 AHOL3.49(|| Al + 20) + 2,035+ 1443 [|&l 2 1A = Ao}
=1

< 3215+ 8.1||Al + 353 [l&l 2 1A — Al
=1

= e #/3 7

18



This proves (5.14). g

Proof of Remark 2.1. It is known that for x > 0,y >0, a > 0,7y >0 witha+vy=1

%y < oz + vy,

. . . oo qr—1\1/(P—1)
which yields with a = (p—2)/(p—1), ¥ = 1/(p—1), 2 = b(p—1)/(p—2) and y = ()2 5=) ",

(p—2)P2a!

a=z%"<ar+yy=>b+

(p—1)p=1bp—2
or
— 9)p—2 4p—1
b>a-— (p=2""a
I R Vi
On the other hand, it is clear that
— 9\p—2 4p—1
0> a— (p—2)P"a

(p—1)p=t br=2"
This proves (2.11). Now (2.2) follows directly from (2.11), (2.10) and the assumption (1.1). g

Proof of Remark 2.2. Note that § = 3/2 < 1/4. Applying (2.11) with p = 3 yields
> Blgi(Xi)| min(d, |gi(X;)])
i=1

>

-

s
Il
_

Elgi(Xi)[1(lgi(Xi)| < 1) min(6, |gi(Xi)|)

>

NE

{B? (X0 1(19:(X0)| < 1) — Eloi(X) PI(1as(X0)| < 1)/(49)}

<.
Il
—

= 1 (403 B (X)I(lgi(Xo)l > 1) + Y Elgs(X:) PI(1g:(X0)] < 1)) /(49)
i=1 =1

> 1—(3/(46) = 1/2.

This proves Remark 2.2. g

6 Proofs of Other Theorems

In this section, we prove Theorems 3.1 - 3.5.
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6.1 Proof of Theorem 3.1

For 1 < k < m, let hy(z1,...,2%) = E(h(X1,..., Xn)| X1 = x1,..., X = 23) and hg(z1,...,2%) =
hy(z1, ..., x1) — S8 1 g(z;). Observing that

Up=n'mY o)+ () 8 halXi X,
=1

1<61 <. <im<n

we have
maoq
where
W =
\FUI Zg
—1 B
A = ﬁ(;ﬁ) S hnlXae X)),
mol 1<ir<. <im<n
Let
. \/ﬁ n\—1 B
Al_m70'1<m) Z hm(X'Ll?""X’Lm)-

1<i1 <...<im,i;7#l for all j

By Theorems 2.1 and 2.2 (with Remark 2.3 for proof of (3.1)), it suffices to show that

(6.1) gA? < (M= 1)°0"
~ m(n—m+1)o?
and
2.2
(6.2) ElA— A2 < M=V

nm(n —m+ 1)o3

It is known that (see, e.g., [18], p.271)

(63) E( Z Bm<X7,17 7le))2

1<i1 <. <im<n

_ (Z)i(?)(ﬁl VR (X X))

=

Note that
(6.4) ER3(X1,...,X;)

= EBh}(Xy,.... X QZE (X1, X))+ B(

i
I\
Q
>
N
S—
[\

= ER}(Xy,...,X;) - 2]E[g(X1)E(h(X1, s X)X X))+ REGR (X))
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= Eh?(Xl, o, Xj) = 2JE[g(X)h(X1, ..., Xm)] + JEGH(X7)
= Eh}(Xi,...,X;) — 2jE¢*(X1) + jEg*(X1)

= ER}(Xy,...,X;) — jEg(X1).
We next prove that for 2 < j <m

j—1
(6.5) Eh; ((X1...,Xj-1) < TEh?(xl, . ¢

Since Eh3(X1, Xs) >0, (6.5) holds for j = 2 by (6.4). Assume that (6.5) is true for j. Then
(6.6) E(hjr1(X1,. ., Xji1) — hi (X1, .., X)) — hi(Xa, ..., Xj11))?
= Eh;(X1,.... Xj41) — 4E[hj1 (X1, .., Xjp)hi (X, ., X))
+2ER3 (X1, ..., Xj) + 2Eh;(X1, ..., Xj)hj( X2, ..., Xjt1)
= Eh}(X1,....Xj41) — 2ER3(Xy,..., X))
+2E(E(hj(X1,...,Xj)hj(XQ,...,XjH) | X2,...,Xj))

= Ehi (X1,....Xj41) —2BR5 (X1, ..., X;) + 2Eh7 ((X1,...,X;1).
On the other hand, we have

6.7)  E(hjp1(X1,..., Xj11) — hj(X1, .., Xj) — hi(Xa, ..., Xj11))?
2
> E(B(hjpa(Xu,. o, Xjp1) = by (X, X)) = hy(Xa, ., Xjpa) | X, oo, X))

= ER} (X1,....X;_1).
Combining (6.5) and (6.6) yields

2ER3(X1,..., X))

IN

Eh?—‘,—l(Xl?' . 'anJrl) +Eh?—1(X17' . 'anfl)

IA

j—1
ERY (X1, Xj) + TEh?()(l, o Xj)

by the induction hypothesis, which in turn reduces to (6.4) for j + 1. This proves (6.4).
It follows from (6.4) that

(6:8) ER(X,..., X)) < ZER2(X1, .., Xpn) = L2,

J
m m
To complete the proof of (6.1), we need the following two inequalities:
(69 Sy (nT )L g mim = D2y
S J I/ Nmy m =~ (n—m+1)n\m
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and

(6.10)

and

IA

IN

(" ) i )
> (N0
S(ING)
wlm—1 n—m
- SN
- (D=0
= (o)~ (n_(mn)!_/gr)bl/_(?—_rg)b!ﬂ)!}
- (D0 T =)
< () § o
< (o
- ot tan)
T )R
R G e S (T DG)
) )
U R TG B G
() Gt Gt )
2
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From (6.8) and (6.9) we obtain that

P (X1, .. .,Xm)}2

)Eh2 Xi,...

F

7XJ)

(6.11) EA? = m2a( ) 2E{ >
= m2o 2<‘::L> 1;( )(
= m201( )122( )(
< (m —1)%02

(n—m+1)mo}
This proves (6.1).

Similarly, by (6.10)

A2 o mNT2 B - ‘ )2
(6.1B)(A — A) ng%(m) E ml};imén 1gi1<...<i§n, y ijﬂ}hm(X,l,..., Xi,.))
- m?o'%<77:/l)_2E<1<il<m<zi;n_l<n1hm(Xi17"‘7Xim—17Xm)>2
n ny-2/n—1\%" m—1 n—m Y
B m20%<m) (m—1>]z::1( j )(m_l_])Eth(Xh 5 Xj)
n n\—2/n—1 ml m—1 n—m 9
< m20%<m) (m_l)j:1( j )(m—l j)Ehj-i-l(Xl’ LX)
2 _ym—1 . _ 1
< ) 2GR
2(m —1)%0?

mn(n —m+1)o?’

This proves (6.2) and hence completes the proof of Theorem 3.1. g

6.2 Proof of Theorem 3.2

We follow a similar argument as that in the proof of Theorem 3.1.

(le, e 7ijj) and €Tj = (lea ce ,.%'jmj) and define

ﬁ(wl,...,azk):h(ml,...,mk

For the given U-statistic Uy, we define its projection

k mnj

For 1 < j <k, let X; =

k mj

=3 hyla).

j=1li=1

Un =Y E(Us| X

j=11=1

23



Since

myfm = (12200,

mj —1 mj
we have
~ k 2 ma
‘ n;
j=11=1 ""J

The difference Uz — Uﬁ can be rewritten as

k -1 _
Uﬁ_Uﬁ:{H (:1]]) }Zh<X1ilv“'7Xk;ik)a

J=1

where in- = (Xjijps - X ) and the summation is carried out over all indices 1 < i1 < ijo <
J

con <lgm; <ng, j=1,2,..., k. Thus, we have

o tUn=W+A

with

W= Uglzk:iz?hj()(ﬂ)a

A = agl{jf[l(;;é)1}Zh(X”-1,...,ink).
Let

k — 7\ —
A= {TL () F S R X )

v=

where the summation is carried out over all indices 1 < iy < G2 < ... < lym, <Ny, L <V <k, v#]j
and 1 <ij <djo <o <ljm; <Ny with ij, # [ for 1 < s < m;.

By Theorems 2.1 and 2.2, it suffices to show that

2,k m2.2
(6.13) BA? < 2o (Y —2)
Op i1 1Yy

7j=1
and s 9k

20° m?* 2
6.14 EIA - A ]2 < J )
( ) | ]l| = nJQ U% ; Mo

FOI"Odegmj,lngklet

Ydh...,dk('rjia 1<:< djv 1<y< k) = Eh($317 s 7xjd17dej+17 s 7ijj7 1<y< k)
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and

.....

Noting that
BE(M(X 15,5+ X3 ) Xj1) = 0 for every 1 <1 <mjy, 1<j <k,

we have (see (4.5.8) in [18])

(6.15) B(Us — Un)
k
= {10(,7) '} > T ) (0 b
=t d+...+dy>2 5=l J
0<d; S 1<i<k

IN
ql\')
——
—
—
k:s ‘3
~—
|
NI
IN .
32
EM o
|
—
——
—
&3
~—
/'\
33
|
&QS
~—
——

k
2
< o2 — ),
where in the last inequality we used the fact that

kE m2 k N
o SIS LU e O 1)
di+...+dp>2 Jj=1
0<d;<my1<j<h

E?r

(See below for proof). This proves (6.13).

As to (6.14), consider j = 1 only. Similar to (6.12) and (6.15), we have (with X7, =

(Xlil,lv <o 7X1i1,m1—17X1,m1))

U%E|A—A1l‘2

k —
= {11 (:%)} 2E< 3 WX X2i2,...,Xk,L~k))2

v=1 1< ip1 <2 < oo < lpmy <Np,2<0v<k
1§i1,1<i1,2<...<i17mj71g’nj—1

A G} G D TG

IA

— — k —
> ("o D ) I G

d1+,..+dk21 v=2
0<di <mi—-1,0<d, <my,2<v<k
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IN

TEII e X o+ % }

v=1 1<di<mi—1 2<v<k d1=0,1<d,<my,
k k
< Iy T ()
= n el My ny —mi + 1\m; — 1 =2 m;
n m m2 b n
1— M v J
+(m1—1) Z n m—l—lH(m-)}
2<v<k Y v j=2 J
< o?m? m?2 < 202 m? Z mig
> 2 — 2
n 1<v<k My — My +1 n 1<v<k Y

for ny > 2my. This proves (6.14).
Now we prove (6.16). Consider two cases in the summation:

Case 1: At least one of d; > 2, say di > 2. In this case, by (6.9)

> OG- a))

dy > 2 J=1
1<d; <m;,1<j<k

< {12 > (i)
(GG

IN
—
—
N /N
33
. .
N—
——
v 3

IN
¥
ey
=10
3
=
|
N S
+=%
=
—= |
/
mshz
~

IN
Hl\?‘g

for n1 > 2m;.
Case 2. At least two of {d;} are equal to 1, say d; = dy = 1. Then
{0 )
S T1 J j = My
tda joi SNy — d

- 1“"11)(11;”?) (™)

Jj=3

A
E
S

==

e
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Thus, we have

> I )G )
! d; m; —d;
di+...+dy>2 =1 J 7o
1<dj <m;,1<j<k

This proves (6.16). Now the proof of Theorem 3.2 is complete. g
6.3 Proof of Theorem 3.3

Let (t) = [ J(s)ds. As in [Serfling (1980), p.265], we have

T(F) = T(F) = = [ [0(Fa(@) (P (@)ds

and hence
Vo THT(F,) = T(F)) =W + A,
where
1 [
W= ———) / (I(X; < @) — F(2))J(F(2))dz
1 —0oQ
A = \/ﬁal/_o:o[w(Fn(w)) —¥(F(2) — (Fa(z) — F(2))J(F(2))]dz
Let
ni(z) = I(X; <x)—F(x),
5(X) = ——— [ (10X <2) - F) J(F @)z,
A = —/no™! /_Z[w(Fn,i(w)) —p(F(z)) — (Fni(z) — F(x))J(F(2))]dz,
where F,, ;(z) = %{F(:c) + Z I(X; < x)} We only need to prove
1<j<n,j#i
(6.17) 0?EA? < cin 'EX?
and
(6.18) o?B|A — A* < 2¢3n?EX?
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Observe that the Lipschitz condition (3.9) implies
t—s
(6.19) [(t) = (s) — (t —5)J(s)| = !/0 (J(u+s) = J(s))du| < 0.5¢o(t — 5)*
for 0 < s,t < 1. Hence

o EA* < 0.25c3nE( /_O:O(Fn(:c)—F(a:))de)

= 0.25¢3n3 /O:O /OO E(iin (x)nj(y))dedy

—o© i=1j=1
< 02sn [ [ (sn2Enf(@) Bt ) + B @) ) dedy.
Observe that
|| r@eidedy = ([ P - F)ds) < (B1X1)* < BX?

and
/O:o [ O:O E{ni (z)ni (y) Ydzdy
- 2// E{ni(x)n (y) }dady

= 2//<y 1— 2(1 - F(y))?F(x)
+F(2)(1 = F(y))*(Fy) — F(2)) + F(2)F(y)(1 - F(y))}dwdy

< 2//<y y))dxdy

- //<y<0 //0<x<y //<0y>0 F @)1 = F(y)dedy

< 2{/ || F(z d:v—i—/ dy—i—/ F(z daz/y>0(1—F(y))dy}
< 2{B(X7)? + B(X{)? + EX] EX{ }

< 4EX?

This proves (6.17).
Next we prove (6.18). Observe that

—= A —A = I/ (Fni(x)) = (Fn(z) = Foi(2))J (Foi(x))de

+/_Oo n(2) = Foi(2))[J (Fpi(z) — J(F(2))]dz]
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IN

0.5¢0 /_ O:O(Fn(:c) — Fp(2))’da

tao [ |Fal@) = Fui@)|Pri(e) = Fla)lda

< 05con2 / (I(X; < z) — F(z))%de
+con_2/ (X <o) — F@)| | SS{(X; < o) — F(a)}hdo
> J#i
o0
= 0.5c0n72/ nf(a?)dw—l—cond/ |ni (2 HZ”J )|dz,
- - J#i

00 2 oo o0
B[ wwin)’ = [T [ Ei@ntdedy < 48X

and
B( [ @) | m(a)lda)”
B J#i
= [ [ Em@ @l X ) )dedy
J#i J#i
= [ BB @)l 3 ny (o) dody
J#i J#i
< [ i@l @)l n @l 1Y 1) ldady
JFi JFi
= =0 [ [ i@l dady
< (n—1)(EX])? < (- )EXE
Therefore
d2E|A — A? < n_502E 0.5 77 x)dx + 77Z n;( dac
0 7 J
J#i
< n_3cg{0.75E/ n?(:n)dx) +1.5E</ |ni(x ||Z77] |d:v>}
o0 - i
< n?G{3EXE+1.5(n — 1)EXT}
< 2n?EX?.

This proves (6.18) and hence the theorem. g
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6.4 Proof of Theorem 3.4

Let Z; and Z3 be independent standard normal random variables that are independent of {X;} and

{Y;}. Put
SN X, — oy SV X, — Npu
b= 2 2,,2 T, = =1 H, = i=1
\/ VoS + T2, b , Noo
and write
fb \/ﬁb fb \/ﬁb

Applying the Berry-Esseen bound to H,, for given N,, yields

(6.20) sup |P(T,, < @) = P(T, (1) < )]

X 3
P(IN, — nv| > nv/2) + CE(\)Ni'USIﬂNn —nv| < nv/2})

< An~wTi2 oV 268 E X P

IN

Let

bSny for x < .bny
¥ = x for .bnv <z < 1.5nv
1.5ny  for x > 1.5nv
N, — nv

Wn = —F———,
NG
- Njio (Np, —nv)p
T.(Z1) = n_7
(Z1) /b 1+ /b
o\/v

- %(Wn—l— — Zi+A),

where

A (VNj —/nv) O'Zl
\/ﬁw

A (V(Np, =Y +v)* — /nv) UZl
' Nz

Let

Then

E(W.Al| ) <

|Zl|0E(|Wn(Nn — nv)] _ |Z1|o
VnTp Vv Vv

and

1 |Zl‘
E(|(Y; — A — A VA <
n (|( 1/)( )| | 1) 3/2 Qu\/a



Now letting

T o\/v
T0(Z1, Zy) = %(ZZ + - Zl)

and applying Theorem 2.1 for given Z; yields

(6.21) sup [P(1(2) < z) = P(Tn(Z1, 22) < )

< P(|IN,, — nv| > 0.500) + sup |P(Tp(Z1) < @) — P(Tp(Z1, Zs) < )|
X

472 E|X1]®  E|Z|o
< R
- n? C(n1/203 * n1/2,uﬁ)
2 EBIXqP o
< COn~ /2 T 1
< Cn (1/2 + -3 +Mﬁ)

It is clear that T},(Z1, Z2) has a standard normal distribution. This proves (3.12) by (6.20) and (6.21).

| |

6.5 Proof of Theorem 3.5

Since (3.13) is trivial if ;" ; Elg;(X;)[P? > 1/6, we assume

(6.22) S° Elg(X)P < 1/6.
i=1

Let W = 31" ¢i(X;). It is known that for 2 <p <3

(6.23) E|W|P < 20EW?P/? 4 zn:E|gi(Xi)\p <2.2.
=1
Observe that

A 6n—0
n'(0) () (O)(©n—0) + /0 [0+ 1) — 1 (0)]dt)

B \/ﬁ n~Y2(W+A) , ,
_ W+A+h,(0)/0 0(6+ 1) — 1(0)]dt

= W+ A+R,

where

(nfl/QW)*-i-(n*l/QA)*
A= A+ \/ﬁ/ W6+ 1) — 1 (0))dt,

w(0) Jo
\/ﬁ /n—1/2(W+A) , /
R = (6 +t)— h'(0)]dt
h(0) (n*1/2W)*+(n*1/2A)*[ (0 +1) (6)]dt,
—cp/2  for x < —cp/2,
T = € for —CQ/2S.’L‘SCO/2’
co/2 for © > ¢p/2.

31



Clearly, [n=Y2W| < ¢p/2 and |n~2A| < ¢p/2 imply R = 0. Hence
(6.25)  P(|R| > 0) < P(|W| > con'/?/2) + P(|A| > con'/?/2) < 4/(ckn) + 2E|A|/(con/?).
To apply Theorem 2.1, let W; = W — ¢g(X;) and

(n71/2Wi)*+(n—1/2Ai)*
A=A+ h\’/(Z)/ W6+ 1) — W (6))dt.

Noting that

(6.26)

(n71/2W)*+(TL71/2A)*
|/ W0+ 1)~ W(6))at|

0

IN

0-55(00)((n_1/2W)* (n_I/QA)*)Q
5(00)((n—1/2w)*2 n=2A) *2>

5(eo) ((eo/2* P(n = 2W)P ! + (co/2)n™12|A]),

IN

IN

we have

cod(co)
[7(9)]
2.2¢5776(co)
W)

(c0/2)*Pd(co) »
(6.27) BIWAL < EWA|+ e o BIWP

605(60)
|7(0)]

E|[WA]|
(1+ T ) EIWA| +
Similar to (6.26),

,1/2w) (n71/2A)*
(0 +t)— h'(0)]dt
|/ *1/2W¢)*+(n*1/2Ai)*[ ( + ) ( )] |

< 3co)((co)* Pl 2W)" = (n=V2W)| |(n ™AW" 4 (2w P2
ool (0 2A) = (n7120,)7])
< 3leo) (gm0 (AWl 2 4 [g(Xi)[P7?) + con ™2 A = Ay ).

From this we obtain

(6.28) > Elg(X)(A - Ay)|
i=1

ZE|9(X1)(A — A

V) [ e ) )
|h’( ) {(00)3 pp—(p 1)/2;E(|9(Xi)|2(2|wip 2+’9(Xi)|p 2)>

IN
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o 12 Blg(X) (A — )}

i=1
606 CO n
< (14 o ) 2 Ele(X)(a - 8)
p(5 (co) »
+‘h’ |np 2/2Z2E9 —i—E‘g( l)‘ )
60(5 (co) 2.2cg_p(5(00)
= ( |h/(6) )ZE| Adl+ |/ (0)|n(P=2)/2"

This proves (3.13) by (2.5), (6.25), (6.27) and (6.28). g

6.6 Proofs of Example 4.1 and Remark 2.5

First we prove Example 4.1. Let Z denote a standard normally distributed random variable and ¢(z)

be the standard normal density function. Observe that 0 < ¢y < 2 and

P(T <eco)—®(ecy) = P(Z—¢/|Z|V? <0) - D(ec)

= P(Z<0)+P(Z%?<e,Z>0)—(cc)
g2/3 £co

_ / S(b)dt — / o(t)dt
0 0
c2/3

> / p(t)dt > (e2/% — 2¢)/3 > £2/3 /6,
2e

which proves (4.2).
Clearly, we have
E\WA|+ E|A| = ¢BleoZ — 2|2 7?| +¢Eley — 2|71

< eleo+1+2¢) <Te

by the fact that ¢y < 2. This proves (4.3).
As to (4.4), observe that

(6.29) EIAl+ Y EIX]? < 2ce +4n71/? < 8¢
=1

provided n > 72

Below we bound «. Since {X;} are i.i.d., we have
o= 5E‘]W\71/2 — | X1+ X+ .. .Xn\*l/Q‘.
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Let Y and Z be independent standard normal random variables, and let r = (n—1)/n and s = v/1 — r2.
Noting that EW(X; 4+ Xo +...X,) = r and EZ(sY +rZ) = r, we see that (W, X; + Xy + ... X,)
and (Z,sY + rZ) have the same distribution. Hence

(6.30) E[[W[T2 — X1+ Xo + ... X, |77

= B||Z|7V2 = sy 4z
E’ |sY +rZ| —|Z| ‘
|Z|V2|sY +rZ|V/2(|1Z|12 + |sY + rZ|1/2)

< 5B i !
- |Z|V2|sY +rZ|M2(|Z|1/2 + |sY +rZ|1/2)

1Z|
1—-nr)FE
=7 {\2\1/2\sy+r2\1/2(\2\1/2+ \sy+rZ\1/2)}

= sRi+ (1 —7)Ra.

Write

Ry = E{}(|rZ| <s|Y|/2)+ E{}(s|Y]/2 < |rZ| < 2s|Y]|) + E{-}(|rZ] > 2s|Y])

= Rig+ Rip+ Rig3.
Let C denote an absolute constant. Then

Ri1

IN

Y|I(rz] < 8|Y|/2)}
|Z2]1/2]5Y |

(/) B(sl Y]/ @) < 4572
Y (s]Y]/2 < |rZ] < 2s|Y])
|sY||sY + rZ|1/2 }

25

IN

Rio

)

IN

aB{

08_1/2

IN

and

\Y|I(jrz| > 2SIYI)}
|Z|3/2
Y]

C’E{W} < Cs~V2,

Ri3

IN

25{

IN

Thus, we have

R1 S 08_1/2.

As to Ry, we have
Ry < EQ1/|sY +rZ|Y?) = ¢
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Note that r ~ 1 and s ~ y/2/n as n — co. Combining the above inequalities yields
(6.31) o < Cen™ 4,
By (6.29) and (6.31), we have

EIA[+ Y BIXiP + Va < 8+ Ce'/2n7 /8 < 8+ CO)e
=1

provided that n > (1/¢)*. This proves (4.4).
Finally, we prove (2.12) in Remark 2.5. Let § = \/(n —1)/n, p = (1/n)"/2, and let Y and Z be

independent standard normal random variables. By (6.29),

(6.32) E|A|+ Y BIXi| < de +4an1/?2 <852
=1

for n > (1/¢)*/3. Following the proof of (6.30), we have
(6.33) ZE’XZ-(A(XL...,XZ-,...,Xn) - A(Xl,...,o,...,Xn))‘
i=1

— e[+ Ko+ XV = K X))

= neB||pY |(|pY + 02|72 — 02]72)]
Y2
)
nep* B Y + 0Z|12|0Z[12(|pY + 02|12 + |0Z|1/2) J
{YQI(WZ! < p\Y\/2)}
pY + 0Z||0Z]1/2
YE(AYY/2 < 07| < 201V )y
Y + 0Z[2]0Z]
2
p( Y1002 > 251
Y + 02 2(0Z]
2ep~ B{|Y| 102]721(10Z] < p|Y1/2)}
[Y|I(plY|/2 <0Z] < 2p!Y!)}
Y +0Z|1/2
Y2102] > 21V
|GZ]3/2
< C’&?pfl/2 = Cenl/* < 20£%/3

IN

IN

+eF {

IN

+26p_1E{

+26E{

for an absolute constant C, provided that n < 16(1/¢)*/3. This proves (2.12), by (6.32) and (6.33).
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